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CHAPTER 1. § Elementary Linear . Algebra § (Fquations]

.1 A nofe about _linear_equations ond. notation
x+g=1 (V) K=l ) X*Y*ZEL olane (V)

x*+y*-2°=| surface (x)

.we _peed 6 varigbles to_illustrate the relationship

im of one paint.

Raw Vector
ﬁﬁﬁﬁﬁﬁﬁﬁﬁ It can alsa be X+ X2 -Xs ~Xe+IXs ~3Xs = |

- The general equation in. n-dimensions looks like .
0%+ 0:%: + -+ GaXn=b | where %y, %n_ ace_variables

. fhink_as follows -
%
*nge;(xz_n) - "‘”"FCPFESEH’#SM: variables

—~ :

Xn

[

fa)

G-={Br-Ox;<=0n)—represents— constants

. How about 2 equations in M _uoknowns ? .
DX+ QaX: A3 X3+ -+ 0nXn " _
GX) *CaXo *Cs¥Nz**CnXn =d
e Euventually . we will run out of _lefters.

_Answer : Use double indices for coefficients. . o
O A t O Xt DX = by ,...,.,.6.8&6116{}, SQSf'eﬂ} of

O X * O Xo* Omg Xg * Qo %0 =bw .

.M linearequations
N unknowns.. .



.+ Ga back fo_a single equation.

O+ QX+ +GnXn=h

_8=(0/ae, . ()

g \ R
x :(xz / L

Xn

Raw_Vector
Define 1g.% = QX+ QX+ +QnXn

7t
= E{E?'X’r

__Sa_a single equation. . JQQK&JJKQJ g.xb]

-In a general system S,

_these coefficients are arranged as an  MxMN_ matrix .
[0 Gz G

qzt oz " Con | = ( WW'Q:RL (G{EE') -

\O‘ml O Qo /

Note.  The 1°% index represents the row number_ ~
The 2" index represents. the  column. number.. }

- EXAMPLE -

[ XXy +2X3= Aa =]

2% + Xy ~X3=X4=2 (3 equations in 4 varighles)

L“‘x! -Xyw X4 =0 fb =] e e e
T

Ot

__t\a-;n

 (Coefficient _matrix "(\

o Cayleys Great Idea

e R
A= (Gg) Isfsn . m<n_ matrix.. R
_B=(hik) <d<n _.nxP mateix S

I<Rgp

,,,,,, (AB)ik = (™ row of AMEY columm of B

= {ay O, Ciz, Jia, =~ Clin) j"zﬁa\
5 3

B

f
\

e - &f}?bfk'+ ﬁgblﬁi ‘?’*‘-'*"Qéﬂbn%-- o




EXAMPLE Vot I o=}

(ex33 . _[3<21

26 9\ (2 3
A=A
AB= g 54) . CBAT s o x
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_______ Recap: ... [GuXi*QeXet+QinXa=by X= x) variable factor

S 3 1O‘zr')le *Qe2 X2+ +Qan Xn= b, L \Xaf
S — 2 br y

M1 matix

rs4sm
_A=(09) |<jen  coefficent matix_ |S- A% =b,

.Mafrix _Muifiplication. .

<1 n

M /f\

peag) |

B= (bgk) lsk<pooo
_no. of columns A= no. of rglls B

Sa ﬂroduc‘r AB is defined.

 (AB) g = EAqBJk

e mmeff [
EXAMPLE- 4, A=(z£ A\ {:) 9=(‘“’ 9)

3 -1 -
BA = (3 = 3»:3 mcdnx

i3

Basic FadrswqbouLMafnx Mufhphrafon

@ If A s mxn, B is Wxp i = aﬂd ﬂn{g 1f

then AB s defined iff =N

o {0__Suppase A is mxM, B _is Mxf,

fhen AB _is defined , but BA js deﬂned iff P m

_If AB.BA bath defined , fhen in gereral they hawe d;ﬁaenf sizes.

IFPB - BA have Hhe same size , then A and 8. dre both square (1~ m,.sqg)

B I A s XN, B is NN, both products are defined , but in general AB ¢BA




_ Mafrix_Addition

In this case . BA=-AB. Bul this is very gnusual.

i | T Sm .. iz {ksm ..............
A* (Af;‘,l ) f< J- <7l WB%QSJ) S j - 4 DU

l@*ﬁﬁ 5= A By LAddmg mrrespﬂnd ng.. mdicea)

EXAMPLE -, A .(? U T 70 1 Ay

o34  lia-)

| (R

(4) A.B age mxn , C s NxP

(A+Bl.C = AC*EC Right Distributivity

Alsa , A/B age mxm , D s Pxm

_DtA+B) =DATDE

Left Distributiity
(5) Associativity of Multiplication. . e
A is mxn, B isnxp.,C is 9
| _{AB).C = A.(8]) Associafivity
(6) Zero Matrix ,
_For_each size (aoy m.n)., there is a_zero matrix (s =0
B 253 2( g g ;/\ e 8%2 ,.,._,_ﬂvwag;,(ﬁowgﬂ), &
g
) gA=0

A.0=(0

Beware: Let A be mxn,

s0 AAA s defined

Nilpotenf Matrix

o EXAMPLE

a-(08) A(

a*= (39) byt A0

(9 Idenfity Matrix_(In)

- For each _nzz., there wa a_special _MxM_matrix In.

il
"-'\
<

Fa) i ~ T ,Ow I
i3 \O 1/ 3 Y i pya &O 0 0)
°0 {/ 0001




KroneckerDetto— -

- Properties of In . o
,,,,, let A pe mxn,
_then Aln_is defined and A=A
Likewise . £ 8 is nxp, IB=8
} _=Prave _that AIn=A if A s mrn.
lsism
. Proof - A=(Aij) ¢ J;n
...... e o 145N
(3] [sksp
Use deﬁ‘nf‘ﬁo:g.
(Aln)ik = jg AgTofe
E 3,: Aigbik R is fixed WhIfE‘MJ vories_from { to 1
. 50 _picked out the fixed terms (1)
= Ak .
o B wwhm J'F"f?_,é'jﬁ':ﬁ AR AR e et
i} =Awt0

= Ay

(AIn )tk = Ask

2 [Aln=A |

- EXAMPLE { 2% +3X, =|

X1 +2X; =2

(Three Basic Operations

@ Add AR"() o £9°) wbere A is_some._ number
(@) Muttiply

B'W. by A%0

(I) Fermute the order in_.uhich the equqﬁgns are. wnﬂen

Add (268"(2) +5 Eq701) - X2 =3

_Swap E9"() and E"@. (%2-4




_____ Multiply Ea"@ py ol: (Ki=-4
. S X:=3 %:é%
4. Mﬂg Ra&ﬂpﬂ:@i@ﬁ - e
,,,,,,,,,,,,,,, - Consider _a_system. of Lnaqt ﬁquaﬁjsmw
XN XX = S
..... X~ X2t X =3
Xt X=X =
- What _con_we da ?_ Three fhings :
(D &GN Adds ARw() tn Rowlt)
ie pew Rol (¥) = dld Row(i) * ARaw{)
All_other rows stuy the same.
(m) DHin) - Multiplies . Row(i) by A .. provided A*0 .. &
() F (i) Swaps Row(i) and Row()
operations

- We are gaing to show that we can perform these fhree

by multiplying on LEFT by a suifable matrix.

a b ) .
WM,A.,. ( o d S . J - ? é oy 2
e f

5(2 I;A)  Adds ARow() to_ Row(2

1 0 0y/a b a b
/ﬂ | / (a.g.e ,,,,,, m?\,b_-i-d_} ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
O 0 :/ ( f A

N
[0 M a+je b*/m‘
(LO 9 G)( ,wd) ( ) ,,,,,
g gi1/\ef e f
__QUESTION. Which matrix pﬁf:ﬁLm ﬁﬁf”if’” f
_ __Elementary _Mafrices e
~2%2, /1 0) /O i\ /0 0y (00Yy
Greek feffer \G 0/ O O} 0) \0 !/
”@gsaéun” ,,,,,,,,,,,,,,
e €2 6(2,1} €(2,2)
00 001 000 000
(GGO) """"""" (UU""U" /fUU\ /UUU\
000 0006/ 000 00 |
ey €3 €@l €G3
"Iﬂforma! Def . " &

€ (4;9) is MxN- matrix which has 1

Js__ewrywhere else.




e f:Or‘me DE"F FEPED e

€, 3 = ( e (*J)rs) 1 sSsr

€ (4 i)es = Sirdjs |

Man.

i0/10/1

—E (= {’ r= fmd >
0 atherwise
QUESTION: Jet A be mxn
B let €. 3) be elementary MxM
What is €CG.DA 7P o
FxAmpLe. (9 9 1 ( )s(g;“)
000 0o/ .
. €3 A e
" tokes. out the ™ raw & put it into the iftmﬂ..&Mk["S,.,.,.,.E.VEIyThJ[}g,,.,,ﬁlSﬁ.,.j,r..m..
,,,,,, — Preposition: Let A= (Gst) f :j j:; S
et €(.1) be elementary M<m_ matrix.
€(LJA _is the matrix where
,,,,,,,,,,, i" row_= 3% row of A
All other_rows =0
Proaf. [ CQJAIr = Z ECPeshst
,,,,,, Sl : ”“”?Mn 3*"“ e ases G 15 3F1
e Skl N 5“533 AJf * E 5“5J5A“ _______________ |
- = Sir Aj’f *0 | nefy. 524 2=y et
_____ _JAt =i
Lo #1 QED.
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Recop.. . Flementury Raow Operations

:,,,,.Cor_olmgi IF A is g “number”

Bosic_Matrices .

_fhen A€HPA s a mafmx whose ™ awt,.;.z&,..,(,jfﬁ,,,r,aw o AL



Al other rows=0__

pef . ELdin = Tne neGy R

9‘9 m=3 f~,+hen‘ £.4 0

« Th: let A be Mxn, S

__then the_matrix E(*wJ:MA is. +he ma’rrnx ob’ramed ﬂ:om, Hyiﬁl”ﬁ)ﬁm*ﬂg
"fhew_opeﬁ;ﬂﬁ(:hnw Euiin B . S

= = gperation . £ = mafrix

_(Curly leters)  (Straight ieflers)

Peoaf s [Im*ASCOUPIA = At NEWHA

50 k“‘ row of [Tm*AcGdfp = k""‘ row of A, where R¥1 and R is o nutbe

and 1™ cou of { In *7\?{1’\]’]#\; i row of A+ it roy of MECLDA

i cow of A+ 0% cow of A QED

;
EXAMPLE: 285 A)= { ! ? OT Amfgd)Nm

001 \e f/
=2 E@IZMAT thi\e d*f&‘)
f / N
. Def LJ' A he an Mxn_matrix., . .
_We say fhat A is_invertible wheo there exists amafrix_ B mem
_ st. AB=1In and B8A=In.
44444444444 When this happens ,. . write @
i EXAMPLE: , (1.2} | g w{} -2
\o | 0o 1/
om0 9 sa=(o D) '
,,,,, In this cose . A is invertible and A™ © l —12)
A=E(1.2,2)
g=E0,2:2 e
) < \Prap: EQJ:A) is invertible
ond_ E(i.Jin)"=E(i,357)
oo Proof. coming soon YV . .
. ‘ Opecation. e Matrix (£%]) &
- o Edin) o~ BN = Im t A

@ D (1A (A*0) ~ AN = Int (A1) €6




T
1
-"‘_-\
[ g oY
:‘r‘hﬂ.g—-
"‘--.___.._.../
o
%’1
-
=
—
M
}‘
Mo

2 5
Get /c ? \ /{n )c (Amud)
e

s/l o

A -pe(i 1A]
= k" row of e(i,)A =0

= k" rawof (A-UE€WUA=0  (kED)
" ow of  (A-Dect A = (A-yE™ row of A)

This _can be fransformed _intg
) [Im*(A~DeE.)]A R
kY row of [Int(r~nec,91A = k‘”‘ row of A (R#1)

" row_of [IntQ-1€@]A =™ rowof A+ (A-DE™ row of &)
A" owofr)

=D (1;7) _multiglies 4" row of A by A0
D) Ifiplies itﬁ,ﬁ_rmwpf,,V,Am,bg,_., A#0
A (1 N invertible . and S
il-i\ (i7" =A, Y\R

OWad™) interchanges 1% &4t row

- We precf that  P(i:j) = matrix_ chtained _from. Im bg swappzng t**‘ & 3™ rows.

I 0 00
EXAMPLE. M=4 , +then G-Q A~
P(z,:s) ( ] - g 5

fed)
d

(c
s 661;3} + 6{;;5_,1}

8 I
0601 M\5 h)
Im -~} -eti.q
PiLgs” =P
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. . Qperation o Matrix
E/gin) o~ BG4 =In+AEG])




DN (AFQ o~ Al M—Im+m UGCMJ

PG ~ P =Im -

(4#1).

e _need to show € (i Jl€k L) =

Assume this is frye. we have

carallary .. € (LJIECJ=0  {#]

€ (L) E(iA) = €(1,1)

Prop I i1, then | B

CE(is3;1) is invertible

_and  E(LLAT “?""fi 3: 70

Proof. EWJiNEWES-A) ,, i

=[In +A€(, P In-nE@P]

= In"t Mme () - AIm€ ) - V€A JIEA])

= Im_" 7\16 (t’J}e(tf_j) ‘ Eiifij{if 1)=0 'f:¢j

= Im

2 E(hj;mf(‘tr\]; “A) = Im= E(fJi”ﬂ)E(frJ;‘nJ QED

+  Prap. If 7A#F0 , then

AN is im{ﬁribLeM,,,,_m_,ﬂ,.

£ i
and. {1, ﬁé =4l Y

Progf:  AGL N =Imt(A-pE(TY

u,ﬂ_)-»lm(—-; €Ct,1) = In+ ( e,y

—[Im +(n-1) ecm[Im (

C=Im (A Im € (1.1

=Im+ (71““'”'""')11116(1 1)+<7\ i)(-—-—) 6(1,1)

= Im ffn - Im€( U-——e(z,)

= Im ) gED

Prap.  If {*7 . then . |
P(i.4) is_invertitle e e

,,,,, qnd F”?l ?2"5”?5’5:’?3  self-inverse .




= In"wEGd) + €. 0)-€etii) - Gl Im + €LY+ G- €171 ~0+ €I -0

CE€ ) -0 €MD +0+E (LY €], Y -0+ €Tt

QED.

How _to_salve a_system. of lineqrmequaﬁans?

,,,,,, [aﬂxa +QeX, +QaXat -+ Aun¥n = by
S=1{0,

1% + Qa2 X, +023X3"‘“"'“aznxﬂ=bz S= {AK’“«Q}

k"

A X, + Oma Xz * Om3Xs + -

. Prap- Suppase_that I operate on the left by an 'nverﬁbe -matrix P, then the
sdlutions don't change..

