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,__._.ﬁ__;Jhge_Divwision“_.lhegrwemw N
(Def i

+

o R

.
tet a.b€Z  Thep A diides b if b=0¢ for some C€Z

e & is d.divisor ar factor of b
_Weite_alb

~or bois 4. mathpie of a

‘/ﬁmmP[e e Nate: GlB s net gle..
_6l. 6420

| 820 36 Infact alb i bacz,
13 =6x3 0%6x YXeZ  0=3x(Q

.V Bosic_Properties.

Prap. k2.

let a.b.cd,ecez Then. »

ROl m and .._G_‘_[_t_ ., ,:%?_ ,.cs_é bdﬁ o

Al gnd biIC ® agc Crmopate



(i) alb el Bla 630, b0 = b=

P

. Proof:(l) _h=ox. for some x€Z .
C=0Y fr some U E€Z
Then bd+ce = gxd+aue
N = a(xd+ye)
Since_xdtye €Z, -
af bd+ce i @

(i) b=0%x for some. XEZ
c=by for some YEZ
= C=bax = albx)
Since_bX€Z, | B
L (i1
(i) b=ax for some X€Z
a=by for some Y€Z
Thetefore, b=bxy
2 XY=l
Since x4€Z , xz4 =1
e b0

A fctorsation asbe s il if b op 8.l

? e H . Frowle i | L . L. . - : . b
If a#0 ks o rap-toval focforsahion., ot is (died. complnic

¥ a2l and it does pot have_a. ron-trivial . factorisabon 0T s

called e N
v Every._integec has. frivial . factorisation.  X=5(-%) <)
/eg.. 6 s composite  (652x3)
e T is prime.. (I=xy =% or Y=
Thus, each  integer is are af fhe following. ..
L AT prime B
() ~P_, where P s prime ... _
@ composite .. B e

(i) £1 4777




v We hae the “obvious" resulf that dny. positive number can be wriffen.
unrquelg as o product. of prime. _ |
~eg. 40=2x2x32=5 _ gnd fhis is unique (up fo_omler) ;
¥ _The proof_is_in chf not _obvious _and _fhere are_examples _of number

E&Wﬁ o ?}‘: ?;jsg;“ fé"w rem e
et u,& Z. b0 Then 39,7 st
Q=830 with  gsr<b

Mareaver , 9 and £ are uni C{aﬁ

Lovexamples
() G2 ,b=s

3= 5x5+2 |

(2 a=-3r, b"5.

Bl=5x-pr4

Le+ 9 be the grea’res+ m’reger =4
- A Vet A 0<0¢~=!

ng f .(’¢

& asbyrab, osab<b L riege
Take r=0b€Z  spce Ob- 3««“3«‘1

Then Q=b9*tr
Suppose. . d=bgtf=ba’rr'

Then. . b(3-%)=r-r e
!b(g Q)| = |r- f‘l e Oshe b Os <k

. S bl3-9] is a mulhple of b which_is less than b
Ja-gl<i

oince 4,9 ore infegers,
g=g” , r=rt S S B

9 is caled the quohect ,.and © s coled the femainden

Fuclid's Algarithm




let. a.b ke non-zerc, e tegers.. Then e
woof o ond b s"{f‘{: (a.b), is the largest

RN

divides _both. o and b

Yeg.  hef(8,30)0=6
If hefim=t L then a and b are | coprive

a.,..,.n*

O MATHI20Z . A%g%%f& 2
Dr.  Roberfs

g

o Th & o Buchas mq,g Ty
tef ab be “twe positive | ptegers.
fa L e with b2 p T 2> 0

EE N T

Then 3 positive inTegecs

S

.. CThen hofiloubl =To
/ EXAMPLE | o
What is hcf(atsq 560) 7
Soln. 1169= 5602 t49

560=49 <11 +«2]
Q=20x2+3F

2t =% x3

__Therefare , . hc:F(ue;q 560)=%_ . e e

J Exercise . R
Fmd hef (ao 18)..
Soln:. 30.= @x1+i2

i

i2=672

o




So.. hcf (30.18) =6

Division . Thegrem . (The process must terminafe since the r._are positive . .
..infegers and _barzra>.)

e A€Z" = 39,05 gt AsbLtr,

bezZ'= A%, st B3Nt
NE€EZ = AP gt  K=BEG

Poa €272 3w st (o ZlaGe

o= We _now _need To_prove .
(D T‘n! a._and.. P“fb A~ Tha means. T divides  poth ad b

L Gaf xla qod x[6, then x[re
| .

e M s meona Ol Copemon facts Cmif es iy
i) Since  Cn.=ra9an
PofPa-r

,,,,, Since_Tn-z = TeaGn* o falfa & Fo|lo-

z.

ie TolPoy

Continues up._fhe egns, . . R
- TafPosg , Poffos ., Tofb, tld @
i i) Suppose  X|4_and _x[o_
M Then.. 330 st d=b3+n

&n=a-6q

Since . x|b_and X0, X|ra by Propi2
- S0 Continues down_the egns,

. Linear  Combingtions & __the "k, k-lemma
- Def. 7




of a.beZ is.on. integer. of the form -

0

>
i

T

r 0l iﬁf YEZ)

0 is.a. linear _combination of 6 and 8., because 20=6x2+8x<]

0,
@ 13 is not_a linear combination of ¢ _and 8

St o g L 17 el Ry
F L g S IR TP .
IR s R L TR RN I A T

e @ 1 is o linear_combingtion _of 5 and ¥, because [=3=3*5x(4)

Let a.b  be positive infegers. and. X €Z. Theq x S .. dineaf ... .

_ combination_of & _and b ff e (ab)]x

V Praof: (2)- know__hcf(ab)|a and hef(ab)]b

Hence . by Prop 2, . .

hef o b).,} any._linear _cambination. of . and b.
.ie.. hef (a,b},__[__’i

&).  Rewrife Euclid’s_Algorithm_as ... .
M= a-bg

=b-NG

f3 =N ~T20;

r‘n-—m = rn-s - rﬂ—-zaﬁ"i

2 Loz (1* ooQo) = (03 4

... Continuing, we get . r. as a liear combinatiol of fa=a,
r"“!- r Fag, AMES be —

 This _has. shown that ra is_a linear combingtion. of 6 &b.. .

Thus, hcf(a.b) . is a linear cambination. of . € b, and

.. _hence. so_is_any_mittiple of hcfab).

W EXAMPLE:  hef(s.P =l
(I=5xir2




={x2

=§~(]-5)x2
=5x3-3x2
Fmd _as._a.linear_combination of 42 & 19
Saln.. 4-2=I°l*2+4 ‘ . __
MQ=4x4+3
A3 x1tl e
3= 1 x3 -
________ > 1=473
= 4-M"4x4)
= - 19
< (42-19%2) x5 ~19

SAZXE -9 e
J "ﬂwe thrt .af _this__ Theorem fhm‘ s mcmL offen used _is

.0 ognd b_dre coprime  infegess . then

Ahk€Z ot ah+bk =

Factorisation.__info__primes_in_Z.
- Prop._110

H

Let p be o prime pumbec. and _a.b integers  Then

piab = pla 4 plb

___JProof: Suppose plab.
_______ . Cansider __hcf (a.p)

Since p..is prime ., __hcf(@:p)=1 oo P
Case 1.  hef (o PJ-
Then th(Cl Pla <=>Pla

Cose 2. heflap=1.

....Thm,m_bH.,...n,.fhe,whk:,!emmah,,,.
AhkEZ st ght pk =]
= abh+pbk =b

ceause Plab by “*%»
_Since_plPbk g plabh, gecase plab by bypoihess

R STy
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I Dr. Raberts
v Carollaryr1].

{0 Eg R o :
let p b2 a pome numoer, GEZ ., Then  PIGd-0a 2 Pide for some 1

S

~Preof By Prop HO .,
plag.= plar or P!Ga
. By...induction, e

o ~ pl%kG:-Go = PG FOr some i . B
- This is a crucial property for unique Fadomsm‘

— A similar property. holds .in same  other number . sgs’rems g Z&]

but not in others , eq. ZLF51 , where 2|6 =(+B)1-d5) pyt
24145 and 24101050

WE"L} ;.?‘?;

2 Feeeben s
S I A

Let .Z be a. non-zero integer. Then z can be wrflen as a. ..

oroduct . of _primes  Z=IPipapo, and  ThiS expression IS umique.... ..

N Proof: WLOG , 220 . |
- Part 1: Prove emsfence (of such a. Facfmsaﬁon )
proof by induction)(on 2).
=2 . trvial
Suppose the result hoids Vx<Z.
If 2 is prime, .
Z is the produdof and i’(SeH:;

If 2 is aamposdem Lboare preducts

. E= ab J<q,b<n

By inductive hgpofheas

;m.«
i

£TE
k=

id

St

0:3% -9 for some primes .. &
b= Ms for some primes. M, -, M




Then,

2= g QMM is o product.. of primes
- Pap’r 2. Prove  Uniqueness.../

proof (by induction){an_n.) .

_{Want fo_prawe: Suppos€ Z=Ppi-Po=gi-Gm . where pPi&9e are primes .
Wén m=n_, and %9 js a re-grdering of

Smuce Pe ig,,mpr!me,
M=t , and =P _ noi=m

-
4

n-t=n . Assume.. hcds for_n-1, and PePn=GGm

Pn|Z=PiPn=Q-qm

By CGI‘OHafg__.,W..,i-H. ;_:zg,l % for some t€lml

Gince. Qe 08 Prim€. . canesh s
Pa=3: P

Then, . P Po-aPn- - - gt-;gm- Qm_

By _inductive_hypothesis, .

0-1=M, gnd G-GeBee s g ceor demg of puprs
Sa, .n=m

and_ 3-30 is q. re,,:ﬂrdermgw, of P-Po

o example:

(20=2x2~2x3%5 . |

Thore, [ Fuclia ]l

Trere _are an infinite _numher  of  primes.

- ¥ Proof:-Idea - fo construct q new prime from a given set of primes.

(LPZPiPz~Pat1)

,:é\/e.g 2,3 pmme

—=proof by confradiction

2*3* = 1 __new_prime

2%3=3+) =43 peW.Prime. .
2%3x1x43+1 = 180F =13 =139 . NEW . PFIME . .

F-____/
2x3x¥ =43 %13+ = 23479 = 53 > 443 new prime. .
q e p
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_= Chapter 2. S Groups&  [Abstract Algebral

A geoup 15 a set G wh a (closed) oinary. opeeation. X on G..st.

S x s gssocihve
()G he an -identily_element. under x
(W) Each_element _af G has_gn_inverse_ under % e
ALA (clesed ) bipoiy operation on G is_a fule assigning...to.each. ardered poir
&h of element df G.ancther element of G, denoted by gxh.
_ F@?mﬂf‘?g X.6xG =4
2) K s gssocgtve  if |
' (@xhjxk=gxhxk)  v9hRE€G

B €G0S an dentify element o
' 9% e = g =(exg) .¥Y9e¢gq

____4§h 1S..an. ieverse _of g if
: h%g=e=gxh

5} IfG s a group. upder x g:msf G*h“ﬁ%%w VI hEG , then G s caled
e GbEO0 gr . commutdtie
_VEXAMPLES: o
()G Z qd % is +
. larb)rc = a+b +c)
Qi idenfify. 0*0 =0 =0*Q
_is_the_inverse_af a. Q+-Q=Q= (—mm
e 771;5 is_an_dbelian _ group. e
) G=R-[0} =[xeR. x+0} . % s mulﬁphcahon
..Saln: _(abic=albc)
1is idenfify. a.l=d=1q
T is the inverse_of a
2 This is_an_abeliangroup. .
@ (i) G= GLa(R) ., % fs_matrix multiplicationS Lo = Hhe




Soln: et A.BE GLa(R)
Then ABE GL(R)
(B)c=ABC
In is d&‘ﬂ’ﬁm AIn =A=Tn. A
A" s the inverse of A . AA&"I A"A o o
But NOT cxbeaan ;f n>r L o T
(’ O a (s 0)
eg 0 2. l ; *1; 02 N e

Associativity
.. Many . fomiliar operations. ore.. assocfahve e. g.__addrﬁon mu!ﬁplrcctﬁon oF
R, matrix_muffiplication , composition of mappings.. .
 J/ Howewer, there are non-dssociative aperations . eg. division an R- {0}
eq. (22)/2 #2/(.2/2}

De-t'ermme which of he Fo ow:rg are. assocrahve 2
(D % on Mz(ﬁ? by A¥B=AB-8A
(i) % on R by axb=ab+ath
Soln: (i) (AxB)xC= (AB-BAyxC
=(AB-BA)C - C(AB-BA)
B = ABC~BAC-CABCBA.
pAxBxC - Ax(BC-CB
= A(BC-CB) - (BC- CB}A N

“ABC ACB- BCA*CBA

~Thus ., nat _assoc:aﬁ_u.e..

(ii) {axb)xC=(ab+ta+rb)*C o L |
(ab+a+b)c +Habtatiph C

]

"
o
O
f‘!
&
Q
Y
+
e
i~
+
-~z
0
+
Q
4
o
+
-

b*C) S q:ae(bc-f—b*C) e e
= Glbc+b*c) +a+(bc+b*’0
= GbC+ ab*aC *be +A+b*C

. Thus , Gssocrqhve | B
Nate: for part ()., we coud also. gwe a counfer example___ -

€.g.. (Eil*?ﬁ_*?!? =0%E:=0 : S
- L

e g e e S e



En “X(Ezz*Erz) = Eu X { E;z) = Eg

e ERNG 27

u“ﬁ

df X s angssocighive binary _apeation. o0 G and X, o Xe €1

any.-bracketing_af 2% X% %X, prodices. the same answer
ot

.Y example: S U,
(0% X)X (G XXa) = X% (6% (%K) = (xxI*xs) 600

o proof by inducton. .

IdenhiykElemen’r e
Lemmg_ 29 .

,,,,,, M. X _is _a by cperation on G and € and T are id ntify elements,

bottuze € 05 ‘*wg;,j;

Y. Thus., _we can_tak about the identity element (if it exrsrs e
v.Ex '

Wthhoffhew%Howmghaverdey eemeofs 2
(i) % on R by axXb=ab+ta+p

o (i * on R by A%¥b=a
. Sdn.(i Let e e identify Then .

: ExX = eX+E+rX =%

e €+ =0  V¥x

= e=0

(W Let e be identity Then .
exx=e

_..Since_€XX =X*e  we hae
e=x Vx

. Contradiction. = no identity.

Inverse .




R

let % be an gssocigtiye hinary  gperation.on G witl. a0 _@f"’

o

degent e, tet feg If 8 ad h o hoh inerses of f .

= Hence i a group .- each e!emen% hes . mg e inverse.,

J Proof: (s) Bg def. af’ 8"

ten 9sho

- -—Proof . We have  fxg=e=gxf

. fxh=e=hx{
So (¢<fkh=¢exh=h_
. gx(fxh=gxe=3
Since (S*f}*h 9*(f *h? e

denei“eci by 3.

gxg'=es gxg

i g e

I Hence L@e'=9., B .
(i Let e be_identity €l eemenf U
(9xh)x(h"%xg7) = gx(hxh" ) *8
_=(gxexg
rg%STUWHM
Sémﬂarlg (h ’*9"’)’“8%1 =€
By def, (gxh7 = *,3.':._‘.,... .. m

e T S T
SIS SiTe TIERUIE 0 1 HE 6. 2 WU ——————————— e

Which_elements have_inverses i _the following 2 .
CWGER-{} . axb=abrarb

%«‘




| Saln: (). Since _identity. element is 0, - |
_________ Bt B _let b be inverse of a. Then
3 _bxd=batb*g=0
| b(a+) =-q

So,. 3b=a" if az#-,
| = 4 has the __mveﬁse__w,.,‘waf_; __
i) _Since_identity _element s 0,

let _b__be the inwerse of a, then.
. bxa=b*a=0
e b=-gq
Since G={x€Z: x>0}
VAEG, 3bs0 gnd bEZ .

So _b¢a
Thys,..a. does__not have _an _inverse.

Mon. 30/01/13

_ MATHI202: Algebra 2
Dr.. Roberts.

. Notation

10 an_abstract group., we normally denate the group operation by. juxtaposition
ie. We wrif€ gh rather fhan gx*h,

o Def 6. R
9°799..972999, et s well-defined. by Jeoma 22
q"’ﬁ - {97'?; ~1 )

v Lemma 27

For oy M.0EZ , 3G

(123737 =g™"

F..y fmE i
(g =g"

- *usuailawsfor indices. _hold .
= formal_praof by induction.




B B

— example :  9'9°=99999=g°
QMQ;ES‘

0% 4

.
ket G

reardering . of .o

¢ Proof: (). fg=5h

» £ (fg=f"(fh). o
2(f7H9=EFh s
> eg=eh
2 9=h &
_-examples: O R,  2X= zy
27 a%xe 7 23 m
.. ?.....’??3 R
@ R, =x+2=4*2
x+2-2= Y*+2F ¥
7 x=y

(H) F:x 9€eG, Define ©:G—G. hy @ix) =9% .
_ QCX)?’?ﬁ(_Q )& 9x=9Y4

=3 525 is 1@@(;‘!‘{\/6 o exach
V&eEQ ,;39 st. % =09,
___anca;rf“".S_ 'eq, 9:€4,
? 97%:¢G

!.efﬁ\ 9 '9¢ _ Then B
=979 997 9: = €9: 9t
:>¢ iS quec’r;VG contain: each sle
2D is pijective.

Examp[es of .Groups....




Let X he ong.sef . and define S(x) = ff K7 X st f s bgectvel Then

e SR TO0S a1 group under o {composition _of fng)
e (R0 = £90) S ,,
W Proof: ~Since. £.9._are bjjections , so is £9. |
| 2.0 .is.a (closed) binary operation on SWX).

- Composition of fns . is associafive. e
(('f *qJe )('x) (fe9)(hx) = f(g(hm)) %‘é:g*: »;

(feeen)w = (@) =F(9khe) |
2 fegehjeo = (f(gem)og
=~ Define Id: X=X _ by idoo=x YxeX
know . id €500 @— = d s a bjection S
o and__(idef)t = (f (’C’) Jc w ﬁ%&qtii:ﬁjf
_ =2 def=f __
_Similarly . we_have £ d-7
Thus., id._is the identify eiemenf 2
. e F_bjjection 2 7 bjjection = £ ESK) step 4.
,,,,,,, o So, YFESX . AF'ESK st
| Fef=id =f"-f
e $7 s (group) _inverse of £ .
~mHence , S(X)._forms a. group. under S B
\/ An rmporfam‘ Special. case.is._uhen. X= {te2,-.n}
, Def 210 S .
If X={u2e0) |, then S0 s denofed Sa . This is called the symmetns
CSHAE group . and the elements. are called permafotion

*

éﬁfﬁa e
The group o) s dlso called the auton rorphisy  geoup of X,
JIE X has some structure  then we defie

Aut(X) = JFESX0. F “preseres’ the structure )

_Yexamples .

L Vo ois a ,.Mecmr.‘,,_.,,space over R

o AVI={fesw. fry) ftwﬁvf} o
| - FOw=nfuy




2 G 5.8 GrOUP . R
Aut @) = {FeSW: flxegy=Ffooxfty ¢ c S
Jwﬂ=mﬂf{
o fe=e
- The direct.. wag af. desctmbmg a ﬁnﬁe group...Js.. ’ro give. the
_ group foble. eg. G =fabrch

n;cr
f%ﬁ A
R

\

Cl
Cl
b
C

s:a'-

e ?“*:3l'-3m:.:'w'w,',';‘;J'_--w?‘t:"w"u" (RTINS IS 5 Fe

Here . we have.
udenﬂy emeﬂf b=C7
| stoc:faﬂvdy holds , buf not. obvious.. .
*-Thus _group table s not a good_way.of checking . af smth s
& .group. Bu,’r it does completely . specify a_group.

et n he a fixed ;;m% Wg; For abeZ, weite gzklmodnl

e qun write _MENgSC for g ungue. PELOAI.

Thus...m s congruent. fo eractly one infeger. of 0. 1o

b

e let @={xeZ . 95X {medn) ;.

wi%aﬁﬁgﬁ¢a§_w_w__“ e

Each mEZ fies in exacfly one of 0T, n71

\/ EXAMPLE . e

__Toke n=3.
G{~,6,3,0.3.6.-} — xmedi=0

frsa
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i Recap

aDef 211 e

LN fixed positive integec.
azb (med ) _if nlb-a,

- 0={x€Z, a5k mod )

a=b

if a=b (mad r

- Z/mZ = (8T, o DY eans 7 (n=3) -

sy

p——
eg... z/ a@ﬁ - {6.7. 2}

£4g.
v}

2=g

oilemma 242

arewell_defined

oo det neWN If G=blmedn) and c=dlmeding . then  G+C=bvd (mad n) and

aczbd (med o). Hence the binory cperafians given by  8+B=0%  and ab=(ab

(D)

b-a=nr  for some rezZ.

d-c=

ns _for.some SE€Z. o

_Then

(b-a)+(d-¢) = nr+ns

(b*d)-(a+C) =n(r+s)
...Since TS €z,
b*d = atc (mod n)
(i) _bd-ac = bd-bc +hc-dc
= b(d-¢)+clb-a)

sub:

]

b.ns) +c.(nr)

Since_

i h

bs+cr €7,

bdzac (modn) @



Veg. Cdedation in._ Zs = =Z/52
4+3-7=2 .

'".?'.E

i
II

‘ T 243

19 Fae any MEN , Zy Torms o grodp under +.
%’“‘i?{fifgrxgﬁ} torms a group undermultipiicotion

qu{ckg from the foct. that. Z under + _is a group..
3+ b - |

(bl For any...prite p

Y Proaf. (@) This follows
ar(b+Q)

= G¥{b*q)

= Qth +C

= (O+b)+T = gssociative

.- 0 is_the idenfify
-G s fhe imverseaf 8. 7

R

3-3

eg.. e inerse of 2 in Zs s

(b) First note that multilication _is_a.(closed) . binary _gperation

G+#0,520 = 3.b*0

an.Zs . ie.

_ Suppase_ % J€Z;"

I %J=0 , then e
g =0 |

s g B

» XYy=0 (mod P o B
: | C

= plxy

_Since P__is_a prime ,
PIX o PlYL { Prop. 1-10)

e. x=0 o 3=0

C anr‘adfcf
xJez;

V.S..imiiaf assocacmvdy holds

e T e

i is. the dﬁﬂ‘H’U

RS A m,

Now. e reed 4o prove the. exfs*rence of_. mv;rses

For. 8€Z¢° | consider the set {d.20,30, -,

3/5&%%

|

(Pva)ss.




These elements all lie in_ zF , and. are al. distinct.