5= [Ax=b) 5'={PAx - Pb}

,,,,,,,,,,,, =If X is a soution fo. S . then %X is also a solution to S
~Conversely , if X is a solution to 8', .
PAx=Pb
= Multiply on the left by P o ae?L
 PPAx=PPb

So, Ax=h

-t amn Xn = bm

__where P7P = Im

-S0 X is asoution o § , § QED
For some susfems . solutions_are abvious.
p.{
- ﬁxmpiﬁimlﬂgf( ') -satisfying - Krtar+3 =| j
x

- 1(0)

"! X2-X3

/! =h

X k %z ) “(has- mﬁmfelg many -solufions}
R .V —

As X ond % vary , we can 9&’r all. poss;ble solutions... ( 2- dfmﬁ’HSIDJl)
(I) X + X3+ Xg + X6 +Xg ~ Xz =]

= Xa~ X4 *Xs~Xe+ Xy =2

[=X3~Xa~X5-%c +X3 ]

2+ X3+ Xe - N5+ Xs - X3

e | X

_ Linfinitely many. salutions)

. (5~ dimension)




41 How do you recognise in advance which systems._have obuigus solutions ?
o Reduced Row Fchelon. Farm e &
/L’__?_ 0
(Hmo g
- __EXAMPLE . (
- A_reduced row echelon matrix satisfies the following. criteria .
@ In any. non-zero raw . the 1% non-zero entry is I (leading 1)
@ In the column of leadmo I , qll ather entries must be Q.
® Raws must he “stepped” (Echelon)
@ Zera rows finish last
« EXAMPLE 1.
Consider_the system ¢ % +2%z  +5Xa+3Xs = o
,,,,,, . , X3 —2X4+TXs =2
Ax=b
1 205 3¢ |
— . A T (6\ ﬁ"f!"'f "‘_,Em mo) s sss55s R ":*’(“'2“) ......
0000 01 3 & e
®) %= (09 %« %5 (&9 B . ]
*Jﬁmie the varigbles underneath
. & circle the variables under leading !s.
~ Eliminate circled variables
|
,,,,,,,,,,, &)= 1-2%: ~5Xa ~3XKs i Canonlzal  Solution
X2= X E fi":Q'Xz"SX-f-”BXS\ _____
- ! X2
_____ Xa= x:f _ o E X4 1
i X5
. = % 1‘ 3. i » _
i} Xe=3 . I
_ - EXAMPLE 2. (More fypical) e I
_ xt*’fz*'«‘fa Xe =1 o _ _
ossis a3 € S {%W #Axs w‘%{"'_%?ﬂfww s
Xot Xo +3X3~ Xa = 3X5 =]




s={Ax=b} (,’ RIS I

!13-1 ~3/

Step 1. Form _ougmented motrix (A{b)
(Ajp) = (4 1t 7! “"*\
L2 et

li,:, Py / -

.Step 2. Perform roq opemhons until T get to reduced row. Echelon form.

&,

KE B 1-)

=@ 1 ) &(QLQW ) ( O Q-A=Dy -G Bt
\00@0@ S—>"\00%5 90

; m@ -
"

< a 1

Q B

o o -

1o - gl E0, 51 TR0 *fsl
G 0 G %:C‘ WGMG_I ,,,,,,, 9 ........... VG ,,,,,,,, S
‘0 000 0 g0 B

Step 3. Write variables underneath & circle  variables _under leading |

Step 4. __Eliminate_circled _variables & write_out nenical _salution.

@4' Xa %X =]

0  -Xs=0 -

i

 [EXAMPLE 3.

rXitXo+ Xs + Xg + X5 = | , , .

ST X +2 X 3% + 44 +5X5 =2 ,

K X ~2xa~3Xs =0

Augmenfed matrix ( A b)=(,1/]234 5 52 ) / 012340 0

w230/ gm;-u \g

(® -%-2x-3x520 I

l () 2%+ 3% +4%s =|




[ Xat2%+3%s \

~2%; ~3X+ ~4Xs )

S

.
[

»“-3

Canomcql smuﬁan (

xe _ |
X

Man.

1#10/16
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EXAMPLE 4:

XKt X2 X+ Xe =]

S K+ Xz~Xz+Xa =1
R Lx‘”‘z TRemXa =l g0 001y /Ly @
axk R Y ()
- AV \1/
B augmerﬁﬁ_'d_ matrix (Q—",’J, ‘[ ,:;)
R W=t/
gyl iy
&@u- \ ;Sé ZS/
NORER
.fé)(.?,:é‘)( g - 050
_ - - 3 0. g@{ Iy VAR
&0 (048
i &Gl 1\o 0 o 1 0
§ —B(z;= ( -
. is__in reduced fbrm
I R Chd | Weite variables. undemanfh
(B % =] :2 circle_yariables_under leading !°
. 5= &) =0 | - Eliminate
L @ =0
- 17Xy ix I you start with 4 variobies, %@%
i k,Canﬂnjmlws»Qluifmfs{\ g xf) ’ st o up ...... with 4.




fomme
Em

S lnvertng a..matrix.._ 4
_How _to_find_the_ mversmof an‘mmverf'b[ewmam\c P

] . 0 0t
exaMPLE. A= (O " ,),,,,,,,.,,_____.,.fsh,_,.q_,,ﬁ,,,,,a,,c3,,,M.mam
11 Q §

" big_augmented matrix " (A[L)  (3%6 mutrix)

OF fOO\

“OIIUIU

“(As] 1) = (L]ah’ S

Claim= A7=(7 | )

IOO

; 0 ' S o .
Check : AR = . OM):( 0 G\ . e S

IR o/(" 0

WhH does this method work ? e
= Prop: TF A,B are -nvertible mxn. matr;ces +hen the product AB s invertible

Proaf "8 (& 'A") -AGBBHAT | NEUER unte A %
NEVER

~ =AlaA -
- A
- - N In S nmmnn S sersin o S e -
(B'A7)(A8) = B™(A"A)B o Nofe: reversal_in order
LY
=8

_— Generalisation: e




. Again . note reversal of oeder
- Here's why this method _warks

¢ Stort with an_nxn matrix A §

Form__”big._augmented _matrix ° (A[In) (Nx2N matrix)

Now reduee. . ___motrix,
~/ Every time I dﬂ o.raw. opemham mulhply on_the LEFT by invertible , .
v Smrr with (A]In) R ,,
 Affer I operation , (x,A[X) where % iS_invertible. |
After 2 gperation y (x,X,A[XX) where % £X ore inverfible
AFfer Nﬂ‘ operaﬁon ~(X~X~r X XA | XNXN—' X2X|) and all_Xi_are_invertible
. v Suppgﬁﬁ_afkeum_opﬁmmm,_ibe left hand side of the b(g .
- augmented matrix” _is _In . i€

(XpXntor = XaXeA] Xedwer =X X ) = (In]B)
then. 8= XnXn-r v Xe Xi

(Al In) ~~~—* (BA|B) = (I0]8)

BA=In = B=A"

v I should really check fhm‘ AB=In , . buT as weI see nC AB are

e e e (120 Mj (o 2173)

) (é_(bQQ)
r' 0|2 3y im’rw 02 -2

o R I A VY

Ly

_ fFri. . 21/10/1 S
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_ EXAMPLE RO

o
.

.
il

e, e

e oo ot A= (G 5) S
Stact with (Alm)= (73l 5)




01
'Q) e Reduce & keeporecord

o A2, - E( *22”3(2 U -2)PL, (AT

J

(I[A(z Etuz,z)E(z :-—z;pm}) A7

So Ive wm’ren Al as a product of _elementary mverﬁble mafT:ces.
. Se A = A2, )E(:z 2)E(21 ‘ZJP(hz_)

NQ%P pezfefsai af Qr‘des"

Check: A= ém.lig)(' %(f))(éf),
( r )(o g

""""""" =(22) -4

0 -3 -l

yFfnd A

2) Exnress,,,ﬁ,_ﬁw as _a_product . of e}cmenmry _matrices,
Y Therehy . express A as.a poduct.

a0
O‘EIUOI

&(2,1:-1) ;??LZ, N

\o =210 5:/

10"23

MA,L) " oji ; 0)

&(t,2;-2)

Ny

......... S ' _,.. ] ,
&(3,2;2) ko ..2' 9
2

2 0

O

Of i

&0,3,2) (10012 2D
!Ui”

0!“.22!

&e2a:-y 7\
R 2 PN DO OO
. Check: A™A =(‘ I...T' - )(" 31 ) 01 )
U

J
@
0

192
A= ( eoomt -,)
-2 9|
0
R

2) AM=E(2,3; ~NE(LEADEBLIEWLAE2, -0



3 A= E(2f DEQ.2:2E(3.2"2)E(1,3,-2)F (2.3:1)
) “éfﬁgwi“mé@mﬁﬁémwa‘?iﬂ Fga&i,,&,ﬁ? column._ i85 "4 .
:oo:zoioo ro—z 100
im0 H,W,N(!Lfe) GFMGW (ﬂ,.;,@)( O fwmo (Oyri)Nw,ww..__.ﬁ“_m.w S st s s i
coi/aor/\o21/\a0i/\00
A T SRR X W B, Y +—0 G)
x=(l30)  v=lo0) 234, S
I 2-2 l 2 O\
! 3 “2” (TF ) F~3
0 ~2 1 O -2 -
L% I o matrix s not invertible |, then affer row aperatians 'l get
,,,,,,,,, (69300 0% row at fhe end
| ;
i‘{f,,g 01/ LE. e ﬁaﬁfﬁf,ge% In




g fri..2fofe (cootinyed)
MATHI40!. Algebrq |
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, Prof. Francie Joheson .
_Chopter 2. | 8 Propositional Logic§
. @.NOT' ™" (regatian).
_p..is @ basic_statement - : _
eg. p= ‘Itis raining.” _then. 7P.= It is nat raining.”...
P ;"'P P e caled—frafh tables — S
S L L L S B
FLETIED
7P is the same as P
- .+ A {conjunction) . ,
,,,,,,,,,,,,, : "9="TIt is cod! PALTE P and 3
S Nate: P9 are independent of each ather
I 3 [PAT
_ T T
BIE
T lr "
S e L
@70R . |+ Exclusive 'ortf,,,/il,,ai'in,_,,fﬂut,'",., ,,,,,,
P9 P80 Tohnsans nofation We DON'T use it.
o lTlE . o
] F LT ether por g,
R LT T but eotbeth |
_ FIF
S S ‘A’ (disjunction) S
- » Inclusive ‘or’/ Latin “vel’ S
T T ‘either P or 9,
R B FT  possibly both’
® |1l
R N i N
@ IMPLIES .-"='  (implicatian)




L PP pathen

) 9
o ThT
) I T )
L
) FLRT
,,;Ezsplanaton@ i S
P19 ff“‘P”i? P e -
,,,,, NN RN
o FLr dF m. W m
i T o T
4444444444 RS . '
Sa_-p¥g has the same trufh fode os P=3
) p_|P  (pIVp
T 1 F T
P=9 means raughly .if p happens then g hoppens. .
~ _ Since  (TPIVP_is always true, ..
- _P=24q s frue oas long as 3 IS true OR _P_is tfrue i}
3 S_g tﬂQ siﬂL__eﬂfS are_equivalent (") when they have the same fruth foble. .
; 22| Standard . Identities R
~ (D-pAa=gAP 3 mmmg
pvg =9Vp -
(). pAcaAr) = (pPAGIAT ) associatiity
«pveavr) =(pva)vr Y
(W)- pALgvr) s (PAQV (PAT) ]
B equivalent _to_p.(a+1) =pa+pr pstibutivly o
3 |- pYigAn = (pVQIACPVR) S
. av. psEphp N}wiﬁﬁﬂ?ﬁa‘?’ﬁﬁ%
- p=pVp . e
Praof _of pYgAr) = (PYgIA(PVR)
,,,,,,,,,,, [ I




N

mmmmm(mmm [Ep—

P lglr ng(gAr)_% pVg)/\(pvr')z pvg | pvr gAr
| \ ¥
I T s
B ] T FLF L T LT T F

| i
e Tl T T T T lF
______ F| F o Ir T F
f * 1
T - T T: T ; T. T T
- Fl F F U T | F |F
T F F é F T F
) FEE N F G FTFEF

same !

DE‘__MOL‘,QQHWS__LC{WS

.+ How daes ﬂegaﬁon hehave,w o

=1 (pAq) = (P V(Q) .
-+ (pVg)= (< (g j dugliy
Praof. P {1 (PA9 }'TtpAg):'(-wp)vcﬂger:b g
i Tl of F |l F | F
l FI1F § T T é F T
,,,,,,, e (T |F é T T 3 T F
] PR T LB R I
_ ame !

f
i

: -
) _ T Fol F F
| F ol Fe ]
- T | F Fol T | Fo
FoLT L I

same!l

-.23.-|How mang signs da_we need ?_ Switching between lagical symbols

W _p=>g = OP)Ve

LTR23 = (OTPVg = pvg
So [P¥9=p el

Q7PN E V(D)

TTPAYE (TP Tg)
PAS = TPy

Sa [PAY = (pmg)]




; @ PATQ = (pRve
= (P29
. salpPascfny)
Marn. _24/10]i6 ._
MATHI40! - Algebra |
Praf. _Francis Johnson
- Propositional_lagic is.lagic_of constant. propasifions.
..... .|Recap _ (switching. hetween lagical symbols) -
,,,,,,,,,,,,,,,,,,,, We can get by with just 2 signs. T.=2. (V) R
B P A W 4
— For example , if I just fuke 7. % . fhen
pve=-"Tpve
L el e 1
PAY = 1PAT
= T(pvTY)
TEETEET aisc iaiéed ‘nand” sometimes
.+ In fact . we just n%gg,:gn%::_,s:gwgwl:u&mﬁca[!gwmﬂei._., Shif—‘f‘er 's Stroke Funchion.
,,,,,,,, 0 e lalele |Telew | poal |
[ 3 A N R R S
; FLT F T T R
S L L T (Plepla) = p=g
FlT .7 LT )
P_| el
F plp=p]
FLT §
o 24 Proof by Confradiction . o
444444444 P73 = (TpVa. i -
o Elpyng) S S— 3




Pmési? (P (P AT

N b el lS,,,,..ib,e,.,=,,,CQn.:tr_a.p,oks,iﬁyemN.,maf._.,....B.:?wEi..,,,.,,,M.,

principle_af _progf . by confroadiction..

and_ they are equivalent (have the same trufh tuble )

Y 92P s called converse of P9

L Def. PET = (prOAEPY] wl=i

Pty

et Pega .8 .. 0re basic. propositions that con be T or F.