_______ Pa=50 = (r5)0 =8
But 320 = ©7-5=0
= pir-g . because terozap
LS
_.Hence, this. sef contains_ Pl drshr;c’r e[emenh of Zp - where. IZPI P!
Therefare , S=2* ie TES _
So, T€S . 3b€Zp st QB T. . B

Pnoof 2. (Alternative)
Since_p is prime_and pta_ (;e GG?ZPJ ,
QA and P _are co =prime

By hR-lemma, o
Ink st. ah*pk=|

z
2, 75-7, T5o3, 422§, 5%2=00, 8<35i25T)

Ok 11=[2}<5<T) ﬂ
% ()= |~ 35 = 1 +3%(5)

= 2=(-5) = 1 (mad 11) _ o
% J'=5=¢g

J EXAMPLES. |
® Find 57 in Z5 by both _methods.

@ Solve' Sx =12 (mod 13)




AR

@ 5X=12 (yod 1) & 5X =] e

A "gss can be defined as o st F with Two binary operations
0 oagnd. X ~ denoted by juxtaposition ).
W F is..an. gbelion grodp. undes +
(F*=F-{fo} is on obeion goup. under x.
b vabefr | atbro=gbrac

veq. Zp s a field (p is prime)
g. P
| akpro=aero

= Gbr0

.Y (ther examples are  Q.R. €
ngmmefrg Groups
A symmefry is_a bjective map thaf presepes. smfh
. MWe will focus on symmetries of an ogject in R __op____ﬂ%?_,_._

(L AN Isamelny
_5_a?<_f_f~s el “ﬁ )

_example SR
reflections, rotations, shifts are isometvies.

- 8

77/
_Rotation.. by 90" _chout the origin_ i i Sym(T)




wolemmg 215
SymiT)  forms a groupunder. composition

Y Proof . If £,9 €SymD |, then f°g € Sum(T),
" _is_alwgys . associative ,

_id €8Smm A
=AY

¥ EXAMPLE. Ia i}
, \,,

.denmy /\ ----- ZA reimn /\ S

-rofate_by 1207 .. OOt by 240" R
clockw«se . clockwise N
. m v )
o L o — l 3 et pa

sgmmemes €1 X, Xz, Ks, 1, Ye

*-,”Sn,,,m,wam_haue,,,.,MGM.,M,AObywvohuﬁn..,.m,

~ Q. _Could - there be more ? S
No,_.becouse any FeSym(T)__is _determined by where it sends the

corner.. There are. 3 chaices fior comer. 1.

then 2 choices for comer. 2.
and _fhen 1 choice. for _corer 3.
[Sym(D) | = 3x2<1=¢

J Symm = {ex xuw g w}
-.The_group sfructure__is. given by how these elements compose.

=eg. What is XX 2
(Xe* X)(p) = % { X (Pi) .

Therefore
X: o 7C| 8[ ‘?\“‘“

,\/ 'Ihe direct _way . of specafgmg fhe
.graup  fable.......
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e
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LS

gm_“;_. __u.q___. R ey =

e 9 b

X
A

9. | 4
/—\ be#er way of spmfymg a._group. . s*hrum‘ure Is. by genertoes.
c\ﬂd e T e
- I ve let x=xi L uy fheﬂ evqu eemenf of ng(‘D can be I
a expressed in ferms. of x and . | R
yx- gnc:=x
CYxE BNEG
_ So, Sym(n = {EU 5 <4x, HK} | | e
v To sgnecn“y the  group. structure , we_just nexad z‘o give.. enmgh rule
_(relations”) _in order to_combine any two of the elements e, y.4% .
% 4%, yx__and get the answer in the same form.. . ..
= Qbvioys._celation: Y=€..0=

,,i,"«g % o Tebiz

_example. YX = Hsfr“: o = qu
- In facf, ’rhese 3 re!ahons are_sufficient.
..v,egl,__..QC,Q);.UC.U} x40y

fx’? (Us) T

i

1t

:”

ee
_-8

ol

('Ky),(xy‘).y

L ER0.4)
sxkyle
S&).yE =Y

-.lf

R I R
(—-

. X
: IE:

I R
=

1}

’Se“

(:.:

r""‘-

=

3.5.

(o

s?aé\{i

)
E
e

o,
o

R

fraed i i




iotion for SymmLT )
=e ., Yx=xy>

JZ""

v This__is_caled o i
_Sym(™M = <x.y. gi=e ,

R T,
GENEETOrE

(parmal _form for elements . €. 4. Y*. x, yx, g'x )

~Man 06/02/1F

MATHAZ20Z . ﬁﬁ gebrag 2
Dr._Roberts

Ordar of .an E(emﬁntmnndmc‘gc;cwﬁmups
_of elements in G

() The ooder of a aroup G . denoted h_ej A6l s the number

-
PRSP TN
AT

I l6l=x . G s called an nfinite gro

f igl=n & is finte

Ctherwise i1

'i’

of .order 0. {NEMN S
irfeger. 0. st

Ul _The  ardec. o an

e

or. G€G.. s the least  positiv

LV

”? ar e

PV T
R e e . e
=P G P W T Piooswmgetyy Ia
Mote iy DULY NOT mean &

. w\/ EXPSMPLESQ b
0 InZ W,Mun,d.el‘ L

because 2#0
242% 0

0f2)=e0 ,
L Gl = Ceedep o 0

2+272%0 | efr.

@ In SymT ., x hos order 2

_.becayse . x¥e. | .
xt=e, |

2® In. Zs under + , 9(2)=3
because

260

3
!
.s

Z+3+7=( _

® In 77 under < . of3)=
..... | e becouse.

3

g =T

#T

Lu;

) LR

°‘l




©®In € under x ., what s
(i) o) =1 becae EE
(”) G(-"” ..: 2 P CICTOR Y| E =1

(AT,

{iv) o(i*iJ=e0 oo (g El v iC

- Proof 1 Suppose nf”‘ , sy M=nq for same 9€Z .
Then g"=gM=@y=e*=¢
(?) Suppose 9" =€
We know ..._mr:’?ﬂff‘_ (gsr<n) ...
%, 37 =€
gug=e
e"gf=e
gf‘_.
_Howeyer, @=n means N fjs the smallest ;meger s.t. 9“
Sg. 97+ yreli,nm

ng+7

» r=g_
Therefore, M=09 .
e, nm_ 10
(i) 9.9 8" are dll distinct.
9°=g°  osi<jsn.
g7"=e ad tsi-tsn
Contradicting def of n=o@
By (0= argument.
_any pawer of g is equa{ fo some 9" (O*:r‘*fﬂ)

~—example:




. Classifying . Groups

nnnnnn . D&fﬂi’fge et e .
' ﬁﬁ"ﬁ G .be a goup. and  JEG Define <®=19". ne 7z} [ G

If<9=G. then G is.said fo ke generated by 9
I G s gerecated by (EonELelement 9EG G is. called. cychic
Y - Y

_ LExaPIE.

2=

Z under + s cyci;'c e 8ince <D=Z. ( 1&7 are geserators)

1+ T ek,

“’I

Nofe <-'2>-"fZZ <2>~even number.. (2 is not a generafor)

~/ Exercige -

ols Zs' cyclic ? Yes. 3 s the genemtor @ SymT) is_not cychc..
<%={2°.3,2*, 2 -}

723

 Lemma 219

Let G. be.a finife_group of order m. Then

G is cyclic. . J9€6 st. 9(g=n

- »Proof (€)_Suppose (9] =

By lemma. 217, <g>=fe.g,..9"'}

Sa K9 =n=o(@=1lal

=6 ad G s -cyclic

A=) S.up.pose G is_cyclic ..say G=<P

hhhhhhhhhhhh | Then = 16l = K| .

Bgm,,l,e_mm_a 2.
oW@)=n, R/

- EXAMPLE: Zi 15 cyche. ..

Z?*:{ T’ 2,3, —i{;ﬁg’ —é}
0(3 =6 =7

Sef 220

Let G be a cyclic_ group.. genem'fed by.9.. Then

(it _o@=n_, then the distinct elements of G are €99 and 6 &

i

aled the cyclic group of acder ., decofed Co.



ol LT T 17 e
Qﬁé T Qﬁ fﬁﬂ SUTHRID ARGR gavggwﬁn

.~ EXAMPLE ;. | -
Z under + s, (;somorph;c t0). Ce. . U

Note - e meons. essentfially the same with. d;FFerem“ names. . .

€g- G {e 39 j g “are isomorphic / have e same group siructdre
H= {e-hh}, K= | “

Z under +:. tg‘éi
C&. L ok ”'fgqu‘n

Fri. w/oe/i3 o S
MATHI202 - Algerg 2 .
e . Dr. Roberts B
ESubgmups. B
. Def. 22
let HEG where G is a group.....
Then H is a suvgroup of G, wriften H
Vlleed e
() nkeH = bReH L Gog (i
(il heH = h'eH

v Lemma. 222 R e
et G bea. g*sa;} HsG. Hois.a sibgroup of & iff H forms g
graup. under the same operafion gs. G. .

Proaf: (€ If H fams a. group .
(i), () &G} holds , by def of a group. .

~Hence, H s a subgroup of G.... . . e
=) By (1), we have a {closed) binary operatfion of H.
Associativity follows . from _associativity i . .
. (1 means it hos on idenfity element. S .
. lii) means.. . every element has_an_inverse. . |




,,,,, ... Therefore, H s o subgroup of G. %

G=Z under *+_ Claim: 2Z under *+ is_a_subgroup of G.
.Proof. H=2Z ={22z.z€Z} =feven infegers}

ki) oen [,:iden,ﬁiyl

(i) a,b€EH = a=22, b=9W  where Z. WEZ
= o+b = 27+ 2W

=20z W) EH  since (F*WEZ

[iclosed) _binary. operation}
(i) 0=2Z 2 -A=2.(-B) €H gince (-2)EZ

Linverse .

| Therefore, H_is.a sugrowp of 6. . @& _

() Let A={xez . x=l (mod 3}
B={X€EZ. X=0 (mod 3)}
Is ASZ B=Z7

(i) Let Ce={e.x.x*, x’,x* x*} «x‘=e
= (X: xf=e)

| Find. all_subgroups _of Ce
 Soln: (i) - A={3n+1 . antiez}

Let 3n+1=0 _ Then n=—'§1¢2

_Therefore . Q€A . identity. X

Hence . A _is. not a. subgraup of Z.
- B={3m.3mez}

Q€8 . identity v
let a.b€B  Then. a=3p., b=3g9.

a+b = 3(p+y € B

(Closed) binary operafion. v .. . ..
~Q=-3p=3.0p €8 Inverse V.

: Hence . B is ~Q.subgroup. of Z... oo
______ (it). Suppose . HS Co Then €€H.

Chse 1. xEH

Then. %, x, X xS €H, Sqg H=C

o D T NPT I SN - S SORURT L DY
CVETE OrGRIe 15 O mitmagrmdn o phoeir Pyl ~
/ ila] B
-

Cage 2. ox¢H




Sa = {j: {‘3.-3,4-}~..,fr N
Tes, .

Notodic ( !

20) X*€H
Then X x*=x"€H

So Hi=fe,xux'l=Cc

CIf XPEH, then.ooo .
o e (xy7.x7= XEH
i N
oty This. contradicts our assumption (X ¢H] .
hss - 2 X EH.
(2) =g / Sam?arlg xsé_H,__. e

(2=
N N ) XN

B4 Py

O xeH

<
243 ) ~ Then H:z{ex¥}sGC
x*¢H  because ®YL.x*=x €H.

o4/ . Similorly, <€H.
@ X¢H
Then since (X") =XTEH,
x*EH.

Since %)= x €H
e CEHL
hus, fhe subgroups of Ce are -

Ho=fe}, w={e.x2x*}  He={e.x}, Cs_

 EXAMPLE . .
- Recall from MATHI201 ,
is colled =0

Sn_ _is_____ﬁ)e___gr_oup of permufations. af 1.0
if it is the product of an even pumber

é

af ’rrans__poss‘_ﬁons. s;mriaﬂg ded
| 2 3)

—eg (123-= (2310)

(134)256 v i5 odd since
4 nw;a-{:?;g ol 1

is even since. (123)=1(13)02}
(3256 )= M1 3)(2F(26){25)

i ;3

e
ElcY 3.7

AN 230 7 (5 2y

Y

- Each permufution is_either odd or even (buf nat both) .

in Sa. Then An%Snﬁ%@
of =40t

<. Th 223 e e
_Let As denote e set of even permutations
and An_is. called e altecnating oo, and o= 518

i




o Y Proof: () e=0 s even
_Bp eehAn. ldF‘ﬂh Ty]
,,,,,,,,,,,, _ wLiQ,ﬁSup_pag,e o, ¥ €A,

Then O=TT..Tn., V.5 itk --tm__where 0 _and M. are even.-:
_Then GY =TT TaVi-=¥m _is a product of (N+m) tropspositions. . .

Hence , OV s dlso even . ie. GYE€An . [({closed) hinary ocperation.
i) o™t = (T Ta) ™
To - T reversalof onder

Tn - T €An, [inversed

H

@n

Therefore . .Aﬂ S,

[Snf="n!  (known)

Deﬁne 7 : An ™ Sn—An bu @lor=(12)a

RS fv

e set of evén permy “‘?f“* TR R AT A permatahans

rr_);eCvae g(o) = ¢(G' )

G"G‘

suf‘,ecfnfem Let WESH—An. Then .
(1 22WE€An  oand - d(U z;w)-(f.?)(r JIW =W
Heoce. @ s bijective_

Therefore . [An| =[Sa~An| = [So[~{Ad]
3 2[Aa=[Sa]

» Th_ 224 Laoennoes “""“ﬁwmf

Let G be a finite group and H=G._ Then [H| dides [G].

i Stoge 1 Def of cosets . e
~For. any- dEG., the |eff waet s Hﬁ {hg: heHj CG,,A,, R

Siage 2 G -gyehg unon_(of left comfs) B
_This hoids_ since __g=exgeHg
~ Stnge 3. Cosets are either equal or digjont. . ..,
(ie. either Hg=Hg' or%@ﬂ R

- Suppose.. HgnHg'#@ ., say x=HgNHg'




x=hg=h9'  for some hi heed. T

2 95h’hg”

o
v

S

o

For any. h€H . we have

R —_—
_Stage 5. All <ests are the same size.

hg =hh'h:9' € He! b €H ance o

_H=ferxt}

EXAMPLE: G = cg - {__ X, %0, XX, X5} b=l

U]

So, Hx={ €x,x"}={x,x* where x€Hx

M= [xt.x} | 5o Hx=HX*

Hx'=fe. %} oo HX Hx=g
CHEE[XL XS} g HxfeX

CHxis X3 %%} gq HxkOHX2=@

He=fe x} | go Hefbx=g

Then . Ce = He UH”UH’C
= {e.x’} Ux. x“} U{xix_}

Hence, HgSH9'
. Similarly, Ha'€ Hg.
Thus, Hg=Hg'

Stage 4. G _is the. diSJO{ﬂT union  of _ some oF the cosew‘s

= UHqg

We_knaw = gt

!
o

Lmvmg ouf fhe repetﬁ‘ioﬂs we gef

v
o

7
L

G= Hg U Hg. U HgU- ‘.U.H.SA’“. for same $€G6 7

Ygea.

Define @: H—Hg by @hi=hg,
@ is sugective, by def of Hg.

P =@

23 s injective. .

CThus, @ s bjectve.

Hence, 1Hgl =IH|



__ Stage 6: The resuft

_.From sfage 4.
. l(i[ lHQrI * ,HS:[“” - "‘,ngl = P,H]

Therefore,. 1AL divides |Gl o @

S \/ EXAMPLE :

i A group of _size 8 can. .only. huve subgmups of size 1,2,4 or8
v Carollary, 225,

_let G be a ﬁm%e group . 9€G _ Then. o(g) dfwdg@ (6]

Proof.. let H={g": i€Z} .
Then H i a_subgroup of G

H...is_a._cyclic group
| So..|H{=0(9).

By..Lagrange's . Thearem,
o(@| |l

\/ Carallary,_ 226 |
" Let p. ke prime, G ke a goup. of oder P. Then G=Cp

Proof: Take 9€G qgnd 9%€.

Then. @ >1  gnd 0@|P o) X
B2 g5

Hence O(g}: P @M, ........... I. | . S Npine o *E Es ;ﬂg:;?r{:; {"?‘}3%‘;}
and_[<9>| =

SO G <9> Cp ﬁ%

\/ Thus . graups of prime_order. ore qun‘e Srmp|€ ]here is.. exacﬁg one graup... Ce..of
_.each_prime_order P
Groups.of _compasite._order are more compi;caied

eg. There are 2. groups.. of _order €, e Ceand Sa..

< Th 292 Fermats Lt Theore
let GEL

Then 87 =
[ie G#d { " mod p; = megﬁfﬂ {mad pi ]

Y Proaf: %" is g group _ond. |2t =Pt
| By Corolary...2:25 S
oa)|P-1 , suy Pi=ro@




Then

= (3% =(1)r=T.

e o' =" (mod p).

V/ EXAMPLE

. What is 2" (mod 3% 2

~ Soln- By Fernats Litle Theorem, 2% =1 (mod 87)
Hence .

E«}'a = -3—22

,
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MATH120Z :  Algebra 2

Dr. Raberts

Chapter 3. S Determinants &

et A be an nxn_ matrix  with entries (Qg) . Then the determiont of A

is..glven . bg .....

deth = E 89“ 0'50”, e az o1 - Gn ot

§ - i o e, O S
e e vaw“‘ SOrTIT NS
H

~_..where_ S is the permutation group on_ {120} e Se=f{

L, if ooeven
Sgn {4 , fc' odd

_a _column_of A,
2x2 Case e e ,

The product. Geow@aow e -~ Qoow  contains axcscﬁa ane. em“rg from_each row_

\Gsf

so=fd, 0

de‘t A= E (SgﬂO")O.. oLl a,, olz)

Sqnhd o Sgn(cg et ﬁ,m__.__,..._,.wh.ete a=02)
e S i ﬁﬂﬁ@p@ﬁﬁ(}ﬂ:

T = id

Let A= {c d ) e

(i) detA = ad-be o
(éﬁ%A IS invertible @d@tﬁ#@

In this case, = __ 1 /d ,5}
o E
~ad-be ‘~(j s

.,ULS?“ La: @2“*!?32 he the _linear_map df‘ med by MW“AV

Then if S_is o shope in R, e
Prea (Lals)) = E__g‘éﬁ.?:A? Arfsssfs

Evfb‘: B is ano'ﬁwe;‘ 2x2 matrix _fhen___ __

Lot or even transposdticnd T=138) is an example.
i
H
'



Proof) By el @

(i} Try to find A direcﬁu

need 1o salve

: )
-

0)

b Yy
(c d}@ B {3

/ax+bz y+b‘t\

|/ ] [ Oaxtbz=|
[ G\ JGU%T ={)

\cxrde  cyrdt)

d.@ “b@ :

\ - l__gx-*d&,i.@

® o l@ 6

.,_gad—b_c)'x c0z=d _ ®

C

TR

Sfmfiarly H* detA

Thss suggesTs that _we. shou!d have.

XZ Glc? be -

z"ﬂ _____

@V@,} —

o

E
S

5
o

. detA#0
T (d
~ Then . A Jeta\-C

; rd b ..
Ci)) _“Eﬁ"('c G)A ,,,,,,,,,,,,

ie. A i

__Assume detA=0,

is_invertible with _this_inverse
(=): (proaf by contradiction)

7 (&)

e, ad-bc=@

Then by @, d=0

=0

Sa A= (g g)

_. Similarly . a=b=C=

. Contradiction.. .

So detA#0.

- EXAMPLE.

() :

detAz 1x4-1x2= ;z#bo,._._.._ e




. 4 -
7 A __is_invertible with fnvg_csewéfW:z__.._,s)

Q5 (; zf) e

det B8 =1>2~1x2 =0

=B _is nof invectible.

i) EXAMPLES.

o A= (0 g) e 7 e
La ( ;) ( . 0)( ) (:‘;) ,,,,, , ) —

.50, square_areq_| =2 rectangle. area_6

){\Jr

g }}5%
2 La_muifiplies.ared_ by WG,,=5,.,‘dhei..,(Ném,?l,s,-:,,__de:}tA e (o) (& _

b4 =Sin .
\sin&  cosat/ -

() = (sna o N3) ,~ {;g;@ (o5
o Then Lalg)=(5F%) , A

»¥

~5i : I
La(0)= (oste ! (o

2.La__rotates by an angle & _oanticlockwise about the_arigin.
—Square_area 1 — square_ared_| ‘
_ caso =Sind
La_multiplies area by 1 = det. (srnm cos /.
. = Q050+ Sy e
[
@ A*° (f f ) ; y
_{x+y A
a(4) = (xry) "

N Square. area | > fine_(aceq g

e e mUipliES areq hgb 0= de‘c( ,,,,,, . B
a

maeneml Case. A=(2 d) e

N
& »W

= This_is_quite a_good way. of thinking of dpferm nan’r 08 a Zsale factor”

.. of a matrix_._eg.._multivariable _calculus .

(iv) _ det(aB)= detA.detB can be checked directly from the def.

Alternatively ,. using.__ (il

RZ La 'R LA ;#\)2

Lag

9 LLweue




So, La. mulhpies ared.. bg detA and Ly muhphes ared bg defﬁ
= Lale muMiplies area by detA.detB
Las  multiplies area by det®8). B
_ Therefore, . det(AB) =detA.det8 . ... . @ o

P 24foz]i

MATHI202:  Algebra 2
 Dr. Roberts

O AGs Qa2 Gn/

A{id (123),(132),¢12),(13), (23)}
d@‘tA Z (SQOU)G!.G{f;Gz ﬁ‘(zlag i .

Sgn(ad}(li iden Oz, idry Cla, ey T San U1 2 SJGe,uzs)UGz {i2302) Gs pama T

deth = ﬁn@wﬁsa + C%wﬁ:esﬁa% * ﬁiaﬁezﬁaz = Q20033 ~ OisQazOar = Uy Gaafizz

o RS o omeevhied e O {eyend
O P RN S 3 x»iz,we.s O SO . W }
3

v’ How m remember 1
O G O3

Qo O Oy

. gav \\GZQ.QH
3 Oy Cas
<)

?,V’.EXAMPLE.: 2 N 2 e
e . Find  det (‘2 ! 3)"’" o
3 -2 1/3 =2 i

T Ite-4+3to+4 =

P 23y1 23 .
. \/ EKA &t (G i 2 )0 1 2 . JUPTRT RPN . e . T %%g%ﬂ

A R 000




=42+ 0-9-8+0 =6

nxn Cgse

quru ahna an__n=n defermman’r fram deﬁnrmn involves.adding _up nt_
+ermsJ edach_a product of . ferms.  (since ni grows fost )

For_this reasan ,. and .also_to develop the theory , we need. fo_establish some

properties_of the definition.

. Recall - e _ I
The fropspose_of an men. mateix A s an nsm _matrix AT with

(Ahg =Ag = - Sedpomyd Rocolun
V. EXAMPLE .
BCRI R
RERY Y

— (})

me} 34,

et A be _an mxn _matrix. Then  det(A7 = detA

VProaf: Write  B=AT

_So Btj =Ag
det(A’) = detB

=5 S bow s

2
:N{:XIQA <Sgn a) 0.:;%%! o Qe

[{a] . o et i
W[‘i,te =g _(eg.. 121 = ; + 9% .y 0>
, 1 100

foi, then B0057a 0o )

As T _ranges_over Sn., so does JL.