However , PAgQ =t is called a composite propositian

. Def. Composite propositions..can be either

(D._aways T toutology.

) _sometimes T, sometimes F ,__.,c,anﬁngem

,,,,, L) always . £ __confradiction

eg (@) (p29)2(1927p)  nufolagy

(m pAg=se c:on’nngen’r
_since if . P.9 are F , r is T , tue

& P9 are T, r is F__ Talse

AW pACTP o contradiction .
~Note: A controdiction _is the some as the oegation of a_fautology.

—eg. PYUID s dways T | T (pvp) = pAnp

=PAIP s always F

- Vel - Argumem‘s

e

9.8 If it is cold_or raining , we shall stag msrde

b _We are outside _and it is_not cold

9 Therefare, it is. not. raining
¥ Is this argument valid ?

v let P be “itiscad'

.9 be it s raining’

r..be “Wwe are inside’ . then

Woal s opvase
b s (AP

. The whdle_argunent is then  (PYL3M)ACTACp) 3 g
LHS




{ Calculate_truth foble.
P2 i | easr (M

T F

L

(¥4 3

A

a
I
[#5 B

— 4
A

gIsY

T

N

m

13 IR S B R OE T B VB o B Bt B
~ || AT T

AT IT T R T
ala il ~{ M

F
T
F.
T
F
T
T

= B I W

.29 .

w pAg=r

b TCATP

The whole stafement s (PAI2 M) ACTIACY) = T1g

e |9 | r |pAa=ar | (ODACP) [HS |1 [LHS= 7]

Tt

F

13

o
.

ST U I Tl e B e WY e

F
.
T
F
F
T

al=im{m|™

F

R R RN Bl Rl b

~] 2w | —1’_‘._—4—\

T
F
T
F
T
F
T
F

This_acgument _is oot valid { becouse of least one iinG gives a. false)

1 86

LT

: ; f . : a— § ke -
< Tovihaok . Nofes  an Logic ; PT omnstons

We _have done_legic_of canstant. proposifions..71. A, Y. =2

. gﬁ arian &EPQ,S RS ELEUENT. L L;" o




In fh:s,,mcqse‘,,,,“ﬂ.ﬁ(_)mz‘s.,,u,,,fa[sme cbut P is e B

v Suppose X €{0,1,2}, Ptx)= "x*>0’

PO Fo POT . P2T
Y Suppose x € (1.2}, P(x)="x*>q’

pOT P T

- The values over which X _js. aiowed +o vany..is. called fhe domain_( ﬂf"

_.qiscussion ) . Denated by D,

= Then Poq is a statement. abou+ olg]ects in aD

oz ,,Wem,afﬁ,.,wal_or.{ed_,&.ﬁ,m,,,,,use LAY, B

..Plus 2 _new signs..
v ¥ Universal . Quantifier (= “for all’

______ (V%)P(?CJ _means. that for. dny_value of x _in._ o, P(x; is_true.
\/ ‘3" Fxistential_Guantifier . (= “these exists’) .
(30PCO _means that for at least one x in O . Poo s true.

-+ EXAMPLE:
VD= { 01}

-~ Clearly, I .can form.__P(0).. and I can 'fbr\m Py,
(YP(x1, in_ this_case.,.means. PO A PU),

(3x)Peg m this_case, _medns PO v PU). o The Cﬂﬂyﬁt"}h{m (for ai gebra)

v :D = {0,1,2] o . N={0.1, 2.}

(¥Yx)PX), in_this_case., means P(O)/\ PUIAP(D)

(3%)PX), _in_this case , means  POIVPW) v PQ)

@xIPx) ~ POy PU) v A2y PB)y -y Py PNty - -

Y Suppose D=N, ‘ "’””éfmf inite
- (¥x) Pix) ~ PO A P(HAP(Q);\ P(3)A AP(WAP(”*UA farmulae of oz length

We _intraduce 'V’ '3" predicator to- avoid_formulae af o _length

- Stort with D=fou},

__How_to_neqate_a_quanfifier 7

A¥x]P(x) = PLOIAPW) e

A (Yx)Peg = T (POIAPI)




=1PO v TP

= (3Fx) TP(x]

J D={012}
(¥x) Px) = P(O) A PLIAP(2)

={( Efx) 7 P(xj

- Eiest._rule. of . negation

= ( ¥x) Prx) = (Ix)

P(?Q

-?ﬁaceﬂd e of negation

(3P = (Vx) TP

eg. (AX)P(X)=p(o) v PU)

(Fx) P = ~(Pojv PU))

= 10) A

p()

=  HIX)Px) = (Yx) P

262

Interchange . of ..Order_of @uanhﬁers

The order_in_ which _quantifiers. come..is. exfremely. . 1mportmf
,.:i_ExAMEL&,;w__

o1} , Plx.y)="x#y’

Suppase . L =

_ Compare . (Yx)(IYIP(x,Y) 4= TRIE

_and (34X

Vo) PIX. Y) 4— FALSE

v (3Y Pexy) = P(x.0) vy P(x, 1)

= [P(a,o;vp(o, N1 [P( o}vp(f UJ @’%
=(FYT)A(TVF)
=TAT
=T
v (Vx) P(x,g) = P(0,Y) A PU y}
(3P V) Peog) = [P0,0) A PULO)] v [PG,1A Pu, 11

fw_l_[FA TIVITAF]
=FvF

Ax;om (3YAyx)P,Y) = rvx;(§§>P<x,y) ________ -

wo..quantifiers

af. & ;?ﬁ__.;f@;@ﬂ_ ot




e | (yalvp P,y = (Yyvx) Poey) §
(Sfx)(ayJP(x,y) = (sy)(ax)P(x,y) L

.JECIATHQOI -Propositional . Logic

Basic 5}?(};’%‘3 s
B Commutaﬁ.vjty.- pAg=gdp
| pPyg =qvp

2Assocfafm1y _PACgAr = _(P"SIMP
PVIgvr= (pVDYr

-8 Distributivify. . PA(3v r = (pAg)lv(pAr)

_,,;&,.ldempafen_t,a.,,_.,,..____ P spAp

1]

Do Margan _lows

! dua!ﬁy s CPAEU (“’PJV('?SI)
' PV = (pIACg)

2. PyI=EPR9
- Pag = (pR

Pzg= T (PATY)

ers.  Stroke Funchion
9= "(pAg)

_f?;;

)EP=9

7
~plcpt
Pl

:? ot by Cond fzéz’f“?‘éﬂﬁ s

(p
PE":

—...Contrapositive; P79 = (792 (7p)
_PE9 = (pDAgEP

Logie_of Variable Propositions.
TYP = (3% Pex)
(3P0 < (VX) TP

- (ANNVR) Pex, Y) > (Vx)(ay)P(x,H)

,,i,,,(VVC)(VH) Py = vy v Poc,y)

€ H'){)(S{E}P(XH} (33)(375) P(')Cry)







MATHI201 . Propositional Lagic

%f%%s Prepositions
L. commufativity Rﬂi =gAp

? associativity. .. PAIAD
' _Pvigvn) = @vavr

3 dfs’rr bu’nvdy

PV3=3vp

]

= (pAgIAr

it

_PAIVM = (PAQ)y (PAR)
________ _, ,_M,PV<9M‘J E(pVgALPYr)

{dempofenf ,,,,,, _P=php
_P=EpVP

iﬁi, ﬁ ﬁfﬁgiﬁ{i w}ﬂfﬁ

pACY

Y e duality

T (pve)

o

2. PV9 = pg

 p33=T(pAy)

 pPAgE A (PTY)

R LT P . CT
—.obeffer's  Stroke  FunCtion

Pla=1pry)

Pl =p2g

_MP=7P_

i
H 2
e

s;?}m'sgﬂ oy Conradiction

P23=0C97CP)  contrapositive. .

PEg= (P%"ﬂ)(xhggﬁf’)

w2 .
6 TeFel

Logic _of Yarable . Proposition.
L U(Yx) Pux) = (3%) TP(R)

(3% Px) = (Yx) " Px)

(3YYXIP > (Vx)3YIP

(WYX P = (YydvP I
(3NEYP = AYENP
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MALTHIATL:  Algebra |
L.

Prof.._Johnson

Chopier 3 § Set_ Th 0y $

€7 . XE€A' =7y is g member of A’ “belongs o’/ is a_member aof
v_Every set storts & ends with_a_ curly bracket. |
. eg.{0:1.2,3,53}={%,5,2,1,3,0}
@ In a set, the order in which elements are written is nar. s:grnfn:vamL
Nate.. To stress order . use round. brackets

eg. (0. 1L2}#(2,1.0

@IFA and_B._are sets, _then A=B._ fﬁ" XEA & XER

-t o set is defermined by _its. members and _nothing else.

. Two sets are the same if all_of their elements are the same.

c’. e o X Do _not confuge_ "€’ with ‘¢’
v D(—:’f BCcA n‘:F X€EB8 > x€A 715 & subset of j

S 80.A=8 iff _(AcB) A (BcA)

@ueshon Q€A T T e

.MM €A F <100 is not an clement of A
2€A F S
. {2fea T~ is an clement of A
A F e because (21cA i 2€A
o but 2¢A = (2] €A
(A T e pecause Plea » {5‘2}} Cf{"
ool ,_
T hsf elements of q set is quite naive,

More usually,_we_define._sefs by means of propemas possessed by elemen’rs
_eg (XX isa TR bus} e
v In genera . {mpfcal | defined } S
o . Element | property )




M? e

eg. [xER|X?>3]

v A={x| P} where Pa_is the defining . property of A.
[xeR[%*<0} s an example of on _emphy sef

Note.

Notation: @ __ |

So_if yawre defining sets by properties, you will . inevifably. get_an

emply.set Note: BCA YA

 sinee BEX

v Al = number.of elements_in A Note: X=[P} is non-empty

oo 0=[4] = 0 s notueal... .. | N .

P(‘E’d{OCTfESO]C Sets:
A = {x|Paco}

B = {x | Pt}

v Union .

AUB =

{5 [ Py 1) v Po(X

ie. AuB consists_of those elements

Paus (% = Pa(X) v Pa(X)

gt are in A or in B

1 v Intersection:

‘AnB = fac[ Pa (%0 A Pa (%) } §

A-B = x| Pa)a"PeXd || e A-B consists. of _those. elemenfs

v Difference:

~ Pa-g = PalX)A TPs (1) which are in A but not in B.

Note: {nion /[ Intersection / Difference of sets = anather gef. ..

. Yenn_ Diagrom

8 (red) C (green/

A (back) . .

g)sp,ns O = An8nC

(/\7 c~ AKUB | (

___Nate . disadvantuge = canoot_represent 24 sefs.

| /7
&\M_

because .4 Ssets  requires. 3D.

- Direct Product of Sefs B e

iff_a=a' AND b=h' called ‘ordered pair, ...

Y Formally .. (a.b) =(a’.b')
iff_a=b

& 50 (ab)= (b0
/ A={x|Poo} il

b e

P —GE

{5t set (A)

5 {x[Ps00} R ! 1%¢ element from |

Yset (@

Axg={oey| Pncx)APa(uiJ clement  fram 2™

_,In general ... 1BxA BrAZA<E | g

Bofon2.3) e




M,..h,.,m9,3) Toonmded) E——
| ,,_(0:2) —- ““‘(frl?) “““““ (-‘2 2), e
(0 fJ‘“““j”‘(i f)“ ”“(&U
(0 Q) ===~ (110}‘“—T“(9:GJ .
v Al = card of A = number of elements in A
RN
Wh:ch of the folowing _is_a 'FU!‘IC'f'{Oﬂ P
o= X*i )
o)== ﬂ __ } These: are F@rmufae

_hoa = dx+

Mon._31/io/i I
' _MATHI20): Algebra

Praf. _Johnson.

,.s‘éré_;,“Mappiﬂgs.,,.,.,(,Eumcﬁgns3'
33? What _are. mappings. ?
-+ Infarmal__Def. |
 let A8 besets.

,___,,_,.,By_____‘_q.,M,mappmg,,,,,,/m_ﬁmcﬁon
. domgin of vF *‘fﬂﬁﬂmm of f B
_We_mean g rule which. assigns._to_each Q€A _a single. element ffa)GBM‘,_,,.,.,,,,,,,

EXAMPLE

A=B= @ ( eationals )

Y/ coud fake as_.my. rule flar=a+

¥ whereas_for 9= . this _isnt -going...fo_work _
¢ However, if T toke A=Q-[ '} ST means. A contains ol rationals but 1

_then 3 @-{1} - Q
o 8@rmr s g mapping
v Toke AS[X€RIZ>) gpen |




Oty = A

Nete. R =€ 477 This example is related to Riemann. Surface.

. Camposition_af _mappings.. -

let A,B.C besels. .
_f:A—8 o 9:8»C o

Therefore, 97 . A—C s the mapping .. ... B
. (ng)_("‘) = g(fw) . Composition ...

cwrcie

Foo= X2+ o g = Cosx
@)= = costa®+y
_where (feg)0d) = Cos™x +]
. Are fhey the same ?
(9of)@ =cos) < |
(=2
CJegred

By A

, T
|y 2 possible paints I b1 point
/’ ﬂf\\ . _defire codomain, Ly
N7 %)

S This isat A mapping oo THiS 0S A mopping. ...

__g/ Compos(fon i _ossaciative.

o oa-ftpg-foctp o R

Ten kg .82D . gf=A-C

- thegefi A=D1 he(gep=A=D

- Preposition: gh"(ﬂ"f) -f—.(h°ﬂl°f§

 Proof. let aeA o
(mo)o = H(@Pa) = hoda)
((ogr) @ = Gopife)s @) . @ED

o Idenfity mapping. .. ..

p,
L f?/,‘%
i »{\}{v,"
o

%

&
€

H H




mmmmm A _sef e

Tda: A=A Tda'="Ia's"1d"

Ida(a/=a Y €A

_.such that [ gef=Jda! and

. Mlnverf ble _mapping .. . e V

Suppose A.B oare sets ond f:A-B s the mapping,

We sty that §_is_invertible 3twhere there_exists._mopping. . 9: 8—A
g

If ﬁms is the case, we say fhcnL 9__is_inverse_mapping to . f .
Notation: 9=~ o , Note: f7'#

T

V. EXAMPIE O,

f:R=R

F) =241

Q. Is f._.,,.,W;nVerﬁble. ? If so, what is 7

9(75"‘“2""',. .
Fu=f(E) (g = EH

=25 )Hﬂw . Mj%

=X . =

= f"(x) = ﬂ

mmimEXAMEUiJaimWMp , .