3=t

det(AT) = ﬂgsﬁ@&'ﬂ jig}l“‘(l),l - Qe n
z‘;ﬂéﬂ (Sgnt) Gyt - Qyrameg

Fix M, R
Tt

Denote . q}"'"”r'--ﬂ Qe = I_TO}A":{),{

Let d=pto Then .0s 1 ranges from I .to.n, so does d.

OQurw, - Aty = de M)

= Qv 3w apjear - G, g G}If{t_nw,pg_,_gy"tm,z G_i}_j-'tam

So.,

= 03,101,205

_detan= L (SQﬂJ)Ger Qe G100 pa Oz gy

- JEGm

i
H



v EXAMPLE.

det (c db) —Gd bc

de‘{:( ) -de ~be

v This result means that any result abomL rows immed afe!g gives a
- result _dbout columns.

. Prop 35

Let A he a lower trovguize mafeic,.ie. one st Qg=0
. Then detA = Oulaz -~ Cra .
~/ Note. Lower Trfangu{ar* mcd"ﬂces look like Thes
w0 0 -0
[anaag -0
AT O CI;:\@ < 0
Veg. det Gf{f‘@) =dc
¢ Proaf:
dethA = Z(Sgno“)ds,ow Onow
o=id gives  QnQz--Qon and all. m’her terms. are 0.
proof ;. Suppose TESn and Gewleow - Anow #0.
If o>t , then Quow =0. So the product is. 0.
Hence O =l o S
I o@>2, then G.ow=0. So the product s 0.
Hence o@=] or 2 -
Buf o=t and .. .Sn is a bjection.
. Sa . e@=2
Simiarly , o@=3. B
 Confiuing ;. o@)=i Yizo=d
Contradiction. e
 Thus,  detA = Gula- Gnn R

v EXAMPLE -

.V By prop 34,
Cowith Gu=0 gf Gt

of -if

def(4 GO) =2x3x(-l}x5 =~30
455/ . _

the same resuft holds for

dpper friongular matrices , e AL

VINES T




234
cg. et (932)-puzx) =g

- Elementary . Row._Opecations
® /A by D@wn_sa b V[l gya b
(c d} L?xc nd/ L "’%;L d/

0.2

ab L

¢ d
b V)220 =Py

Q.

@ fa. by P (e dy qe tyaby

(n.gt. AC  brady _ s1omvia by

@ ra by @A)
(c d) >\ ¢ d /Lo /e d

@) eeen (g D)= guan

- Th 36
(@) Exchanging...2 _raws. .of a_mateix__multiphies e determinaat py. il

_____________ e if A mB . _then _detA =-~detB
_53&5 i

N Mulfiplying a_rowof a matrix. by A multiplies  the determinant

e

e if AS2BB then det8 =ndeta S
(cl Adding. a_multiple _of one row_to_another doesnt change_the. deferminant.

e if ALLDN g e detA=dets
= d)”‘f‘m (c n,d)"’._ﬁ

det B.=nad - nbc = A(0d-bo) = Adet A

detA=ad-bc
i PRI b P

_det A=ad-bc detB=d{a+nc) - clb+nd)

=ad+ncd-be-ned e

=ad-bc =detp

T
8 Then

. Suppase A

by =ay
bij=Ay VE2zs

dEfB = U"§Sn( Sgn <) b}'..‘" th b?vfr,{;{ - bn, oy

=) (S@n (o)) qg‘,aﬂ) Gf: o Qn, o
orebn




let T=02 ,ad let = p=97

_PAs o ranges over Sa , so.does. OT.
det 8 = Z" &Sqﬂ¢¢),82 ore) s, ooy - An,o700)

="},§sﬂ(89”wa’f‘“ @ T a o "="'d€'t"A e e e

(b) B
D A consequence of @ s th“f any... matrix wn‘h 2_rows_the same.

hos _ deferminant Q.

[proof. Suppose. A haa row 122 the same..
A SDﬂ,g;

_________ Then . defA=fdetA, T

_.M.QG,.,,..connsidef A cll,2; 71)_' >B. R
by=Q  iz2

o bym@gtnay
SO de’CB 2 (Sgﬂ 0-) birﬂ'ﬂﬁb’ ol - bn oy

~

o= Z: (Sgnﬂ') ar,qm Gn v:n; + 7\23 (SgnO‘)Clz rruaz,o‘tz} Qr_;, ot

i{*? f’*";

_Dencfe Gl ?ggs,,(_sﬁf‘_‘?}.a%r?ﬁea&m-f'.qﬁ'fr.stfz_ Teen
st aﬂa Ozﬂ\

. j = det@

a3i ng...:.:.:........Qan de
Thus. det8 =de~tA R /

. \/ NO{E det (Q*}’\C b+hd ............ ad be)+ ﬂ(cd dc}

fjgfgﬁ LM{, s .Z. i zéé
YA 39 - x,j

\/ Th(s now gives. us. ef‘Fcchve ways of caicu!a’rmg de‘rermmarrfs
' pply_the ron_operations to_bring fo_lower or upper il anguiar form
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k/ EXAMPLES .

210 P2 U\
"o det( 20 QF) Ol 0222,
3 -1 - / N

= 2x(Ix{xixg) = 12

(i) rejimn ppaps

1 ! f g 4] .x
det b c)w—u det- (q “b-Q--C-a- i T
*p e a B0 -

f 0

—==-{b=a)(c-d)det-[--a
- @ b+a cm}

4! W O \ éif.wé“f%

m&b.ﬂ}(@-a’de-t (G {
a* bta c b

= (b-axc-a), [1x1x(c-b)
= (b-Q)(C-a)(Cb)

_This..is.the _3x3_ Vandermonde _determinant.

The _deferminant _is. non-zera. < a,b,.c _all different.

\/ Ex

(i) det(cié e

05 ba CJ

T, D 0 z
\3.4.2 72, 134 2 -2
PO "I\
_____ o 0.2 3.1
det (o 2 =23 /
0.4t 1,




@ b @ oa o) |
_ ! 9 0
Ao bl+ab+a’  CHOCTGE .
f o 0
- (b_q}(c_q}de.t (G - . O . ) T
A babta®  (c-biatbre)

e = (b-ai(c-a)(C~b)(a+b*C)
Two main results
For. 22 matrices, .
A is invertible © de’cA-?fG
det(AB) =detA)det® e |
_We_wil_ now prow these hold in nxn cose , usmg elemen%arg TOW.
opera'hons and. matrices.

v Prop. 3% .

Then . detic = deftf)detin)
Proof. let E= P.3)
Then EA is the matrix obfai ned hg applying. ja(w} to A

~ Hence by Thm 36, e S
det (EA) = -detA | idenffy o
Also, E=E1 s the matrix obfained by app’lgmg 33(10} To f
Then by Thm 3, i fead
_ det(E) =-det(I)=-
'Sa, det (EA} =~ detA = detE. detA. S
An_exactly analogous urgumeni* works.. fbr E= E{“J A, and. for. .
E=DLin) .
ie. detElig.n =1 ond . detD(Lin)=A.

éi‘




o We easly get the more_generdl result.

N Nofe: det®eo.. .

det (EnEn- - E2EA) = det (En det (En-y) - det (E.) det () det(A),

Thm. 38

Lot A be an MM matrix., then A_js invertible. & detA#0.
~/ Proof By. i@g . we_can find_elementary. mafrices . Ei, Bz . Eo

T

EnEn-EEA =T (RREJ  reduced roy echeion

st

o
...By Cor 31,
; det (Edet (Eny) .- det (EJdet(Eldet (A = det (T)

Eﬂch dettE) #Q

Czn dcﬂm 0.9 det(h =

(=). Sunnose_ué,%;s invectible,

T=1 bu F5)

. deftpr=detcn)=1#0,
(€): Suppoﬁew,,,E\..,.,,,,,,,;:.s,,,,,,ncn‘,ﬂ,,,,inyenﬁb_ie ,

the lost row =0 by._FS

OO Tiye

Hence , det(Ti=0
Thus, det (A1 =0

f\/EXAMRLE,a,,,AA‘_W,(;A,,;W,,,J: )

o b ¢t/

A __inverfible & detA #0

& (C9(c-bllb-g

< o.b.c gl distinct I

Fri. o3feafy
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Thm 310

' We. have_elementary . matrices E. -, En st. En-EA=T in RRE form.

let AB be m<M mgirices, Then det(AB) =det(Aidet (B).




Foch Ei has an inverse Fi , which_is another elementary matrix.
Hence, A=F.-RT
. Bg Cor 38,

detiA) = det(F)det(F) - det(Faldettm). O .

But AB=F--FaTB.

. Then. B I o
(et de’c(AB) det(F)-detiFidettrd @

..Soe, fffm or T has a zero cow.... ... .
ng_@,ng T=Im, ® and @ become
det{Al = det(F)det(R)--def(F)
det(AB) = det(F) ... det(Fy det(B) .
. _ Thus ., _det{pB)=detthdet(®. . .
Case2: If T hos o zero row . then .
(T8)_also has a zera row,
_Hence, det(T) =det(T8) =0. $— =
Then, O ad@.
def(ﬁ) det(A8)=0 e
__ Therefofe det (AB) = det ! A)de‘c S/
_ Expansion by Mirors ...
 JEXAMPLE:  3%3 case .
fiomera iy
M [Qwy jQuf”

Pl

-hQaz
) *Qts (A‘q!z azzqii)(

ConSrder cafactor. of Ty

022033~ 03055 = det (Gu st),._. _
4 ET IO ET

S;miiqug Qusls qaaai__‘_de.t(aﬁs aﬁ)
CEVEE

) R (Clza G
a:uaag ’“C!u(]si =det (s Qaz). )

let  (hi-mino Mg of on nen mateix A is the defermingat of fhe o




(n-y=(n=1)  matrix. obfained by crossing. ouf row i and column J.in AL
The fvyi—cofoctor Ciy of A s (t?;ffif‘v’%fg

v EXAMPLE -

Qi CE:: Az
= Xl - Qaz”’ “Cag? __What is Ma2? Csn? e e

Qe Qi
ot (%)

Qe
‘ Caz = ( F) Miz = “'dEf (Uzl azj)_ |

,;z/,,.,,,,We,.,,ihus,,mmhaste..h._q_._n._n,mcmix._ of..minges.and _a._matrix of  cofactors.  The matrix .af cofacts
_is _obfoined from e matrix _of minors. by multiplying entries by I _in_ the_chesshoard

patfern. o e
—_F - ...
bt Wt et

o \s%7t/

f: . _ b o * e
,,,,,.,,,A,;J,“Ex,wA,,(!),,._,,Lei,_.,_.,.,.,_.&fin._(g,_d).,,,M..,,N,Em,d the matrix_of minors. M. and the matrix of cofactars C.

Calcuiate ACT .

(”JfF‘f’ A ({\i 2_ 3,.\
22 2} Calcdlate. M _and. C

_Salns (i) oy (9 ) C__./d ~C. ~= e T =g
b a \-b a)

e Fair o T P
Cop =05 "M = -0

sc=(17)

_Thus., ACT =(g 5’)(3: —o}f) =(T}o - adf.b,c),, =d-ba)r

m(” ) PR PR
SR SO - P SR

. Prop. 312

et A be an. nxn motrix. Then . far.ang.fixed 4, .
i Yy

L3
det@= L0y [expanding. clong 1 row

ot f

s

and _ dﬁt A= EQJ,,CJ {-‘W?s?ﬁsf: 1 g;:ée’g;‘%f 47 enjum

7 {1y .
A= -«p{ﬂu e Chan ) oraenimding oD (0 pe
"f,,,m.‘,i:,, Clﬂﬂ/ RTINS L33

 VEXAMPLE det (

‘9_ # # #
y ) = 0x3+3x(-6)+4x3 =0-18+12=-¢

oAy
-P-Lu

Y




v Proof: Omifted ¢ just a mater of careful calculation )(like 3x3 case)
.. We can now colculate determinants using @ mixture of fechniques.. row £ column

_operations . expansions and . def.

]

v EXAMPLES: U 4

o ? . fg .

; @ de.t O '—:‘Qdﬁ’t ( *ngs

ey e |
Cmezasdet(n 7))

=86

£ N & #
) - (...U w(——}) +2x{"”'+'f'_3)"("ij””' e

o =ixdet(s )
_ Adjugate and Inverse S
 We can find a formula for fhe inverse of an Mxn matrix.
. Def. 38,

Let. A be an nxn motox. The odugote of AL dencted. adita, is the

. transpose of the mafox of cofactors.
e adi=cl
- ladj)s = G
-V EXAMPLE -

Chen m=(0 D) (bW wn-()

If A is invertible

A= ditﬁ adiA

i

- .* ‘ﬂ’ﬁ?‘i 3'%4‘ :




[et A be gn m=N  matrix. Then

Aladid) = (detA) T, = (adiA) A

Hence , if A s ‘mfmf‘f'bie;
AT = dp’rA adiA

I ProOf _The (- -entry _of A(acj;AJ s e
 Au(adiA)s + AwladAl, A(adw = LAy dihly,

= AuCa tAuCut +AnCa - LAGCy
3
= det(A) 3
_The (L2)-entry of A(GCBA) s

“AHCzl "'AizCaz - +r(\mCan e=~§ E f

. Cansider.._the_expansion_glong. oW 2 of fhe mattrix
Qu Qe - C{m']

An (adjAlia + Aiz(agjA)z + - + Am (GQJ!A}""" c !lg f“; Iﬁ

Q{s Lhzezne Clon. s

Gar Clsz Gan

_det(f) = al{Cm + ..t QiaCop

So, (L2 -enfry of AladiA) is det(B)

However , B _has 2 identical rows = det(8)=0Q.
So, (.2 ~entry of AlodiA) s Q
,,,,,,,,,,, Similarly, .if 1*1, the (Lj)-entry of AlodAl s 0.
’ Thus, A(q,q;f\%[de ,,,,,,,,,, detA- O\ = detwa. 1,

detA

Similary . we_could _prove . (adiA)A = (detA)Is
Then,if . detﬂ #0,

4 A ( detA

\/ EXAMPLE:

N0t/ Find_ A™

: - 375 TR e .

_detA=3-2%3-3x3=-12%(




3 -5 4
Thus, A is invertible , and A” = - 1/3 I 8} e
\z 1 -4/

»/Ex g
() Let A=[5 - )

L1 2

_ Use_ this. method o find A7

is A invertible ?

 For_which o .7
_ Find a formula _for A" in this cose.
-1 -1 Q

- e i

i
o

e

.

=543 =2 %0

So A is_jnvertible. — 0) )

I -1 a _ 1
-3-1 2

(i) deth = poet ( 2)-det(} )

_Epr-g-n
=20f ~2F -ay+1 #9 T
CARNS" o ‘8\ .

/zﬁvr -t B
=28 & 28/ \i-28 ot 9F/ g
28-7 272 1-2f ) L

4 ay  9f

AT ; — P . §
S A O T

M
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MATHI202 : Algebra 2
e ..Dr. Reberts
= Chopter 4. § Diagondglisation §
. Recall e
An men matx D s diagenal if di=0 V14
Jeg. . .
2<2_diagondl . mcﬁ”rzx is d\gﬁ)

0 0
--3x3-diagenal--matrix-- ﬁ\ ’z)

¥ This_is_a very. simple form , and. most matrices are not. dgqgomai However, mast
—_mafrices_are . closely. relafed fo_a_diagonal matrix
-.Def 41

LAno o matrix A s dingonehsabie if 3 an rmferfble matrix_(nan) P st

P"AP =D , ie. PAP s diagonal.

./ Suppose .3 such o P but haw can we ﬁnd

Take 2x2 cdse_0s..an- emmp(e.
t O

v PAP=D= (o q) 3 preantip f‘
AP=P (g'i)u

Lea‘ p=(f )= w ahere. 1= (r) ad =)

. Then. 1Hs= AlY Vz) s means het the 4% column s Aw

= (iﬁ ‘Avs)

_explanation ;

(@8N 3 (e cgess)

B e ]

R —
> explantion

Seaey (j e

RHS = P9
Lod,) __

el )

(d.\fr CLV: ———-\_,\c,
Therefore fo._get. PAP=D, we need

Av = dwv o
{A\_fg =V were P=(¥ w)

_ie. We are looking for solns st Av=A¥.

let v %, wER" and let P={U- W) e P s the TixN matrix whose




fitg

§

(il j‘i’Jf‘t,t,.:‘*fff"‘i is o hasis for ﬁ%‘ﬁ

. Columns _are, 555,1 S I ”’hﬁf} the fallowing are. @qwaﬁﬂ?

TR

(i) P is invertible e
J Prcof () =Gi) . {¥,~. ¥} is_agn n-dimensiondl subspdace of R'.
___________________________ S S Hence , {5’»‘ P VI‘},‘.“,,‘,.,g‘sv,,,,,.,eq,ual o R
| L LE. {,-,‘i',,z s ‘ﬁ‘}spansﬁi" TR . N

[P U .
it AEWGS S
wl

_eg. 2 R / 3R
=) . Since {¥.- r""} spans IR“ o
W e G, GnER st Qe G = &= | o

N y i
. ¢?’P( C"a):( Q) e
R

@ g -
S0, p< O fh.: ) ,_.(: - ) e

Thus. ._,PA?J,,,n. where detP#0
. =P s invertible. . %R I
(i) = (. Suppose P jovertible , and. Q¥+ *&aVa=g

. (W Va) ﬁr) = (0 R
Oln 0
S . (x, N q S . - e e £ gt L O .
e P (Oﬁn - (G) et et
g 9
0

Let A bean nxn pafrix. over R. Then A i8 a0 ey

#Aq non-zero YER" ot Au=RY

¥ is then. saéed an.
ﬁﬁf’*

Prop 44,

.

A?i
%25 ]

%f




WA _js diagonalisable (over £}
(i) 3 bosis for F7 consisting_of _eigenvectors,

(ecgu falently , An LI e;sgeﬁvedors

i Then mp=RD.
f
AV Vo) = (% Y| O )

(Av ~ A¥n) = (di¥ doe ... dav)

e, AV: =divi izl e,n e mg%& pae det]

{Since we < 2Ty o

P .
che P _is invertible ., e Mo#0 eoeh roy £ ocolmn g

Y.-ooY are eigervectors
Since P__is inveftible . by Prop 42,

YW s 11/ basis for 7.

2 : Conversely, if {¥,- vw] is _qa bosis for F" of eigenvectors,
and let P=(w..vn) , then P is invertible.

R And_the same cdlculation as. above gives AP =PD B
| = PAP=D. Z

Fmd;ngmwejgeavaiues and._ elgenvectors
We are looking for_non-zero ¥ & NEF st AV=nY
Neither ¥ nor 7 _is known.

We can find A _as_follows :

e Pmp 4s.

let A _be.an nxn mafrix_over f_and AEF. Then the following are equivalent.

AU A is an eigenvalue

i A=A is nof invertible.

(iii) det(A1-A1 =0

MATHI202: Algebra. 2

Jfri. 10/03)i3

| Or.. Roberts .
 Proof: (i12(i1).: Suppose A¥=2¥ where ¥#0




Then Ay=(Alpy
Sa, (A-PIaj¥=Q
. Since v¥O0,

. AAle s ot invertible.
(i)=(1) . same arqument applied backwards .
tiye> Gii): follows directty from  Thm 39.
v PAp=D
Av=RhY v#9
AR

i Iy g by
ERATLG AT [P T

- To find eigenvalues 2, det (A-2D =0,
. v’ EXAMPLE

Aol

 Soln: A~n1=('“7‘ 2) o
R § .z

s Ay
det ( g 2.—?\) 'G
CU=me-m =iz =0

A*-3n-lo=0
(A-S5xn+21=0
n=-2,5
A=5. Av=5Y .
. {A-5Dv=0

-5 2

(2 2)5-6)

=4X+2Y=0 _
{ = y=2x
(éx-3y=0

!

So, (2} is a possible eigenvector.
N2 Av=-2Y

(Ar2Dy =0

S

S0, a possible eigenvector is (3).
Check: .

;

i
He

s

igfg
e
lu(s




et P=(53)

detP = 3+4 =7 %0.

So P _is invertible.

Then pap = (5 5)=D.

AfTernaﬁve?H .. Check AP=PD

= (0 (5 )

o= (5 3) o,_,;g,).,: (mfsﬂ.

E%Ex.

_Soln: ___dettri-At=0

S e
.let A =(r 2_), Find_a P st. P AP=D

tind. D,

et (T )=
(A-2)°-1 =0

A3 or |

A=3: (A- 31}V 9

f,~iH) )

(-X*Y=0

{ e -

A= A“I)V“

=)

(X+Yy=0

A pDSSbe e;genuec’rcr is ( ) e

1x+3 =0

, A possible. egenvedm‘ s ()

So, p= (i —?)

_ detP=-1-1==2%¢

P invertible.
(1)

!
i

=1 (5 7)=3
)2
)(

p Y]
A

5]
&u;

hp

Of..u

(
oy

. Applications of Diagondlisation.



D) Find A" .
..2).Salving. . simultaneaus hnear dfference equahons

3) Solumg simultaneous.lineardifferential_equatians.
| _Guwen A, find a_foroulo for A7

\/ Th[S IS eosy. ﬁ: A __is diagonal ..

/. Now suppase ..VP";‘_\P =D U v 11 0 11111
| pre-muttiply by P: AP=PD.
post-multiply by P A=POPT.

_Then, A= (PDP )@ﬁnp“) -PD“P‘ R
= (POPLPOP DR = e

. Ingerel JA=POPY
Y EXAMPLE. e
_ p=(ed) Fogmn
Soln,w We know P= (:z 3) and D= ( 3) .. from_previous example.
A PDf‘ p” e
oy 55 ;“?iz,n)(? 3

| __j_<3 5"+ ™ 25™2.:2™)
¥
5'-45"  45"+3.()"

Check ._!_.(‘5 8 0+4) L2} gy
M2 207 (6 2 , !

o
i

i

i i
o

W Ex. nd a. formdia. For (f r)n_,__. o
| Check what_n=-1_ gives.