J:R—R

£t =cosx

In_this case-, £ i not invertible I

, f S G; 4 __possible. po;rﬁ's

b4

_ Werll_deal_with this formally very soon. C |

_ Y Graph of o mopping. . . \ (N
_[R-R ’
|

x

domain

ool [ (x.Fe).€ Domain x Codomain_..__



v _Formal Def. P

_let A8 beseis

By..a_mapping A—*B I _mean..a subse’r
Fc A8

with _the follawing. properties : . » . B

n YOGEA, 3beB st (abef

(I then write_b=f@) ~—~——» Tt is defined.

9 Ya€A, (0.b)€f and (@.b)ef

bzt —— e There & anly oné. point. {one-—to-one)
\/ f: A8

Suppose.. I _hawe an_inverse £ 8-A.

f'cBxA )

1)) Yb€EB, JAEA ot baef”

I YheR (byef” | (badef” = a=a'

Question.  Given a. magping... F:-A—8
What do I need to check befare I can conclude. that f is. m\(embl

332 Iniectivity , Surjectivity. .gad..:,.,Bgectmdg_v,”.V,.,V:.W,,..,.,,.,..

_© Injectivify: . BEEH

Soy that §:A—8 js_ 1ryectwe when_given 0.4 f_{A
—
fa) = flay = a=a | ‘one-10~ang’

EXAMBPLE G

f:@-4a

fe0) = 2x+!

Then F 15 igjective because

fo0 =fx) = 2Xt] =%

x=x’

Y EXAMPLE @:

g0-q

9 = x*+]

_Is 9 injective?
9{(} =2 = gei)=2

s LBUT JFL 2. not. mgec‘rwe-




. MATHI20L: geém;

Prof. jﬁ%}E}SQﬂ

a8 SurJechvsfy , G 1+ 1-:12

We say that £ s sugechve when
_\Yb€EB, TAEA ¢t b= f(a)

| v Informaﬂg sujectivify . means. every element of codomam is. h#r by something..

__in the domain

vV EXAMPLE: f: R—R

o T@=2X4 s surjective,
Le+ YER

. L VYER, X =H ot fou=y
"+ Recall: [F-A=B is inverfible when _

(.3 mapping. 9: B=A st 9f=Ida od| -

Then , we need fo_write  Y4=2%+! o
Z X o in tetms of Mo

> | .. f°9-Ids

-t

_¢ Le’r f A'*B be Jnver’rable . then

BT s injective _and.
2) § _is_ sugjective ==

Proof

b let 9 8-A st 9F-Idn and f29=1ds
________ Suppose . fa) =Ffea) |
_apply 9. to_both sides . 9 (fa) = 9(Fe@)
| @)@ = (geficay

Tdal@=Jda(ay ,, |
a=a' QED

2 let heB.,. put a=9(b)

FO) = £(36) = (Fogicbs =Idscb) =b

P 3 s sugectve | . QED

%@ B JECﬁJ/iTy ,. o
A _mopping . f is sond ) be. b JecT ve when




R

D YoeA, dbeB st (AblES

it is both injective and sugjective..

«Def. So. by the previous example. I've shown thaf

 An_ivertible_mapping _is_bijective. - p=g.
.. In fact , the_converse s alsa true. . converse’
Y Recall : [F-A=B s & mapping. -
® fchx8 st o 3P
| YagA, 3beB, (ab€F
D If (wbef and @b) €S|
! > bt ]
_~/ SG if FCA=x8, e
 we define §7C BxA 4 Note: this definition does not yet assume
@ = {ten]@bef} . X_is mapping.. |
FCAxB ficBx A

Note: D). I are copditions. for § +o be a mopping..
) is the condition for £ +to be injectie.
IV is the condition for £ fo be surjective. .

WHILE
IV) are condmons 'For f_

| J So nf f satisfies I, I, m & 1v) , then

7 satisfies DD IR0
2 flisa mappmg and also £7

Th £ Lef hE A—->B ke a mapp;rg fhen

T is invertible & f s bJ&CﬁVe

o be.a. mapping .

s buecﬁve

W%@'

o
ff};-%}ss;%
b
o <§$

kg
.
b

x

' YaeA,dbeB st (o,mef”
%5.5??39@5. A7 is surjective

__&)"(Efbféf—a}}a "_abTef D (b €F oand  BO)EFT
A =z b=b’ & mplies £ is_Jpjective.
. D @bES and (G b} Ef E) (ba)€f™ gnd (ba) €S

7 G:Gf . - '-'-7': a= al
1v) ?b?é ?aé“é ?{- 70256_3‘5 o (IV) “v?e?amé{i_e? _;c_—?ﬁ)?ﬁ

o
=
L




D If that is _the case, then
f7 is_also_a. bijective magping.

= Prop et g dsm-)cw ““mapp ings—

If F.9 ar_ mverhble / buecﬁve fhen

9f s also_invertile / bijective.

iProof.
It £.9 ore invertible  with ioverses £, 97

fti revenseanssnnes g 8

(Fo9)e (g2F) = £ (379)of

= fTeIds of

o S

"Idy

(9 f) (f,, g__'} _ 90 (_f f ]) 84 e e e
=9°Ids-g"

=39 o | o

Notice fhﬂ‘f‘ o o . e

(9°f) T =f"g _‘5 _reversal of order !

. Permu’raa‘tons

o fr2imn} = {u2,0n} - pappings

I _n=8=m_, Identity . pecmutation .

o Id ( ! mﬂ) /

33 __can_be _wriften 05 ( ! i,,j.)

232 *
XS ) con _be wriften as (; 3. g)
3)63 /

= Def A permutqﬁon on N lefters_is_gq.. bgechve mapping
:F {roenj=f1-n

Conven’rron f ,f 2 3 -0 )
(f“’ f‘” f® - fm




(123 4

eg.  J°

°)

Y \534“:

:&n =

2/

means
fl=3

=4

fé)=1

f(5)=2

. Composmon of permufation.

[!2 n\

WIREREE R .

) t fu flg -

fnj /

J "‘.ksu) gt2)

- Sm)/

’é&g
@

€

293 ft 2
f534~§i})

T /ﬁ; 51

7T \3 4;’1 52/

How m/ﬁ//m@ Sif ?
[

2 4 5 ¥ come St g comes. gd

 Then cross out _the middie fine. (m%___

> \)w

3
A
3of - (é?i R —_—
éz,_fé I 5 3 4 / $d

1 234 5)

“l2 1534/

calculate . £7 7

pa_ 12 3 4 5y " upside -down”

..sigma
vy

P el a1)
. G = if o *‘”I_;?,._If"{-“"“}J f is bjjective

On__is the self of permufafions on .m._lefters

Jonf=nt
L This_is. because ;F(m has N passibilities

fin-y - (n-1)

fwo-

C yclic Permuﬁmons

R



3a€s fo

s
can be wriften as |, } NV
Shom‘hand (t.3,5,4) since Ffw=2

K

eg (1) =3 :'
i
f

Fo=4 325 14
:F(4)‘-‘~l

- Formal Def- . . -
Le'r Qi , az, - Qn € {Jr *nj 2

By the cycle . (@i, Qz, ~,0n),
(Ot v, -, )(G0) = Ga

(an Qs, -, Gm)(ﬂ:}= Az

(@4 @, =, Qo )(Am-) = Om
M(a.,az,,_--',am)(am) =&

(@, Qs, -~ LAml(x) =x £ x@f {G;, , Om}

-7 {onG, ~.am} _is cq led _support of the cycle

C=(01,0.".0n) ;5 called .m.Qk.,ﬁgf:{e‘f,,,,,,ﬂf_...ie,ugf?l 1)

oy Def..

IF SEGn., fhen 1‘he order of S is. fhe smmesf mfeger N st
_§eSo o5 = ]d

s" "Id
§=(1,3,3) 4 a sharfﬁand

. bg gﬁf —

* EXAMPLE:

!«/ S(xl=x otherwise

Then S=3 ., 5@=%, s(P=I]

S0 1 $(3)-3 , S 7,« 53(?925,,2§W_,Kofheﬂfwﬂfs_e

In_this_case , the order of .S, is. 3

" The. order_of cyclic.._peemufation (G, %, ~Gm) _is_simply_m

& The grder of a cyclic pecmufation s the length of the cycle.

o Apphcaﬁons

Fleming's._Left-hiand Rule.

" Physics. _Flem ing's. Right-hand Ru!e

(electric._motors)

(electric _generators)

o) «

@

LT T




CH (CHs
 “Chemistry. . i 1

7 H /1 H : - e br i
Fogpo Clog stereoisomer . THERL

Tr‘ansnosmn -
. Def. A tronsposifion is a cgde af . lqufh 2.
eg. T=(3,5) «— shorthand
(3,5)m=y5  Xx=3
3 . X35
\X x¢fss)
ooowsd R
v Prop. Any cycle is a product of  franspesitions.
Proof.
C= (0,0, 7/ 0) o
C=(d,0n) -(.0s) (q,,a,) e LGeD
"0 G G5 7 Gmer G

g fi’}: ¥ Gz}

Q. G Q3 -~ Om-r Qm . l {Q;st S

COa O3 G o Oms Gm

a -~ 0
Q2 Q3 G2 - G Qm  / S T E—

O: G G4 -~ Gm O
In ‘Facf B
| A cycle of lengfn m s a. producf of (m ?) Transpcsrhoﬂs g
¥sign (of) transposition = ~1 -
sign (of) _cyce of length m=C0"" |
ie. 0 cycle of even length has sign .
R 0. cycle of odd length has sign |
342, D;s;onf Cycles
_ {)g“ __

We sag two _cycles
(00,0, 0, 00)

: @ Iaa Tt R T I = )
hen {f ijﬂ{b b - ,be) =@ ®
eg. (L33 & (2,594) are dsoiot. o




GG =C.G

= Prop. Tf C and G are digjoint cycles, then

digjoint_cycles.

.. EXAMPLE®.

5 19

4

r;i "

. Th Any. per“mumhcn con_be._wriffen. (umque y up_taorder) as. a product m“-‘

"l‘
T
. (z 4,?%4{(2,5,_3:‘?}(6,fo,f?_,!i)

S

3

{0

6.1 8

12

g |

__Shorthand

)

order = 4

4

‘ 2345673 8¢

g 1l

12

3 4N

0 8

{

2 136

r”f_ 4 13/

S(Qﬂ = ( U )
_.ofder =12 <= lawest common _ muitiples of ﬁ’% ardef of. dss;o nt_cyces.

ne”\f’}
8) (2,5 30{)(6 10,13, 4,12, 1)

_ W e

g = (147

N T WYY

g -

_In _this_cose .

4 and & =

?ﬁéi

= lowest _common _muttple=12

e e R A T s &) o L T T TSR TR AN
= i LSS . ) A HEA Y Eaiife eyt GOSDEISiT e
[
L

= (3 g
oo il Fin
L o A 4
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MATHI0! Algebra 1 B

Praf. _Johnson .

Lhapter_4.

& Fields and Vector Spaces § B

A S
. Ni.{o: L2,.0, n*‘!J,,::.:,J_..,,,, B

Felds

v cardinals _of finite sets cardingl = B

,,A,Acan,{_.addm,,_,.,,., — but_cannot_always. { subtract
multiply .. e A divide

Z={0,21, %2, -, 2n,2(n+0, - }

e |

Y mn add... subfract . mulhpg ~but_connot _alwags divide_(by ronzero)

Q- { . PgezZ, q#0} rafionals ... N ~

P
Y r,ule.,=.,qf.____..,gquaii.iy,...-m?if,..'9% = PY=Pe

(Q_is the first exomple of a fied. . .

By o field B, I mean o 5-tpe F=(F,*,+,0,1) where.

WF isaset

_Mrite _a+b=+(ab)

An n-tuge is a_(ordered)

(i O.1€F , 0%l R _.sequence of n_elewents

(i) *: FxFofF  (means + is o mapping) .

(iv) - FxF—F

. These.. mus’r sa’nsfy fhe following . rules

v_Additive Axioms

L Dax(bra)=(arb)+c  Vab.CEF  gesociafvity
I 0+0=0=0+a . NOEF 0 is an additve dentity

I YaeF , 30 €EF st. o odditive inverse

0+ = 0= ) +a

WVebER. ot

\/ _Multiplicative_ Axioms

_Dlabg @b VabCceF  gsociativ ity o
D at=te=0 VAEF ) 5 a mutiplicative. edi’m‘r‘tg




' ga'=l=ama _ YacF K af0 i myltipiicative inverses

e
&

. WoyabeF, ob=ba . cOfmuinfivity
v Distributive  Axioms

G- (b+c):aub+a-c VG:brCGﬁ:

(b*0ra-barca  VobCEF

eq. " Q. i a field

- R _is dso a_field
3) € is a_field

411 Finrte_fields

Jng. _oritmetic_mod2 4 "modulus arithmetic  BF
- FRo=feer.od}

R fh ok SRR Sl

even || even | odd evenjieven | even

_odd [lodd jeven odd ileven| odd

= In future , we wrife

0= ¢wen

e, Fo={0.1} o field with 2 elements

CThes, t 1G]] - lo |t

N I B

(Addition mod2)

v s artthmetic mod3. i e

0_012_ g

lﬁ*@

oo

fea]

@Nomi

D M
<

%]
[

2R 7

_.po remoinder . remainder |
B3 33

eg F+5=1250  _eg S 8=40=l

3y 3 +3) E

i Y
©oremginded b remainder- 2 oo o o remainder 200 peminden- 2o e e



N_fFs.  arithmetic _modS
| Fo=f{0.1,2.3.4}

+0g 112

.-b.o k.

AN LA LN B s
4

A
<
ha
)y

= a, ip g
i
DL :
P
L
S o

)
}
K3
.9
et}

o7 =

3 mods

| 8]
i)
28]
B
;'P‘ @_w Q jw
w

1N
[<n]

K

. 348 Pz 1-0—-8-1( 47

[pe]
[#3]
£

-
45}
>}

=4 modS

EN
(N
o)
<
X
w
N
@
1N
%,:

%’

eg. 4*4=8=3 ... _eg 34=12=2

Fs _is a fied

v Zs  arithmetic _mod 4
' Z4 = {0, 1,2,3]

' 0 l 2119

ollojota o NOT _a_field

o
g
o/

2 . . .
Y 2 because 2 has no multiplicafive _inverse

2 70 |2

o
;
o o

%
-

M>® |

| JWhen _is__arithmetic _mod . a  field ?
.9 .n_is_prime (Gouss)

CFodslipe

MATHI201.  Algebra |

,.,‘.,,4f2 Quqdrahc Fe!ds

Prof. Johnsan

LeT fF_be a field which | you_ undersrand, eg. toke F=@ / FzR,

does the eqn. x*=8___have a solution in F 2

~egq. =R . x*=-1 has no solution inR. .

¥ Informal. ldea

.~ Construct _a_ new e,{emenf Jo .