S B Y -W. - S

Find _P.. ') D= ]._
Thus, (i 2)._: 82 (' )

i :
e "zL(g" i)(“i t/

3" 3% )

g gy Yy
_ Check: N=-1.. %(‘EJ; 42[_: ) (f!; 2/32) S L &

C ol




Aggm _Solving _simuttaneous _ linear _ difference egns

Vous A\fn o where A= (09, w(4)

B M= A e

Z M- ,A Yo

: \/ We_can find A" as. qbave and hence find Vo
. App. 48 Salving simuttaneous Jinear differential egns

VOE e

\/ Recaif
: at ; 5 4
a QX has saln x=ce { seonpativg ya0n )

\/ EXAMPLE
: ("”— = A% "bx;z

eocredn, 2=, x=()

Y

—Make a change of vars, let *=Pd
Y

A

1
L]

-

Re-write _1he egn in. ferms of 4. e
. Py=APy

pre-muitiply by P: (PP} 4’= (P7AP)Y
g= ARy _chiagonal

= Choose a P st. PAP=D e P7AP ig dﬁjﬁi{}]

Then =Dy

rﬁ: /dr 04y ) _ /i, 0\ _______
\H:/ \0 dz/\ 4y,

(gedy s yeCett ) S
2’ ; sz; N z> gz "Cledt

~ Now ﬁ'nd x= Py . e R
v EXAMPLE :

Solve {x,, SRR
Ko ORI, guen that %(©@=2, %=




Soln: let x= (;,z) , AT (é 2}

Then
= Ax ()
5 0
Let P_?_( ) 50.D =P AP = (. )
_let x=Py (2)
Then

50y
0 beomes  Y=papy = (5 %)y

{g, =54, Pd= AESt |

EC TSIy o
~ Since X(G)“ }

v Generdl Idea:

diagonalise
row reduce

W

Problem
jdboyt D (RRE)

Sain for A

Whuch matrices can. be. d;agonalnsed ?
e When does an

nxn  mafrix
. Q@f 49,

-

A have n LI e:genveﬁors’
{f?’ A c‘:‘?ﬁﬂ{%ﬁ

a“&s ;;; o

""“f”*" ﬂ.*:»’\%» eﬁ
foll IR RN R LN H

i pognomial of A s
d@fzf’t}: A)

is a palynomial of degree n ger F
v We have seen that the eigenvaues of A

(: {r ﬁ CM t}
and Catll

gre fhe roots of catt)=0.
Hence | the factorisation of Calt) plays an important role.

v A coud fail to be diagondisable due fo missing” @genvaﬁies
. eq. A (9 5} EMR

—[Soln for D[(ReE




Catt) = det (£1-A)
=det (5 ¢) |
= £+ has no_real rogts
Thus.._no._real eigenvalues.
~Hence . A is not d:qgonahsable over R.
However , catth has 2 roots , t and -i, over. ¢3 and can be. drqgomh'a‘f
_aver €. B
In focT this. problem _never_arises over. d:
MJQ Fundamentol . Theoren of Al g2 ohrit g
Let fiB) be g palunomial _over . Then ,,Wf,,,,,,fﬁiifiﬁﬁi ises_info linear factors, e
Flo=t-CHt-Co (T-Cn)
dithougn., of course , some. Cxmay naf be distinct .
— (. there might_be_repeated. mcrfs)
s Proof e

bas#caifg AnagS!S coseig relaTed to_the. proof #\m“ any rea{ ooly af odd degfeeﬂ
has a _real_raot. (MVT). ]

JA

Y By working. over € , we can_assume that Catt) factorises info linear factors.
— e Gtz =m Tt cta® L fer

¥ _The simplest cose is_when_all _Fi=!
e, Catl)= (t’ﬂa}(t”ﬂz)m(f"ﬂr)

and A _has N _distinct egenvalues.
- Thm 411 B S
__Suppose  AEMaF)]  has d:sfmc‘f eigenvalues ., then A s dfagencz Sab?e

. Mon. ifo3fi3

MATHIZ0Z: Algebra.2 . .
B Dr. _Roberts. e
,,@\/ Pmof Let Mo 2, M0 be distinct eigenvqlues wn‘h (:OfrE'Spondmg eigenvectors ¥, - ¥a,
e, 3U*0 ot AG =M% for eqch M.




Clam: {9, @} s g1

. proaf by confradictionts .. ..
_Suppose {%, -, ¥} _is hnearlg dependem“

Pick a relation of dependence involving. as. few fecms as. possible.

: leg. Vit2V:  ~Vard¥s=Q — q reation of 4 vars.

V24 +4¥% =0 —» g pejgtion of 3 vars. .

§$50 we choose Va=2Va*4Vs=0

By ce-numbering ., we have , say
T P Rl N Vo /o 10) N A
V-2V 'f"r‘i‘!s =0+

B geg
| Mulﬁplg O by A
Al +QF‘-'I) =A0

o) o oy

_However, multiply @ by Ac .
DAk X Aea . AU Aee=0 @

a| ( ﬂu“?\r‘)‘\i! ot a,p-; {7‘1"- "‘Ep) vr‘—i +Olr(’7lr ”71!‘) }{_3" = O
] . o e g e e T S T A A —Ao—-.--e

=0

) ¢O e M?EO e

. H e
G.»ii" Had] éé;xf E

T g .

(URES N ¢ 1%

_This_.is_a shorfer non-trividl depe(xience elgfion.
_Hence , canfradiction. . . . . e
So, [0, ""}_ s AT
.8y _Basic_Criteria, A_is didgonalisoble. .
Note: The case. when T=i s also not possible . [
| (a,v. 0 gnd WF0)Pvi=g
. This. is _not frue since ¥ is dn. e;genwcmr

v Ex.

Follow _through _method to diagonalise A= ( 02 1)
00 4

So__in Gatt) = det( g t-2 ‘.,) (- (t-2)t-4)

a0ty




| ,
_________ N ... Sg. w-= (8) e Noke : ewgenvectors capnat be

/-735 g‘-

J..0--1

iooz)z
57

A=4. (A-4DY=Q

[s- 5)( )(;’) N ﬁ""',ﬁff"ff R

{ “24+Z=0_ £=24 A,,g,

Le:f' P::(O g 3) s —
LN oS/

! O 0
00 4

Check: detP=¢+q0_ Sao P inertible.

'3 5yv! 313 I & 52
G 04/\0 0 ¢ 0 0 24
1 313y1 00 P é 52\
g age/\0 04

0 0 M

t-:

Fri...13/03/17

e MATHIZ02: Algebra. 2

D Roberts .
Mhat if _Catt) _has fepemed rooJrs L

__ vEXAMPLE (o 3)

ﬂ]en o




Calt) = ( to 3 __ tog) =(t-3°

Ce(f} = ( 0 T 3) ;(f-d}z

Then both A and B _have repeated roots. 3, but A _is
_diagonalisable _and . 8._isn't .. e
rProof Suppase ¥ _is an. elgenvedror of B,

_Then By=3¥
(B-31)y =

(9 o5 ( )
T K !
S0 ¥= @) is..the.. generml soln
Clearly. there are_not. _2<._______L_I___.__.,ﬁi_genmfues.&,. B
. Hence, _if there are repeated  roofs. in. Calt), A
Lo C__may nat be diagondiisable.
e need to. !ook m‘ eigenvectors mare. closely The besf way of doing
s _is _in. ferms of  subspaces
A s FpEe af a. aiefﬁaf Space. V i85, non- &maﬁ; pubset W&V
L _szgt_;__._.‘,@?i.:ﬁﬁﬁ'?j VU YEW, HUFLEW

o We write WEVL

J eg. V=R,

. Subspaces _ include - (i) Uj )

A1 _Any line_through the origin..... ...

(i} R

......................... Jeg lf A _is an. n>m_ matrix . then.
S= {yeﬂé"‘ Av 0} =R

*xef—'

_ E": WSV, then define.
Urw{urw - €U wel]

' Pr oL, &4 . e e e e
o let U %%’“‘:%’ ""h&ﬂ U Q’?d UnW are subs;:a{:@s ..................... L —



let x,% €U+W. Then
for some ~ weU, weWw

ey, e

X T U+
X={L+tW:.  for some

Then Ox +f%: = a(Uhrp)+gMarws)
= (O pUs) + (AN +BW:) € U+ W

eU GW . = fad -
zgfnce Usy since W=V fjbg ESETOT E §‘! AR

' We dlso have 9°9%0 € U*W , 5o  U+W# g

ver Us {5 xerf, W (D). xe) A
Ir W

__Saln: B /

U+W={4-¥: uel, wew] s
/

= R Mote LxT s ary vectnr g dhe xij-piane 7 |

UnW = {o)

@»/Ex - { (;c) . crl<V  w- { ( ) x.g€R| <V

4

Find_ U+w & UoW., and_ find_the dimension_of U+W . UnW_ (J and W
What is_the_relation. between. fhese dimensions ? .

Saln. — :

dimU = 2 = frsis

o dim(utwWi=3
dim(UnW) = | dmW=2 € hoss

Sa_dimUrW) = dimU * dimW - dim(Un W)

. Thin 476

tet W=V, Then g
dim (U W) = dimU + dimW ~ dim (Unw) L NSETN
= A+ 18]~ [AnB] . @

Y from. |AuB) =




Let U, WsV, ”h@n the sum UtW s dicect if UnW={o}
o In this case . we write . UtW= G&?W_____ R
___.JCiearg drm(U@W) damU+d=mW

,.,g ] i
Sifer “”xw’ gi=o

P

Y Generui;se this fo any. number of’ subspac:es
. @ﬁ? 4 8
et sy o, ixisn,

i n
Then e sum U+ Us. “"ifﬁigiji s {@5*_@_*_’7-?‘_‘@“’-%@* Ltisv

-
__;_\feg, V=R, u.:{@ xeﬁ?} j() xeﬁa} , Ufi(,’:):xeﬁzj |
:u X“"Q"‘Z X
.. Theﬁ U,+U1+U3 !(( gz}:x,g,zeﬁz}:ms e
-_YWha_f does it mean fo say U+W+T s direct? W 4
uaw={e} , UnT={o} , WaT={a} . |
This  is. NOT ENOUGH to. moke (LW and T . independent. .. i/ S
. Def. 419. | ) R A
WSV tsyer BU dectr
IF ¥i, Ul m {j
; In this case, ﬁme UBL,8.. @Lﬁf @d
Veg. UrW*T s direct if
(UrwiaT={o} | (u+Tan [o} (W+T)nu {}

In the example above, . . .. ... o
CUnle*Us s direct.

|UitUy = xy-plane J
SQ (UI+U2)_n Us ={Q} e'[_‘c___

. lenima_ 440, e
Let dw ) _”ffw‘-_i.;’f‘?. ....?’;rz.aﬁ o e
Lu s drect & [ R

Lief

Promc (=) Suppose EU». is_direct , and Ea‘ o (wsely),
 then W= “’3‘1‘ EUWEU ”......_.

. So, wW=0,

S;mularly =0 . =0




Then, %=1 : ‘éz.tl‘

Co W+ E( ﬂx) =
By assumption, %= 0=t =0

Then, wN(EU) =9}
(BU:)={o}

. Similaely , U M S
So, BV s ditect. ... @&

M lemma_ 471
_let U=V and suppose. fha"? EU s _direct

Le’r %i _be a basis for Ui . Then
(i) gg U$ _i5_c._basis_Tor @Uu

(ii} mf U = Z}’d:mi)u R
/"‘“}i < Bin anes nob wean poer
Proof': Let &1 ﬁﬂbﬂ;b{} ot
_We_shauld_prove

0 fBlS L. e

!
Suppose Eaub =0 for some.__ C'u Gﬂ:

® z:zadb“' =0

............

Since _}:JU, s dfrec’r E‘ach
W=gogbf=o

Bli'i' { (U bZ('JJ ‘,} JS Ll
Thus all_ gz=0.

o _pans..__
et %€ E U‘ fhen

x:Eg;. ) (ufE Ui)
‘,EIEGUL’I“Q

= EG. bw
i J

Thus , @ Spans .
Thereforejg i5_a _basis_for €BU=

Let 2 be an eigenvalue of A. Then the eigenspace of n s E={v: Av=ryl




o

i
e Ea s the sef of dl egeneciors gssociafed.

s,f"{,;
“%M,

oA {Z‘iﬂif §

E, = R"

B

é@% P—

T

V Proof: AQ=70 , g0 O€E,

LC"’ :{é'}:l EE’\ z D'.,ﬁ €R .

_________ = A(ourpy)

A (au+gy) = AU +ABY

copdeghy

G aMEAY

Sa 0‘“*19" € En

¥ Proof:. (hy Con’rrqdrchon)

Let Mo, M he distinct eigenvalues of A . an Tx1 matrix "fhfzfz
1

. 1{35?%; is. direct

...............................

Assume EEM i1s._not_direct.

Then_ 3 _some. dcpendence relatian
__________ W +le=0 (W€ Ep , not all W=0)

Say 821, By re-numbering . we. have.. .

__ Choose a felation  like_this, _involving as_few.nan-zero_ ferms_ as._possible.

*etlUs=0 (WEE, , W*0) 0

o o Awr L +AUsO
Mlhe .. *‘ﬂsus =

.é*f* L

=20

@~ 2.0 M2+ + s ~NslUs = 0

oo A

@

oo Ho ot

P
e A £

:z::i‘%

_Hence , @ is_a non-trivial _shorter relation
Contradiction.

Mon, 20/3/11
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olet A ke an Msn matrix o with

50._the eégénmiu@s of A _are A2 Then

ot = (ot e g

(it o is_the dlgebrac . mattiplicty  of 2:.
L e-dm(Ea) s the gecretnc mufipicty of e
Na’re .............
ERn whch s e degree of b
. Then. 4%

ﬁ_ef A _be as GbOi’%E |
Then A s diagondli Sab iff e T.'....:?%.., N TP

i

oV Lemmg 471,
: &t

(pf_see moodle , nat examinable) .

¥ Proof: (€) By prop 44, S

25 is_direct.

P;ck a_basis. j% for each an

Bg lemma 42! _ e
c% U«% isa bqs:s for @Em

=f T 1=t

Hence @E,k =,__ .

S gy

by our assumption

Thus, GBis a basis For F consfshng GF e;genvecfors,

-is_diogondlisable..

-“-?} (pf by cmhapos;hvej e
_If some €i*fi  then ﬁei<_§ﬁ_‘ﬂ

- Hence., d:m(@Ea) Lec=n .

_, _So,____._.mene.....are nat. N LI eigenvectors.

Bqu al e:genvecfors e in _some._ En;.. SRS

Thus., A_is not diagonalisable,

_Hence , bg basic Criteria for Diagonalisability, ..



\/ See Handout for Method 428
fﬂd Catt)

-Faf_“for
‘ linear factors

/ \’5 find. JB e naf dncgonahsable
o< o

naf drqgondlrsabie

A PS d;agonui;sable

Let % 0B
Then j% is a basis for F".
P'AP=D where P is inertible & D is diagonal.
VEXAMPLE: |
A= 1

i 0
30
-1 1 4

3 -1 0
-1 t-3 0 |
o t4/

(t-4) det ( -3 "’)
g -t"“a

1

3]

= (t 4 [{t_‘g) —;J S‘IJ_MN ._:{‘}’iwii"?g
= (t-4) (t 4J(f~2)
= (-9t

Ma=2, _7‘_%:’ poficates

)

S

i




..basis for E is (f,)} _ &= If

Thus, A is diaganalisable. !

let P=. ,’g.,',
e AOE

Check: detP=2%#0
so P is .inverfible.

3 1 O\/1 01 4.0 2
~AP= ( -3 0)(fo~1) (40 2) -
_ ~ [ 4/\0t 1/ \o 4 2
[ Qg 1'\/40 0 4 0 2
_pD=_(_,_G )( g ) [2 2) )
0 t1/\0oz2/ ‘\o42/

— o
Y Ex. o
Al g Diagonalise A
P11 2
R s .
Soln:=.. . t_f P
CA('t}-‘—dE”t‘ -1 =12 =] 3 {:i NS I
A A N e j“zj
Ehad

(-5 t-5 t-5 t-5] A ¢

e "‘“f n t._z --[ '"!
det| -1 o1 fen -

It

G t2] g,

i )
t ! ' t-3
Sy B B O
= (_t-_ﬁ)_det it T B v i .
Pl e e I S NRCR I Y
| | { __fgj £9.1, 1)
- (t )de 0.0 t1 g
0 0 o t
tio oy L .
= (t-5) de‘r( 0 t1 0
0 0 t—

= (t- 5)(1’“!)



est=g

e

ol
L
wy:

A=

i

>i

A

EARL Rf

=0

(ATl

|

1=l -1
v1 09
ot g
{00 |

H

|

i
!
A

2

!
2
|

T
B A

f

{2

i

J
LG 10
.Li_OO 1

I
!

L r oo

[ 2

Peg 1|

0
i
E .

3
5-5 55

f

!

is diagonalisable .

P -3

b
! -3
!

=l 1=
|

100
1 0
f -3 1 1]

r

a0

Therefare, A

i

detP =1 #0=> P 5 invertible.
to-1 =1
I -3 1

!
i

€.

Take P=

il
A

A

kP
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The Mmrmal Po!gnom;al -and. fheCayley - Hamilton __Thearem
IX% 429, _ . o e “
: . Two _matrices A and B are_sunilor if there is an inverfible P st. B=P'Ap
In _ferms of linear mappings.., if T V=V has matrix A wet. éﬁsfs,,_i% . then matix
B.of T wt acother basis & is PUAP, where P s the  matrix relafing... % |
andl é} e, .M{._TQ%;,,,,,._ and M{‘ﬂg dre similgr
m,.__é_,,\{.,.iemma 430 . o |
o I A s similor to B, fhen. Gatti=Cattl.
_pf: et B=PTAP. S
Then €ott) =cet(ti-6y ...
_=det (I-PAp)_ - PIIDI = 40 D)< 4]
- get(Pltmp-pap)
= det(P™) det (tI-A)dettpy

{ e

= (det )" CAttIdetP y o wn it
SR el

= Cat

*‘g%,, {-»«ﬁuws E“!V"*? 3

i o] g&},z?

e satars (not ey
=) e 2 g 1T
S0 Drrapebr= (§ 7 va(2 () )

S 0 {+d*b e
_If D'+aD+bl=0 , then [ 4724+ b=0 %{a B R
|+ath=0

Thus, if ftl=t*-3t+2 ', then fiD)=0

@ sty T
gm-mo-an = g §lfo 3)<68)




. Pg"zf" "?u‘ s

 Let AEMFs . Then 3q non-zero polynomial - € FILY st fiA) =

| J Proof :

We can look af MalFJ as a vecfor space aver .

This has a basis  of basic matrices [ €3 - Isigsn}

Let flf)=GorQt <@t .« an‘tﬂ"

Then dim(Ma(F) = n*
fog M ald Desld) = c (?8)+d< !
Consider the set [I.A.A* A% AT, .. A", A"
This confains  (n*+1] elemenfs .
Since dim(MaF) = 1>, we krow {LA.~ AT} s linearlly dependent.

e do, G, -, Am €F ot dll Os st.
QoI+ QA+ QAT .+ GpA" 0

L
&‘\

‘5§%’§"’? v
R

Then f#0 and TA)=0 7!

J A polynomial is caled monic  if the !eadmg coefficient s 1.

eg. f~2f+3 iS  monic
2t‘*+t4+- is nof monic

C leqr y any polgnomial is of the form " canstant x manic pofy .

ol Th 442 |
| let ASMallF) . . o
Then 3a upiqie monic poly ™ of unique degree st TRIAI=(.
| Alsa, fih1=0 = M divides T . 2
v’Proof By prop. 431, . o
there exists  non-zerg po!y f st. flAl=0.
Let m be a poly of least degree st WA)—Q.
We can make ™M monic.
- Lef deg(mi=1. A | |
_ Suppose , dlsa, that M is monic of degree © and M(A} =0,
Let $=m-m"_ Then .
degfi<r  gnd ftA) =miA-miA}=0-0=0. :
) _Some constant multiple of § s monic, which is a con’rfadrc:hon
umess f=0.. . o B

_Thus. m= m’,




e M. is.. UNique .

@:If f=mg, then FlAi= m(A)g(A) N
=090

@ If fh=0, wite J= mg+§1 where deg(§i<deg(ﬂ
_Then SI(A) = f(A) - mALY(A]

= 0-0
o =0
Hence 9=0. . .. B S
Therefore, f mg and_ £ R . B
vV om=ms s caled the mioimal polynamia of A (over F).
v EXAMPLE.

F® =t*-3t+2 s the minimal poly of 0=(g,) _because
D” 3D+21=0 and Dtal#Q VQ.
\/If A and B gre similar, then matt)=mgt).
~ Proof: If B=P'AP. then fi8=f(P AP
L EPFP
50, f(BI-—O & fA)=0
Therefore, ma(t) Me(t) R .
Thm 433, LThe Cayley- Homitior Theorem | o
Ls’f“ AEMF)  Then  Maltl divides Cattl, (and hence. Gatbi= {})

\/ Proof - |Easy . BUT WRONG!
CA(U = def(ﬂ—f-\)

Cath) = det(AI-A) = det(0)=0

We. can replace matrix A by any matrix 8 simiar fo A since Ca(t)=Ca(t)
and  Mat) = me(t).
_ Assume F=¢€.

~prove . (by :nduc’rron on M), L
N=1. tivid , since then Mt/ =c(t)=t-qa

Lef 7 te an eigenvalue with eigenvector Ve, and extend fo a basis {4, %]
for F°

Let P= (¥ - Va) . P is invertible , and




Le’l’ j’(ti"(t—m)mc(t)
_Then ftA)=(A~ nl)mcm)

o Ey mcm T _
P P (C)Fa
. \@ * -\ 0 fﬁ;g

_AP= (Av AVz AVs . AVn)
(AY AVe AVe o AVW)

i

i)

i

APz, XN

(% - wf?\m%_}

s (i‘~?\)§Cc(t)

$ eg. (’7\ "Jz._. /A Ve
ocC g c"

e e Sl
f(“ C) (0 fm)

Therefore,  Ma divides F=(t- n}mcm

0 n ¥
__SO We can ossume ihaJr _A“ i ¢/

R —
o - e (O’trn"'-c)

»».

P g by 1 o] ]
Choraoiehstic Mifg af L

ot 5"?; Celf)

: ,
R WS Ry TG

wh'ich divides

ff MCclt)= CA(U

N7,

}‘?"
%g@




Reminder of definitions and results about elementary row opera-
tions

Defn E1 The following elementary row operations can be carried out on
matrices:

(i) multiply row i by A (non-zero), denoted by d(i; A);
(i) exchange rows ¢ and j, denoted by p(7, j);
(i) add A times row j to row 4, denoted by e(i, j; A).

Defn E2 Corresponding to each elementary row operation e there is an
elementary matrix E obtained by applying e to the identity matrix; we will
denote these by D{i:::A); E(iy A); P(i, 7).

Defn E3 A matrix A is in RRE form (reduced row echelon form} if:
(i) the first non-zero entry in each row is a 1: this is called a leading 1;
(ii) all the entries below and to the left of a leading 1 are 0;

(iii) all the zero rows are at the bottom of the matrix;

(iv) all the entries above a leading 1 are zero.

e
Fact F1 If A— B then B = EA, ie. the effect of doing an elementary

row operation e is the same as multiplying on the left by the corresponding
elementary matrix E.

Fact F2 Every matrix A can be reduced to RRE form, say T, by a sequence
of elementary row operations, say er, €a, ...,6,; here T = Ey,.. . Es sy A

Fact F3 Each elementary matrix is invertible, with inverse another elemen-
tary matrix. '

Fact F4 Any n x n matrix in RRE form EITHER is the identity OR has a
ZEro TOW.

Fact F5 Suppose the square matrix A reduces to the matrix T in RRE form. -
Then

A is invertible & T is the identity

A is not invertible < T has a zero row.
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