-~ Caonsider expressians. X+ %ol . X1 EF .
-~ Add & multiply in usual way. . .
@ (6 +% o)+ (Y, +540) = €X*+U) +cxa+sm e
@ (% XS ). (YU = (0l X §u[T) + (?oywxzy.;r
@ zerg- 0=0+0d@
1=1+0[d

o ("“‘W *X*m X+ %A —> This implies | is an_identity
J [)g inverses exist ? B
= Trick: G XX sz) = %= X;a"'o
_____ R Need fo know that x-x:a#0.]
(Otherwise ,  x'=X0 = (%)7’?@
B R _Com‘mdfcﬁon._

{%i +?Cz,{“)<

X x*oL X~ xi J—)"!

XX s {:a%fd ﬁ’l@ canjugate m %a*%zi’" o |
If you guacantee that Xi-%2#Q, when (x;,xa?ﬂo 0, f.hen__gau_._gef.__.____
o field called ._ifFfi&._.
Consﬂ*uc’r o as follows

L D Addition (exd LY = 0 YL %t}

Jzero. 0=10.0)

CThink st = (L%

@ Multiplication |06, %a). (9 4l = QY # %y | %4, * Xaly }5

S 2 XG0 = (B0 PO QB
v EXAMPLE ©: R
4 f

F=R ., o=-1 e X020 n0s noosolution in

4
X*=-1 has ng_solution in R. LD s g field
So RUD is a field.




. Y EXAMPLE @, e
F==1{0.1.23 4]

)°=0

2 :iﬂm .y ThiS_is _because 4+[=0 ,,
== o

g =4="1

JEL L X®=2 has no solution in K.
[ P
_So Fsl2) s a_field with 25 elements.

o Since 5= Fsx s
5 elements s elements

A2 Vector=Spaces' ... S

o Fix a field. {eq. F=Q) e

By. a. vector space V. over £, T mean o dxtuple V=%, 0,00 where
YUY s oaset
2} 8 eV

@ YUV mapping
Py
VW= < W) addition

4 - FxVTY ogpping e
Y EeALY) _scalae_multiplication

st He ‘%%%Gw'éﬁgm,ﬁﬂjfﬁ&j are beld, oo .
I) Ut(y+w)=(u+y)+w YU v, Wevy associafive .
D Uut0=U=0+y vaey ,,,,,.,.,,n_qsidj,ﬁy@,”,deenﬁty

B) YUEY , W st
L =gty additive inverse.
L) Yrve=yru 0 VYW YEV  commutative
I) Mp.y) =AMy VnHEFR yvey
rra=4 YUey

=
X

1=

4]

™
15=




iputes _over addition

e, multiplication of 7 distri P
. D2) (M. U= AU AL YAMEF , YUEY -
¥ Basic _Example:
(F_is fixed..in odvance) Means. vector. space
a x 1 {
................... ﬁ: - {,E:(x‘j;) Ko & . E’:‘ﬁ;ﬁ %{3
*®n J %‘ .
. means Tields

@ x+y= /33) ( 31} : (’;‘3\
. k xﬂ Yo 'Kn‘;’ﬁn} Qddl'hﬂn

.@ N %= h/x:., ,,,,, /nx;

- an L _scalar.muttiplication
.9 Q:(o) o o

» F s q_vector. space_aver

»J EXAMPLE:

~ V Hﬁ 4”“""‘ AR d fet’i-i

F=R

_yector space

={xeR?, ’x.+xz =0}

\ | , sﬁg in. F°

_means _ Fvery F7 is a vector space.

e 'V,.__CFF* BuT VEF in this emmple \\ -

But_nof every vector space i a0 fF ?

V _is_a_vector space.

1{9()6&/ then

a
. Any. X€V _can bte wriffen as X7 (—x,)

L

W |
A

&

k-(?c‘ﬁ'g;))

0= (—%) =(g) v

ax=a(5)

5 VCF® |, but V*F

i .
{ counterexample : (8)¢v)

= F _is_a fixed. field

i<1<m)

_{ET A= Qij'i«'\iqn
: Qis €F

_om=n motrix

.,4,,,,,:4§£cmaidﬁsmihe_,,,, homagenaus .. system .S,

 S=(Ax=0)




QX + WXy * .+ Qup X =0

S71 8aX * 00Xy * - *0sn%n =0

L Gmr?c, +AmaX, + ., + O mnXn “_‘0 .

Y Temparary _Natation: _ S
_ Ka={XEF" . Ax=0}  coiution set

IF AF0, then Ka# [,

Ka_.iS_a vector space aver I
Proof . - If XE€Ka and UYEKA  thep X+UEKa
Ax=0 and AQ:Q:}A'JC-G-AQ:O =0 1
. O ARX+Y)=0 /
- If XEKa and NEF , then
A-(Ax) =PA.x=nA0=0

fai
=

itign--o) -

]

So Ax€EKa 4. _scdiar_muftipfication (v)

- Zero: AQ=Q —
So 0€IKy . _zera (V)

= THE._remaining _axioms . are._automatically._satisfied.,

.. {satisfied already in ")
Hence . Ka is o vector space ovec £ @
_Linear _Independence
Def o ]
et ¥V pe g ,,yggmnwspace quer, fF
Suppose. o Ve e W EY o

A“@‘imﬁsf@ﬂ of the farm
[LnYePegenelr e <o AseF

18 colied  a  lineadr combinafion i W, -,V

Y Nohce that. I con. atwqg._sm get Q0 as_a linear combination.
O OVI + 0V: "‘OVE *o. +O!_{\

; ~/ Informal Def..
S L Vﬂ} is said to be ?rnearly mdependen’r (LI). when the ONLY wqg fvgef




0 is with all coefficienfs = 0.

. ©
- Faepgl. Def
¥, . %} s lineorly independent (LI} when
g?‘a y+ Pt FAnYn =0
R .
| = M=M= =Ae(
v EXAMPLE .
i/ G kO
_..' t i — O
) ( ) Y
Then [€.€, 8,8} gre LI,
Prgaf. & + A6 + N3 €1+ AEL () %

(8- ()-(2)

?\_,)

As

M/ VAN
P

9y
) b

D MFMZNa=M=0

= {er, e 8,8} s I

N

. Generalisation

gy/m%i;;?-.,..,.

Then {&.2 - &f

Then. (&, %, %]

M n As At N2 +0
Proof: . 7 ‘\0| + ﬂz‘Pz *+M3 ‘_93 ( ) (7\1)*‘ 0); (ﬂr"‘ﬂz
N 0 0 N

it g e

‘ APt

..O

0

\0




S0 =0 | AtA=0 | MRt As=0

|8yt M=0 | Byt Mm*tA=OQ

So. A=0 |Sp N0

- Then {¥i-de Yo ¥} s not LI

_______________ (It is lirearly dependent).
Work over @

Proof:  Salve MY * e« AsYs +Aa ¥ =0

- { A =N A T M ) =( 0 e

M*Ta*na*8y/ Ao

[t 10210

(i -!t-r;o)

Y

Reduce tu_raw echelan form .

/1102 20N
| & (2,0;-1) =
o e e 210,02 1 3 .

M(o 1 %2 % 0

,3:7T
@ 3

D(2:+) (t 00010y

10t g 2;:0 )
00 1 1la/

D@ ™




®™=0 . | Take 2=0
=2 | T2

Q=N+ L e

B A S SO i ot B
Then  0-2%-Ps s =0
Since. -2%#0 L -1%0, (%0,
We hove o linear combination. in. whrch noT a!! N —_0 R/

- Def B B
Y%, b, . 0 ae linearly  dependent (L{}ﬁ gﬁs%@@ 3 linear combinaition

N HAYe T F . Antn = 0

f=

i which af teost one o AEFO. .
v f:?aaz%a an expression. in which some  71i#0 s called 4. dependence
reiation..

N In fhe previous.. example e
0p -2y Wﬂ‘”"‘f 0 s a dependence relafion.

MATHI2 Alge ér& !
_ __?f\_@_{i ) §Q§zﬁ5@ﬁ.

Recotp S e .

poo

Def 4. linearly independent.
¥V s a. vector space over .
fug, efev,
o, %, . 0} s LT when
Z:q:nt!}'_ 20 2 M=M= =Mn=0

422 S_E@J.Q.

Dé%? o
¥ _is 0 vector space over F.
RENY ‘afﬁ V.

H

We sa i_z? Y when
We soy 1Mok B00 0 spons Y. when . - S —

vw E: ’)r/ 3?‘%‘5 ?5;3”‘ e fﬂ;‘g 6 H .S(i“.& W Eﬂﬁvvi

e 113



¥ In Foglish . {informal)
Every  vector W EV can be. echresscd as_a__linear._cambiration {v, -, ¥a}.

v EXMMPIE @. 4

Let ?,,,"—'(S"\ f_i‘_:( z) €n = 2\

0

be_the standard vectors_ in. FF” then {e, €, . en} gpans

_ Proof. ( ,’g) e
,, Le+ x=\x/ €F

X = xiet + 'x:,ez ""?Cngri

V_EXAMPLE @,

”v { ( ) E H_—;S & i e xzq.h xs GJ . o st s ettt

Then {_‘Pr,‘l’z} spans_V

. Proof: . L@ Xa* Xa=0 - could subsTitut ifber % g, op xa
[ X0 = =Ko=Ky '

X2 = X

Then . X = X4, + X, . To_show Eéspansvw

- - i B
=f xf’) +( o . _Oexpress & in fetms of B
L 9 )Ca/ &g, En= NP FFAn

X2~ X3 Xt /%
:( s ):( x:) ®5’2‘E=x,§,} €Y we have

LoX Erxgt. rXC

> {o,4] spans V. o =x(nee _*ﬂn%) "

_ 423 Bosis__and. Dimensions

e Def R eear )

et V¥ be a vector space owr €
et {EE, - 5-;? cV,

MWe say that. {E.E. - &} is.a bosis for V. when




E Er . ;a-*ﬁ} is iz

. Pr@(;.

w

S
i ;\%&

he  te stondard

{
et ;’:‘i!’:“sjﬂ L B
{25

w”’”"“""‘”‘"‘%m
[ T e
"

km%mwm"

13
Q
I

o,
/Mu...,-

ectors in F". Then {©.€. .} is fhe basis for F"..

Praof ;

&, oSl s 11 {proved in_last lecture)

{8 .8} gpans BT (just. proved) %

v EXAMPLE( @) .

P 11'-3“

ks

Then {%.%} is the basis for FT

o} spans_V..(shawn in fhe previous P92 ...

A+ 7‘:\92 =0 -

[~7\;) ('?\1) (g

)
O/ Az 0]

=>7\f 7\2 O

g\%&%,

oo

. Main ‘?’h@@fﬁm I?:zﬁw,,ﬁa&is,ﬂ,ﬂm:*em

Let \ be a lon-zecol vector. space. over F . thel

() V has at least one hﬂgés

{ii) Ang +un bosis for Y howe the_same_nuatber of elements,

o f?@l .

for ¥V is ralled the  dimension

Tre number. @f elements_in_qa basi

of ¥ . written

dim { gr dimgl®) . .

so dim (F"=n_ becquse if. has a_hosis. €, -, €n with n e!emenfs

o FXAMPLE _@:

. V"{QQ: (35(;) a,w él"'xz‘:"?fa =0 }




-t

‘i’*(é) S (?) . is_a_basis_for..V

Then _dmvis2.
VEXAMPLE o.
o We{x=(x)eF . xem=o}

__Then dimtW=i , since
W= {x:(}) . x:eF} )
921G s a basis for W

_ JEXAMPLE @. .

; fsism
........... , » A ) (a{j) eovine i‘s\j < n

-

' Compute dim(ks), so first _
. find a_basis_for Ka.

N eg. Easy Cose

d.0.0.0 1.1t

Toke F=®.

@mgﬂ@%

Ax=Q  Write out general solution.
b= % -3%¢ +Xg
&)= ~2s  —Xg
X Xe o
& "
= X
X3 =3Xq+Xg
1% _
-2%4-X¢ )
Xa
-X¢
. X e e e e

X = X4=0 = Xe=(




2" choice.

X2=Q  Xa=| Xe=0
-3

0
-2
g
]

3" choice: o
X0  Xe=0 = Xg=l

t
g

o[
R a
-
N

X = ?CZLP*L""X‘% "‘Xe% e
{(P, ,L?a. LP,\} Spqns kA

| We know fhat o
xE P XX

- So ., Xa=Xa=%=20
Hence, [%,%, %} s LI.

MATHIZOT . Algebrat
e Prof. Johnson .. ...
- Basis Theorem ( Coming Soon) . . .
UV has at least are basis for . o
21 Any.two basis for V. bave the same number of eiemem“s (dzm\/)
v {E,. B} s abasis for V when
(i 1&, . B} is LI
(i) (&, 63 spans V.

JF xeV  we can write °
 ox=xE bt x5t X where Ki, -, 0 €FF

%
%
i

Lo
.




~..Linear independence fells_us_ that this expression
€ if X UE +Y.EatYsEt .t %hEn , then .

Xi=Yr, Xa=l4e, o, Xn=Up

iS_unique. ...

f Proof..  0-@. O,.,.ﬁ.éf (X:-4)&

= Xi=Y Vi

ﬁ_ﬁczzf&g L Mo ‘}

ree—







© P Bsinle (cont)

 MATHI 261, : gébm |
Prof Tahnsﬁn

Chapter S SUnedr. Mapping &

§1 Liregr . Mappmgs —and.Connection . to.Mafrices

511 Def.

et WW be vectar spaces ower F.

L V=W s _q. mopping.
We say that T _is_linear  when

i T{%g*fo?M?“(aﬁ;  ¥xyey

o Cfandard Exampie
| v=F W=F"

I\jsm‘

............ . . A= Qye)

__________ Deﬁne Ta: ?F"_"" F" bgm TalX) fﬁ\i where ’.S'-‘( ;c: }

mafrix_provided Xo/

Ta__is. obviously linear.

Progf Talx+U) = A(X+Y)

= TalX) +TA(U) 4

TalAX) = A(AX)

= AAX

- __ _ " , o %

To what exfent _daes_an_arbifrary. Jmeqr map. Iook hke a sfandqrd example ?

) ,,f,,f,,,EKAMRLE @ (Differentiation)
- Le-t-v {8 *Q X+ QX+ axx? aa,a,,qz,asefﬁj_

.. Define__ Q;:,,,‘!,A:"‘,,Y,.ﬂ,“,m.,tn.m_be.,_,.,diﬁemntiaﬁon

LoDenote QX = Qo+ Qx+0aX*+(aX’ | then

__differenfiate D (0) = G + 202X + 305 X*

™ Then we can_ prove _that D (3+b)=D(@ +Dlb)

D(Ag) =AD .



Toke V be a vector space with basis (&, -, En]
W be some cther vector space..
Whﬂ‘f do I reed fo do tfo._specifu._a linedar map T-V2W?

‘/ Ans. It is engugh To. S@QG{Q the values  TUEJ, -, T .
V Proof:

_ LET W, - , Wn EW

Consider the following. mapping
o T VW e
T =X Wi+ %W+ .. + Xatin  where X =%E +XEa*Xsbsr. + Xakn

A

e _ .. is the unique expression for.x.
Claim. . T is linear. .. .
o D TUE) = W
Proof of (08 e
ZS‘G . 4= BUEs

LB T LT I R

Then,

] CSnee Teo- Bxds | TweLgws
T(z+g§(’<*9‘ﬂ
' | =TT
2T is. Gddihve R gy
CAX= Zlmmﬁz,__‘, S

So, T = W
Afxws

LA
AT

Therefore. . uT______és iear. ... ... @Bwo

. Proof of @: g € b .
| a»ff gﬁﬁd Jis he unique_expression of Ei in ferms of

\ﬂ\».mm

BB TR

7
.

u

o

| e ma,; = 25&1 Wi = W= e B
S0 we hav__e___shown the. _fo_l..owmg- g
W Th | | u, o -




A_linear_mop T is defermined  (uniquely) by the volues T(E)

TlES | ..

T(En),  where 15, .. EoY is g hasis for domoin,

= Property +. |
PR S S
TF T V=W e near | then T0=0

Proof: Qv = Qv+0y e
T(Q¥) =T(OY +0y) = T(OW) *T(0¥) by def.

_Add -T(O¥) to both sides.
0= T(Qv) +T(Oy) ~ T(Cy)

QW= TOW0
So, TWy)=0w 3 T(0=¢

— Property 2. MatrixMuyltiplication
linear  then

det TU=Y 2S5 V=W be

ST U=W e alsg o dinegr.

i Proof. let %, 4elU

(e Ty = S(T(x*y))

 =8(T@)+S(TW)  cince S is linear
=5 T+ (ST

CES(T@*TY)  snce T s finear

4 S( T(n%))

_(sTny

sty |

=28 (Ta)
= A (8TH(X) R o N/

X 35.,.Asscc,i,atiﬂq, a_Matrix._with_a_ [ inear Map

-ilet V. be a vector space with basis @® (6.6 B},

W _be a vector space with basis  B={%, G, .. Y}
L Then dim(Vi=n_, dmW=m.

CTCE) = Wa

n

. Then ¥ pas a unique expression in ferms of @, %, ., ¥



Sa, T(E s}}% 4]

L . ‘. 5o % TTen 7 e e
M(Tlg = (Gis)  jsisn where T %JF W __ic linear
Bt 5t

Lo

{Qiiﬁ.ﬁw:.mﬁ%&,ﬂf,..,EN,,,%’V__[T B on the ieft

&= |E a
@ ?’:‘3 9, o) i5_q hasis for W

and_ @ _on the right’ ..

_defermined b T E L Fo
o LR !‘-ﬂ

v Canve,nhon chosen §0_0S. ’ro comcgde with sfandq:d example.

teisl agef

ie. et A=(3x) 1cizn

que {Er Ez , -

LB} to be standard basis for F°

_1a f ‘Pﬂ] 1‘13 he. SIGndurd basis _for ™.

Ta - ﬁ:n“’ﬂ:m

TA('X

50 fha’r %MH‘A =

Praof: Calculote  Ta (EJ

TatEe) = /G~ A = G\ /()
Gy -~ g~ Oy

Gaf 1

.

o f G

m
=LY

Thm‘ is M{,’% =A

»/ EXAMPLE:

let A= ( L ) 2%2 matrix_over Q.

Take €= (o (0) ..... } €2 p

%“E_‘_(*Qz’ 93—'-——'

Then

)(0 ’“( ;) =2ee

el = (]

Ta(e) = gee

Since. . T is..linear., ..




Tal®)= Ta(€+&:)

b  Ta(%) = Tal(&i-eq)
-

=% e

M(TA).}; = A = (l ) . caued daagenahmﬁon

However M{-ﬁq ( g_‘, 0) ~.Choose a new bdsis! .
0 1

Composition. . Farmula '
.. Take_ U _to_be a vector space with basis. (Ev..-.En}= &
V. {e,. = &

W RIS ENE S

T: U=V s !fne.ar and S V *W ) :s.__,.m.ql_so,,,‘,,!fne_a_f,
|5 J<m

Llet Mg = (0 SN
o ks ,. .
M(S’E ('H) Isism.._. then we alsa have .

________ o) m (o) ISRSP
M (5o T)-=(Cpi) T<ien

(because  S°T_is _also linear)

- Gues,

ﬁ.,,,.,,,,,Wha,ﬁsh____.,.ihe,.“,ce{a,ﬁon,,_.,.Mb_emaen?
M (5°T)x,ﬁ , M(S)E _and _ M(T)f ?

_Proof. [ Compute M(seT)g 1
(S TNE:) = S(T(Es) VT tf=l
m [

= S(E0y¢s) e

- o - :
= LGiSWi)  qince S is linear

- Bou(fogw) 15N
= Z‘;E Qjcbi Y

1“[




Put Opbri=by%: in Fl< commutativify

Sa (S°T)( Ei) = ,4’3 - LR

change th Q!‘iﬂ%fg?{ Pm
Sﬁm?ﬂ&‘hﬁﬂ é;ﬁ bigjﬂjﬂl’k._.: (#)

I‘F bki) M(S) g o
A=(% MfT)@.ﬁm (Bm-(ﬁmm when

(BA) ki __.._’:_,%_b!‘égﬁ R .| B

sub_ (X into. (#):

(5:T)(E) = E B e

¥ . P | SRsp
Sa, BA = M(S“T)a“ L BINCE MG T & ;18 T a

5> MEZ. M)z = M Tg - | &

.. Interchanqing _the arder of summation

CpetopefCu G Cu)
LCZI sz_ Cﬁ} &
........... glcﬁ : For i=1 , = C‘t""Clsz;g
For %2, = Cu*CuatCy

Co, E EC}” = (Cu*Ca*Cul " (G +Coa+ Ga3)

4=13=1
3 &
LGy For 471, =Ci*Ca
For 472 =Ci*Ca -
@

For J‘:3 SCy e

) fcu = (Cn + ) +{ Gy +Cag) HTia* Gy)

So, X
: J 1=t
¢ . Claim. s
LEG = §§C
Proof

(CH * Crz“‘(]a +(C2_‘*‘C:_z""caa) (CH*C;,; ) (Cn*Cz; +(C13+Cga)

-You.can _inferchange

R Ef addition__is_associative & commutative

grder of swemation.

aMon.... 28/it/ 16




CMATHI20]:  Algebrg | e
. Prof. _Johwnson

T V=W e lipear.

. &={E, ... 6} basis for V.

8- {E;, - basis_for W_

| g bas e e
M(Tg = (.Gaf 1€ign. o MN_matrix -+ transformation mafris.

T(Ed Eaji(ﬂj

) .,EXAMPLE frqnsf“ormahan matrix "

Pn"' h{...Qf_.__*ﬂr_x TAXT L+ OnXT OEFL  This means Pa s the set of polynomials_of

CTeen, e _degree sn With coefficients in F_

_basis: {1t L, X"}
o PP B o Notes deriyative. of sum = sum of decvative
____________ e D differentiation ~§~ e S
\(We Want_ M(D)a +———— o mafix D with & on the leff and & on the right

.bw=g ¢ &=t
D=l | K=x

s
of x* rDxyE2x Es=X'

. Dxy=mt | Ee=a’

. Dbg)- ﬁ o

| Sie DW= 0E+0E 4060
(GuEu"’GyE;"'ast Es +Quba) +—— 5t

Column

_put_the cgﬁﬁgcienﬁ* _n_the 1%t column._
_{NOT the 1f row)

D)= D(’"“ ’ E'”“Of *'OE *‘7@ “"“"?“d C.Qfgmﬁ, e
_ D(Es)= D(XY) = OF, +2E, + 0E;+ OF4 «— 3¢
D(Eq) D(X') OE + 0L +36: +06s 4““4

Column

_Column

»( How abayt dD 0.0 __.,_..._22_‘?_.._._,de,f.i,mﬁg&,., ..




o

N
G

A
v

MY = MO.D)E

R N T
0.0 2 04 00
0 0 3 00

0 0.6/.7300

sa

- Dw=0

9
0

\W
I
il el
Qaoaal
oaon

o=z
Dx¥=ex o

L} Qa o«
9.0 Oow
S O (:T‘\.C)

o EXAMPLE 2.

Y= {(G,*az‘,‘(*— Gax«i)exp(?() Gy, E @}
. M) (En &

Then I basis : {€xpa xexpe0), expto}
- UdimgV) =3 o o o
Again , take D: V=V . differentiafion s awadgs finear

JThen, o
CDE) =ep =B

DB = exp®¥) (17x) =B+ E

D(E) = Expdx*e2x) =2 s

e, e
gy M(D)g :<0 i 2) R
| N0 0 1/ .

2™ dervative (

Simdarly, oo
MoE E mong . mog )

MOE . momE

L Loy /12 2y
00 1/-\0 01

P T

n

0

TR L3 e
00 I

e
G

r
2l




\/ EXAMPLE 3.

 Cadde & (2exprn - sxepen-screrp)
f . acx;}

—— e e 2~
_Saln: Represen+ ) = (}3)

’ 3 ;
T gt (515 B
, N0 QO 14\

_This__means__23exp(x) + 23X Expx} +5xexp(x).

Infegraho e

0 ¢ |

.0 1

v EXAMPLE:
|  f{2expoxi-3xexpog +5x expcx;} dx

Soln ( N é)(,‘;) =(_Eg) B ,, |
L NOO AN NS

ey f { Qexptx).—_,_gxexp{_;U...g.,srx%exp(x;:}mdx . S

53 Change oF Bas:s Formu!a

~ Let V_be a vector space w;fh basis_
é (E' E, . E"}

= (%,

BES: sf




v

 Express $ as a linear. combingtion in {&, -, Eo}.
% EGJ'EJ o

In general, %= E0sE
~So we gef a matrix

IERE3E
(0j:) {<g<n

is simply (ag) = W_u_)ﬁ:@

= Id(%)= EGN:

Now, exﬂpress_ét_
E = L by

The‘n ... gt :J;E‘:. b\}t f:__.j o

| _(Ch‘f)

in frms of {9, ., &}

Then. b= _M.(?d)f .

-;.P..mp__a_ o e
: . . £ té?‘“’?

. L MUdig = [MUIdF

. Praof:

(use. fhe composmon formu

M{Id)& = M(IdJ_g M(Id}@

bg Composmon formuia
L kEWfse

qu@ = M(Id)a MId) g g
S MUE=L/mmg

B 02fi2fie

MATRI2OL  Algebra L
Prof. . Jonsson

Recap:

is. a vector space.

dim (Y] =1

" path basis for V.

3
L

s

2
H "; (gj



T:V2V  fieae

\/ Suppese we._have q lmear mapping repfesen’red bg mafmx M(T)e of T wt €.
T(E‘L) = EaJ"EJ

. M(T)f = (044) __is known.

) ~/ T hos a mofrix Mm@: wrt &
| Tt —ﬂb,jm%’a

MDEsh)

53 Chunge of _Basis. | .
- Q. What is the relati onship between MO ad MDE 5
| \/ We first consider .

R . KR S § e It effectively replaces J with i ..
IC“E«J L 43_3@,,5,1' R —

...Sa,

IMad), = T =8

S:mflqrfg S
_ M(Idj_g In

X Cm - .
N [ 1sgsn "

e iM{Id)E:-fCa*) ¥ ransformation matrix {é&ﬁ.@\:}

- Likewise . we._cap_express & in_teoms of 2.

R = E faely
r<fsn
r.e.. . M{Id) &(\f&«-,) [ isn

M) S g = [ 51%2 E -

v _Praof. MId)Z = M( Id"Idlé.____.

e EAMUdE. MU by composifion formda
5 In = M(Id)E

= MUd-Id)E

5 . e ,_ S
oamdds, MUy by composition foeenula
Therefme,

o madd e [mwd] by def. S
V. Corallaey. . Change of .,Bas;s_ Farmuln




. ‘J EXAMPLE O.

Ty-y lineac . L
@ik E’u 2 both posis for VO
. ?9'_ = {4, . ‘i‘iw

- § M (m2 15 = MU 2 Mg Mg

R

Proof: Llse composmon formuia
M(T)i = M- T Id)i? o
M(Id M(T"Id)éi o

f1

Coﬂs der T df“*ﬁ’

X\ A% =2% 42
X/ A=K +2%a=Xa /N

T is linedar.

- Toke standard basis, .. | If this is dhe sfandard bdsis, .

ks {(;) | (?) (g)} ______/5_5;13‘1‘__?11&& the coefficients out, .. . .

_Then, e S

“1 *2 =1

o g
= Can  we Fnd a bagsis & st Mm@ is_ “Nice’ 7

Lcrs mJ @ “’ 3) ( fl) | ( ’m — e

6 o G From- standard basis t0-&-

I
Therefare, M(Id)é {M(Id)gj < 9. ‘_2) .
I =2 3/

Bg change GF basis formula,
MOTIE = MaIdIE MTDE Mads

_Idif,_M__(.Tﬁa,_M{Id)%,_____._._.______ . @&

) Just fuke the coefficients in &,

 Sg, MIds = ( L ;J S

v

. «%g
- «&‘%
: é}x

.
=

t

o
:

o

A

: i



......... v EXAMPLEOQ®.,
Consider T. @ =&

. T e .

T is_linear.

=~ Toke  standard basis.

R R —

4-21\'

Then, 'nv.‘('r}é _ .(NG P

- _Toke anather basis

“{EE

010

Lt/

&

NP LANG 0 3400 ) o/

g 2 9 =1
o\ -44/\0 1 (




2
2
o/
-3

(

:
|
0/

.ﬂw%_ 3
S H

‘)
1.

)( } = 4¢;

G.WW

T =T/

)
)

( >
0 ¢4

2.
g

MCT)

=]

®
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_ MATHIZOL:
- Prof. Johpson

Algebea 1

% Keenel - Rarnk Thearem §

_____ e Def

T:V=W  linear

_Kep(D={veV, Tws j

Imin={weW, auey, W W

_Kernel

kef‘nef of T

tie. fhe set of ail
applied _fo V) .

Jimage of T

iofT

. Th. __ Kernel-Rank Theorem
 dimfkeetD] + dinfIn(r)] = dim(v) =

dim (domain]

clements in W by T when

V. is a vector space over £

UV We saythat U _is g vector. Subspace af ‘f when

1 gel

A Vx.dey
3 yYxeU

YACF, AxEl

xrded

E{’Q@

E‘F GC‘V

\/ Proof: _~ U _has addifion

is. o vecfor subspace , then U

_______ 4 UxU—U

Ny mxey

‘Mmmyhm

= M.ohas scalar  multipication.

o FxU—~y

e, (N E) AL
.- Qed

L X€U thep ~E=t-n.%x €U
-f

by 3

_has oddifive inverses.

is_ Q. vector space on ifs_own right.



= Al remaining  axioms. are already satisfied because
it is sotisfied in V. e .

&1 The Kemel is a Vector Space .. .

e Prop. S
T V=W lincar.

%

 Kenm ={yev, TW=0) s a vector subspace of V.
Proof: - Qy&fker(T) . Kerll) has a zero.
(since T(Qv) = 9y) ..
-If X,4€ Ker (T} ., then o o
Tix+y)= TX+TY)  gince T ig linear
=0+0
=0

Sg, X*YeKer(T)  KertT) has addition,
-~ If xeKer(n ,neF , then .
T2 =ATx)  since T s linear
0

-~

" So, AZEE€Ker(T) Ker{’?} has scalar mut] sCGT‘@ﬁ @

AL

62 The Image is_a. Vector. Space
o Prop
T V=W linedr . e o
C Im(me{weEW,avey, Tww=w} js o vector subspace of W
Proof. -~ Ow€Im(T) . pecause TiQv)=0w Im{T has a zero..
- Tf w, W€ In(T), choose ¥, L€V st. TW=w, TCh=W

SaL
T+ va) = T+ T
s e o
Sg, Mt ¥ € Im(T) . Im(D hos addition.
- If WEImT . NE€F | choose L€V st T=W.
Then.

T(nY) = nnv

A

2t

Py



o Sa, nwWeE Im(D) In(T_ has scalar_muifiptication

'3 :The Kernel - Rank _Thearem_

--Standard Fxomple:

Isjsm

v A :fgj'b) isisn mxn  matrix

Ta: F"—F"  linear _
& Ax=p  XEF

< Tax]=b

Suppose we have two_solns_.. and Y, then

. =h
., Ag b

~ Ker(Ta) = {X€F", Ax=0}

~This_Is_what_we hove previously . called. Ka.

e In this_case, ~(systemy—

_~ How _about  Im(Ta) :

__Gerneral _egn. Ax=b XEF" , bEFT
_In(Ta) = [DEF™ st Ax=b hgs g son}

...... Ker(Ta) = saln. :smL fo. homqgez;@gus equation AE’*E? e

eidho o Kernel-Rank  Theorem
T: ,.V*“f*iﬁf licear . then

!’d“ﬂ?fﬁ’@fml * dim[Im(D] = dim(V) | ;

Proof. The typical _case is_where

Ker(T) # {g} and Im(T) ?:{o}

.Plus_ two__special_cases - bagis= G-
______ @ Keems={ot || ,.I.n___.hﬁ_ib.ewse,,,,:,casmes_ﬁ,____ T

e _(b) Im(T) = {a} _We _define. ,,,dim...,[g_em,,,,,vkecior
QO Typical Case.

Kert #{o}  so Ker(M has a_ bosis

spdce) =

and Im(T#{9} o Im(T) glso_has a_basis.

{0} s ﬁwe 0- dnméﬁmgnaé
vector gpace over

.~ let {E . Ee} bea basis for kee¢cD.
et {9, W) pe a bass for Im(T. B

T(Epem)= P




= Claim: {EE, . Bx, Boo, - Ewen} iS5 . hasis for.V
" So_we need to show that
aj [Er, -, Eeem} is LI,

and b {E, .. Eenm} . spaps V

~ Prgof of @. ., N

Rtm

Suppose E7iE=0 o0

| T we Q@T e T{iﬁzg}iﬁ?‘;gﬂ}{,} W ﬂh*‘mgswm}} = ng}

o8t s 27‘1 T(E:)=0 - Since T 5 finear
bags for ““e’”fm [Er, -, Bel € Ker(D), TG + AT+ + Ao T{ Erem) = 0
T(EN= T(E)=.. = T(Ex]=0Q e by_def. of KerlT

SO Enk"l T(ER*‘!.} Q *“wmslnce ﬂ?\t ngt, "'{ ;ﬂtT{glj - Q"Q*’ﬁ

-”%

v&\» o Sy e

Since T(Eieu) = 9
Pt

Since. (%, %, Yo} is a basis for Im(T),
[o®, - %} 51T,

So Arst = Apro = . = Apsm = (.

Substitute _back into (X1
ﬁ; AEi=0

Byt HELE,. B s LIE since_it_is. a_ basis for. Ier(T.
g

go ‘n':ﬂzz,.qé‘?\k

Therefgre., |
InE=0 o Vi 70 NN

@

— Progf of _b):
_let ¥ EV B —
-m
| We need to show fhon‘ v=EnE

s S i

JJ iWL _we get . S
=T EIm(T) by cef of Im(T)

Then since & .,
% (2, ‘Pm} is .,ct_.__.__bqs,i_sf for Im(D) ,

S
R ]
Q@&

i



Jthen Ty = Mr P

Ty = Bpg=Tw) o

Sa., B0 that T(Ewegl= G
T(¥- V’) Ty~ T“’) __since T _is_linear.
=g

. Therefore..

Jy-ve KGF{T{E_. by defof KeetD

So, ¥ is_a_linear combingtion n_ {Er rw)

oo Finally. put

Then,

V o= E 7\ E'I-

. S, f&, . E‘"‘“} Spans \/_. e
. ._=Heoce , dm(v) = kem = dim[Ker(T)] + drm[lmim —— O

B e MATRIZ0L . Algebea |
L S Prof. _Johnson
= Jh e Kernei = Rank. Theorem
| LW linear
o AdmlketD]  din[In(D] = dmiyy |
Nare _Rank(T) = dim[ Im(T1]
_proved when _both Ker(T) #{a} and Ime/*fOJ
. Two_ special cases : SR .
oA Ker(M={of e dsm[Kerm] LI
e Sa it s sufficient foshow fhat d;m(\/) dfmffm(T)_]




Toke basis [%..,@m} for IWm(T0.
Chogse {8, Em} €V st. T(E)=P
Claim: {E.-.En] is a basis for V.
,@{ Bt s LT

Suppose we. have a inear combsﬂaﬁon

g
CApply T Then we ge’r o Tig&iﬁ “‘fg* H_%m%}
E?\J(EJ—U — FATE T A TiEn)

_Snc_‘e T{an&; =

mu&u

But because. |4, . ‘Fm} is a hasis for Im(T7,
AR W] s L
Sg,  MrPa=. =Am=0

Ther_efcrre . e )
E.niﬁv =0 & AFAa=. =Am=Q ALl

@ Spannmg . o
We need to -Fmd Moo M€ F stxi'ﬁ E

CApply T o ¥
T(V Imﬂ‘)

e T = =1 f Pe s

put v'= EAE , then
Mj_ g?‘nT(E’y} = ﬂ?‘i LP-;,-— T(V}

@

-
o
s

So ., we hove. i .
CTe-¥) =T -TW)  since T s lineat
=0

B - 2__7‘ '5- IR 1 sparnning
Therefore, dm(V) =dim[Im(m)] .'.%

Special Case 2 Im(N=0 . def. of Im(T/={#€W, ILEV st TI= _ng
So WYeV, Two <

l!




So V=EKer(T) by def. of Ker(T)

_____ Then,  dim(V) = dim{Ker(m] o

e din(y =dinlker@I+ dmfinD] O

| 64 Connections  with _Injectivity . Surjectivity & Bjectivity

_ &4 Injectivity

et T:v-W be linear .

Injective:

Th%fﬂ ker(T={0f & T is mectve. | Foo=fa@s|

¥
e dim{ker(TIFC & T o gecte. ] =g,

J Proof.
=) Assume Ker(T)= {Q}

e Then o
T=0 = y=g

Suppose vigvey sq’nsﬁg T =T(¥"

bg def. of KeefTo ...

_Then_
T(V’ VIr} T(V ;—T(v =0

So_,‘ L ¥-

-

=
<

@ Xr: y—‘i

Therefore . T is igjective. . @A)

G Suppose TW=0 and T@ =9, then .

o 4 K’er(TJ*{OJ

A« o

et T VW b linear

...... near.. e o SURECTE L

Then  T_is supective € Im(T) =W

YheR, J0€A

ie T s sunective & dim[Im(T/] = dslW) st fw=p

\/ Pracf:  ivia o
look .ot def._of Im(T).

\/ Largiiary @

L VEW loegr oo



i b dmiy pem § FITE o ;;)! } ; Pl e /
hen T g5 biective (ff Kenmiziol & Im(Ti= W

Tt en i
LLENTTW O dinEar .
 Then T s invertinle € KeetD={0) 8 Im(T) =W

.. Prop..

Let T:V—W pe linear.
o IF T is biective, then T7 exists and T
v Proof: let w,w€W  den
' T(T W w) -7 -T7w0)
TT W+ - TT7 W -TT™W)  gipce T is linear

= Wt "Wl

-~

W2V s aso linear

Ml

=g

. But T is injective. T
s TTUwerw) T W -T W) = T(9) =8

2 Tl = T AT W)

ie. T is additive .

Similarly, o

T{T7w -2T"w)

=TT W - ATT W)
LS N-AW

=9

But T is Injective.. . S
3 T -ATW) =T =0

3 TROw =TT o
 Therefore, T is dso finear. @

ket AR pe. n<n matrices gver F
. If ABeIn . then BA=In,

Proof. Let TeF"F o
| T F'=F" be lineae mop Tatx) =AZ
 Tet0=8Bx

Therefore,




Since  AB=1In, .
TaTe = Idew = Tdentity matrix over "
80 Ta sugective.
I weF", then  Ta(Tew)=w

and_Ta_sugjective = dim[Im(Tal] = dim(F")
= dim{Ker(Ta)] = 0

SO

Ta_is injective.
= Ta _is_invertible .

= Ta' is linear.
So_we con wite

e Ta'=Tc_where C=M(TW)e € is the standard basis.
S0 TeTa=Idgn

2 Tea=Idgr
,,,,,,,,,,,,, % CA=Iden

_But__since _we _have . AB=In
CA=In ,

(A8 =TnB=8
{cf?«m S C.h=C
58<C

e AB=In

(van._Neumann _Property for n<n_matrices)
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_,Chapjrw? % Tre Basis Theorem §
______________ Basis Thearem e
let V_be a nop-zero vector space  quer B, then

. ,!

!gl

(1) V. has at least_one bosis. - existence e
(I _Any fwo_basis for_y._hawe the same number of elements = dimgV)
- b uniqueness

i Exchange Lemma
| V_is a non-zera vector space aguer .

v, oWlev sir.
(o o WV ospans..

Then Gy ksm  and

- .. \i)_3 spanning set  {W,.. wd} for V st

T o W= for gsisko
e AND WeETW, . e for kS
?lExchange _Lemma o |
3t Baby . Fxchange lemma - dummy _varigble, s subscript does not_matk

et vey  v#0 , and Jet {w, Wl Wm}. b a spanning set far V.

o Mnife YEAMWRWet el Ag€F.

IE mEQ, then

o fwe W*f;’ W*“ Wf"f dlso._spans Y. .
heie He swappeﬁ W for Y. 08 Jong as AF0

Prcof Smgﬁ,. v = %7‘3% .

o wiite veﬂsWs* 27\1% uhere 21%0_ tfake out fﬁe special” "f&rrﬁ

Then M= ¥ ~EAM; (%70 so 1%:6.&?}.

_ divide fhmggh t;g -

_We_clam_that f %%Jwts-_‘!,ﬂﬂ L W} spans V
_let KEVm,fhen kkkkkkkk we.can. write S L
x= dr“;é& LA _since. (W, Wn) gpans V.




sbstite w9,
x=(—5~§)w_fﬁ.§_¢j§(’§‘é)%.. dx,é,
g

Thereﬁre X s d lirear oombrnahon in fﬂu_ s W] Y Wt e, W]

e {W Wl LY P We, Wb gpans V. v
We observe that o
any. set. which contains 8. comot. be LI.

_;s/ proaf:  Suppost {0, ts, . Un} then we have
L0t 0 %O Wt QUn =0 with at ledst one coefficient #0.

112 Full_Exchange lemma .
Y is a non-zeco vector space awr .

{w, - wmtcy  spans V R

hs H

Then Y Rswm gnd.
2 A gpanning. set (Wl - We'p for V st
W= far tsisko
- D WEfW . Wml for kST
x/ Proof: (By. induction.on k)

~ The case k=1 is precisely. the. Babg Exchunge Lemmd ..
.We__ put. ¥=y . Induction Base v . . |
[ Then we get a spaoning set {g? v, Wam, Vo, Wart, e W]

Y W Uiw U

_We can re-index the terms st T G = W
) . ﬂﬁ}j 3 ] = 3¥LY
W=V, Ui=Wr for 2541 This means. .. Uiz = s
"i’vz

CAND Y5=Wy for J2rTt)
Then, we have e __’ﬂ" PE W2 =
Udi = ‘f’e"x-s
ol (e, e} spans. V |

= Induction Step: o
4 Suppose true for k-1, so k-Ism. e
And e hae a spanning set [t &, -, ,m} for V. oinwhich
Ue=Ve for Isisk-ol 8 M €W Wn} for t>R-r T

L]
H
v
i
T “f,im—a = W=
i
H
{




If R1=m, we would have

{, - Yo} spans v, S

Then . we could write V= Eﬂm (a5 a linear_combination of the

new spanning set

k.-—t

Bu'l' fhfs Is.d depcndence re!aﬁon in. [V: V.. We} _since ~1£0.

Contradiction, as {w,- %} s (1.
So_we_must have ksm,

.20 _Now. we can_ wm’re

Ve = E'LVJ + ZT]J (!k *0 as {¥... Y} e LI)

R -

r We claim_ that . S R
_ BP9 for some 4 (ksi) since {v,-.w)isir

O’rheerse e gewL e T —
Vo= 27\1‘{1 which_is a_ dependence rel“ in_fu. . } .‘

. Contradiction. e
So. . Ni*0_ ﬁnr some . d. (ksa‘smi

WLOG -.We can. re-index_st. MNe*0 S

Y= ﬂﬂu * Ml tEiYG B

~.Use Baby Exchange Lemma again. . S
Swap e for Vu,

_Now _we have a qunmng sef S

[, Y, tlew, - f,_3,-{!1.3%.thher.ﬁ,,,, Yt Un E{W, -, Wn} g

_*2 Basjs

e Carollary.
| ,._,,.Agef V._be_a_non-zero. vector. @pzxsff

Theorem . o e

. Uniqueness. Parf‘ of Bass ﬂ)é@fem

Suppose (- B} and (9.} ore basis for ¥

Thep m=n____ '

_Proof: .
by the exchange lemmg, _mMsn,
_Since {%. . %} is (T and { é, y ] spans \/

Since _{E1, - Em} is LI and {%,- ;%J spans V .




by the excharge femma., N<M. _ y—
Then, . . .. Mmsnosm .
Sa_we _have  Mm=A. __ %/

. Corcliary. Fxistence of Bosis

H

Y_i8.0.non-zerg yectol. space

Then V. hos at least one hosi

_ Proof. .

v has cﬁr least_ane_spanning set . name!g v itsef lie. v spans. o
{V=fy, - W} is the maximal LT set of V.

T
I (Y ¥ob o fu .ww} and n<N. then JWh, - Waj is nat LI

**Weneed’ro search. through . all.. possible. spanning sets and S

chogse _one. with the smallest # of elements.

Weite _your chosen onnimal. spanting.- set [, ... %}

= Claim: [%,. %} s LL

I not, choose a dependence rel”.
AG ANt NP+ 4T Pn =0 where Ac?0 for some 1

__We claim that (%, -, ‘P«i-:.%im?iiﬂ oo, Im} st spans.
emphy space.

We can_wrife

oo BCR)E 0w

So if %€V, we have

x=8 + BE;Y

S ubsﬁfufE ().

X ( AJ)QQ*J;téth

Sa, %, -, B i, o, wm} still_spans, and is ...

_____ L smaller_than any_supposedly . smallest. spanning. set. ...
.Confradschon

Hence, {%. } ............. bofh Spans and

Hence ., it is a basis. for V. ... ... a
- o

e




_._3-:,3,;,__..,_Isgmm:phfsm e ER
- Def

We_say hat vector spaces V. W over F_are. isomarphic_ when. there exists
--on...interfiple finear map. T-V.2W., e a biective liear_map
Then write. V=W

when 3 inverfible

__ e imear map T2 V~-W.
..Nofe:

o VEW = wgv

__L# uzw ‘.___

e i e el e R

_.This_is because S:U—V

S mverﬁble & linear

I . T:V=W _is invertible & Imea!‘ |
Then T=S.U—~W

is_invertible & lineqr .

- AT8)"=8"T" _ reversal of oder__ .
_ @ Vzy Wy=y

=
J We. WI“ show _______

\/"’W @d.m(\/) dlm(W)

“equivalence celation

2Kz, mgflj e a basis for V
et T V=W be an invertible

linear mop, then

0 {THED, TR, TUE )

ER B

e L tEel S @ hasis for W

E_Tp B 50 (0 dim(Wi = d ff}’}(v)“"’ﬂ R
enough o Proaﬁw ETP (i
pmve’ :

Suppose 37‘17'(5) then .

Q . )
Tfﬁ"tﬂ =0 since T, is_linear.
BuT since __T_is. uyecﬁve_

g_;,'ﬂ..Et"G 4 since T(Q1=0

v EAn=0

SO Eﬂ;T(Ed O d 7\: 7\2 w = n=g
S LS




. So.we have o T(T(w)=T(¥)= (;f:m&)

oY Prop.

 Corallagy:.....

fet WeW.
Put x=T (W €Y,

_Gince {BE.. En} spans V
v= LAk

_'l“h

Therefore , [T, TE), .., TEN spons. R
S, {TGE), TE), .. TE)} js o basis for V. . . .

YEW 2 dmV) =dmW

Nate: canverse. is dlsa true.

T dimty "dﬁ}&@f ﬁf’n ‘ﬂf‘-""’if’?..

 Peoof: If d;m__c.w=d'm(w_1__-:. , then

v=1g}, w={ |
So 00 s gso. ... ... ligo"= isamorphic’.

. Suppose dim) = dmW =nzl.

Clet FT be a_stondard . vector space wn‘h sfandard basm { €, . En}.

| Let.__{_,E:, E,.,EB} be a basis. for V.
{9, %, .., %} be o basis for W, then .
n= d.m{w = dim(W)

Le+ S F" Y be a. linear map, fhen S

Xr

S0, S s linear & byecﬁve . (S inverfibler .
Note. Stea=E: R
et T: F'—W be a linear map, fhen ..

...... T("') E?C.,Sf

So, T is_ linear &.._bge,cm_e.._____ (T inverible)
 F"zv and so VEF.
Since. VEF"RAFEW,

W

S

L g
Dog ‘f“} i
. |

ég:%
L




L TeST V=W s isomarphic. 7

o Mon.  1z2/izhe
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Compufe _basis_for . Kec(Tw.__and Im(Ta)_
~Suppose. A mxn__ matrix /F__so_ Ta: Hf”-*iF"’

[Talz) = AX |

. We can. ccmpufe Ker(Ta).. bH reducing. A_fo._row echelon farm...

Then__ dim{Ker(Ta) JA,:,.:,mn.ow,ﬂcf,,‘.,.,.,u.n_c.f,r“ciedm,__,,,mr ables
And _we alsa know that

ek of AT, =n-na of uncircled variables

. dim[Ker(Tw)] + dim[In(Ta)] = dimfF" _Kernal-Rank _Theorem
& din[In(Ta)] = dmF" - dim[ Ker(Ta)]

& W = 0. of circled variables

How _do._we_compute a basis for In(Ta) 2 -

f Qo Qo Gy~ Can X ).

G One Oms - Gmﬂ{ \x" e e B calumn m"” A

~So.weget

fcﬁgj{ﬁ}? fsjsn iS4 spanning _set for mém

TalX) = % COL (Al + 'X:CO-E A+ -t K” OL"(’A‘} where Cofd(A) C(}lumn Qf A

0y

¥ How tfo_find o maximal LI subset of {Colyw} . 1sjsn 2 .
.= To see_how.to do this , consider the special case. where A s in reduced

_row_echelon form.




i
P

i

-
— A o

f
i

r—- wi
T2

[}

@rea
®

In tis.cose .. a.

basis._is. given the calumns_which lie above fhe.

ciccled  varigbles

e, a basis. for Im(Ta) Wf‘s

St D

*’M)n-g

[T L

( ’ 4 ’

we

v In geceral . if A_is.mxn_and. feduc:ed fo A’ (dlso mxn),

da.this by left . multiplication.. by. dn._invectible _matrix P

A'= PA

TA'= Tp"TA :

Since . Te_is_invectible .. we_get

- T f I T T . . i e
P Imliatl —= ig‘;azﬁf’.} s _&ﬁ,ﬂ.ﬂ..ssaiﬁ{}{.pﬁa\ ;

Y ; i P TR
v aptain. o bosis for Imils)

i} ?“’Ib{:g;jf} H ‘igvf‘? ;ﬁi;

yariobles.

8 ke the_coumns. in A which. lie ahove circled

in_A

v EXAMPLE :

Wack over @

R 2 UL U
Ai(’ o AN B '.)
/

. que 1,1 @:_,__,@a

Find 1) basis for Ker(Ta)

2) b;a_.s_;_s,” for Im(T

e

B e

k-
-




L
I - W—,f e e 6) et

Xe X5 X5 Xi

Rank A = dim{ Im(Ta)] =2
Gereral saln to Ax=0 .

=% ~Xs - X;

. Chapter 3, S

¥
 Permutation . (mnfd ﬁ‘om previaus . lectures)

m_,Lap.l_ace,,sy,for,m,u amﬁn_msf.gﬂ,_(., JﬂA,,,M(bgemVe_m_n_ma_pm -
is__a.perfidtation

ﬁ.w pmduecf

N2 {12

i

v Proof : _ Define. oy =T (o-(j) Ti))

Iﬂt‘\}\

______ , — 2) Sy .
This __has ( & *‘6!“{”5‘. —* quite_big & not practical.. .

2

- letT ‘be_an_adjacent fransposition... . .
L T=(R kD

Swop_k &k _for_everything else.
/;acen%

. }Dr i, et o e
Sty
i{:b} Z:{:} (.. 27'{ f E’igﬁ I

= F;,x _in_advance &
S= {(ug) Isi<j=n} can be decomposed info_subsefs.

f}ff T‘TQPS

“h'gngpoc}rhmwm S,



adiacent

R

TTONSPOSITON: (1. 171

41

s so={iupes . [Ldlnfkke} =@} —irk, irra eIt

> Gi= (Wb, i<k} iR 2>@y=(1R)

N Sﬁ{(i’k"") : .‘ﬂ<k}e-\§'=§z4§ = m{j}: {1, k1)

s S= [tk RN |+ =R, J=RH B P = (kR

P So=[tR.3: RHI<j} ez 2 ldl= (k. 1)

3 s gs [tk kISR Sy

%aé. e

— __
. Therefore, for any. permutation £, we clearly have.

{Fixe

d i advane) |2 o) = £, (P) L, (01 L2 (O Lal) LalP)Zs P

where. Z.ce) = T (eq)- m)

(trj)€ St

~ Wit Txmrlﬁ'ﬂ) . We _have S R&R !

pec

e

i

7]

B

S

o

Sy oo

L A91)= L. () stay the same. _eg. L @"’i%f L Rert), ik}
Li(er)=ZL, @ . - T oo

> ewaparound tizj/eSy

Zyvr)=Zi () Cede)

Ls(o0)=~L; () change -the &gﬁigiﬁ’ﬁ: '{&REJ}
Lalot) = Ls(@
-~

i

swap-around == {(Rofew)
L (97T = L) |

i

A0t = L () wpen T is an ad troms

iiﬁw”{qfl T} = {;? < 'Mj'}

_.specidl_case.. g =1Id

This_wil gve . .. . Ld]=-

However , Z.(Id) =]

V. Corcliary.. Laplace’s . Theorem
B . To are al odf frans, then

Lttt ) = UL

- |aplaces Def of signian.

Lo .

we_cannot . wiite Id as a . pfoducf of an od..d. no. of adj frans.

Contradiction .

. niiti = ] ]
e b G T




—SigAL L= ixi A

SRRSO _i@/ﬁ?ﬁ?ém_m___” R R
L i o _MATHI201 F\igebm

Prof. _Johnson

e L bijective.....

. sign(a) - ien G200 L
ISE:J‘" gv iﬂd) . _where_L(o)=

l<t§j<ﬁ
F T2 where ectch T s aq, trans._,
L 8ign(@ = ()"

42 Prop.

- Ang. tmaosposition s . praduct of an odd number of ad frans.

. Proaf. - (i-3) s any transposition
~ Define . g9p0td) =[3=i]
We'llshow that o transpasition _with. gap=k  is a_ prodchr of. (2.&
. adjocent_ transposition. e
B - Proof (by Induction on k). od . .
o 7
_This means . k=l: nothing to prove _since an adi frans has. gap(i.j) =

v, §) with gap= kﬁ/\ssume 1'? o~ o (0 =k
a product of % -‘Q‘UdHWSUPPGBﬁ gap (.0 =R .

—aitv-odd--Aumbep of - TTEN /L LFL
adj_fras. R

N pirpes ey AcCording . ta assumption
)(w \aa I - ({H}g g-v fp [k~ 15 tfrue

) ) Lo rie] e =

.WNHMdi,Wuﬁw,ﬂrﬁnmm. o

. (1 J) = (mt’fl)(t*'f,\j)(i,,iﬂ) }
BH mduchon since. Uik, 80951* 33 f%
T () s o product of  2(R=1)-1=2k-3 adj traps.

(k=123
.So, (g is a product of |+ @k-3)+1=2k~ o tons. WA
. T From ahmi

v ’
i ?,{‘,E.szgggggg;ﬂ_ e (A% (i)

T2 s a fronsposifion . fhen

z F AL =
L SgRep) = (-1)




Proof: P=TT-Tay where T is adjacent .
Therefore,.

sign(@) = P 1) -

\& & e Gea

) (O"p g A ) = (GUG”)(GP, Qa- ‘) {af, aa) (aa,ﬂz)
{n- U

v Corcliory.

,,,,, R

A cydle of fds“gf%‘ f’f‘ﬁ 5. 0 product. of - adjacent transpastio

But evwery. permutation is a product of (adjacent) . transpositions . so
< Th

Any _permutation is o product of adjacent  franspositions. .

-Suppose . 07 {12, ﬂj s bijective.

Then o =TT Ty  where each T is. odj frans.
So sign (@ = (-n" . T

—Supose . P:1tn} s olso bijective.

_Then @=06:0:..0u  where each @i s odj frans. . ..

Sa  sgn@=eM o @
—If we compose o &p , we get

TP =TT Tnd8:.. O where Ti &0 adjacent .
Then  sign(gg) = (1) ™
CINRCUR
BH G.) Qﬂd @ , we gef R
859”(0'67) = mgn(o*)s:gﬁ{m

Therefore we have proved

1

b




.
v Coclacde o

f. C={o, .0 E” 15..a.cycle of length M. . then

Proof:  C=(0:,0n) . (a), Q) (ai,az)

e {n ]) I

__and S*qn(af ad)-( u

=1

. Def.

=2 sign(C) =Py - C ? - ( L

_We say a_permutation o s even. when  signta) =(+1)
odd  signio) =01

v 50, a.cycle of ewen leogth s odd. .

~YIn general, if o is a permufation., wrife

_.G.cycle of odd_length is even

0 =GGC..Cu _ where Ci__are digjoint cycles.

[ sign (@) = 5ign(C)... Sign(Cy! |

vV EXAMPLE

5 6 1. 8 8 n M “ 2 51 3 4 10 1 )

(l 5,8 8,11)(2,6,12,3, q)(4 ra}(il, 7,4, 10,15)

Sigh=...(=1)a (H) N Gl ) NP ot} - ( 3]

_arder= 20 ( lowest common.. ,__.mulﬁple..,.,,,.of 4,.582)

W gaz[$ vt funt])  where £ s bijective

Then lO’nT*ﬂ‘

o freon s} .

] 5 5rddf g

. Proof: et 7 be your ﬁnvoumfe fransposmon

_Consider Tx: G —Cn.
Cwtfyef




Tx__is hijective = T = Tx
T Tal(f) = Te(Tf)
=f.

Naw T : %even — Q_ﬂed

Loar
j SerT inverse

T - Op

e So. T e — g s bijective

sign (1) = sign(Vsign(f) = -sign(f) “ o

|| = | g
g o= loee s o] -
= 2; G-neven; ég}?g?
o e ”
{

Likewise ,  |on*] =2 o .m

Exercise 9. (HW)
Ps = {00 +Oix # 0+ Oux* Gax ¥+ Ge%®, a € QF

Trick. D=0 an. Ps |
| mchorise: D -l = (BB + D+

Therefore , on Ps. 1= FF = (=D (H*+D*+1)
= (1= (DD 1)

@

is _invertible _on. Ps.
-5

So_, DL+l
and__its_inverse is
(D D 1)(f) = xP+x+2

2 f= U=-PNXP+x+2)
= XX *2-6x

= X7 -5X+2




