1401 Mathematical Methods 1
Notes

Based on the 2016 autumn lectures by Prof R Halburd

The Author(s) has made every effort to copy down all the content on the board during lectures. The Author(s)
accepts no responsibility whatsoever for mistakes on the notes nor changes to the syllabus for the current year.

The Author(s) highly recommends that the reader attends all lectures, making their own notes and to use this
document as a reference only.
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CHAPTER .Q D‘Fféfe{?m Celeylus e
) Recajl......fha‘f differentiation  is abaut rafes of change .
~With _ distance-time graphs., question about rafe of change  become. duestion

_ abou’r gradren’r . L
201 Defining dﬁem%a’r

speeds , acceleration el

fy P

grad:enf of fhe curve m” P

L gmd(_emf of PQ

| "i’ax

B 2] I S

e ~_Rigorous Treatment in_ 110l
<. If b is small enough , i fmhrﬂx)J
. _gradient ot P = e h o

50 icmg as_the limit exrsts mdependenﬁg of how h—fo

e not if

Fexip

L

» af\fgn.__funcﬁon"

1 IO T [ N

D4fFereﬂhable everywhere B Conhnuous evergwhere

_.___..Welersfmss_ equaﬁon;. continitous .evergwhere.__ .
BUT. differentiable. nowhere !

N

Not smooth = .

Ry

- NOT conhnuous

. [MATHZ102]
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USe for approximation

If we dont go (all i'he wag) h-’o hen

= jf{awh;mf{x;a»hﬁx; S0 iong as h is smali -

EXAMPLE . Find T25.
5o fW= and we know F 2
If x=29, h=2
| = 5 = fap + (-2, F ] = 2 (%2926)
Geomefmc Application

If you have two curves crossing of right angles , . . @
I3 =
| L ten locally their gradient are normal 0
_ - each other , ie. theyre negative
reci " er
/. ; .e:cxg_rocals one oy
% . Tw.goe = -1
/ Xo »

90x)

:> 02 Tm;} T‘ Di ﬁ"tﬁs‘eﬂf :
~ Sometimes you can't wmfe y as a w‘unc%on of ¥ d;recﬂg but you
can il differentiate

EXAMPLE ©: . X**+y’=T1" A

Differentiafe: y + ch%%:o L

C Ewee @ YexT ) %7
Lng—(n(x") XWQ B normal fo o
ST Differentiafe QEIH“£”X+XX.__________

=lax +l

w
o F ety
P et




Curve Sketchi ing...

feafures of a graph.. |
. Consider 1 odd / even/ nel fher
2) poles / singularities
_0r._CTossing axes . |
behawour — +00 , -0, po)es_.

LAST,{ 4)_stationary . points (“extremal ") = f(Xf [

5)_points of inflection = f'(x)=0
____Rech: odd : f-0) = -fix)
180" symmetry. .in_arigin.
even: fx)=fog

reflection in_ Y-axis /f-for all functions’

Mosf functions are neither , but YF we hae

_________ foo= % [foo+fex XJ, t 2 (500 ~f-0]

een  odd

_Note. odd x odd = even function
_even < even = even function
odd x even = add function

12 No. symmetries

2) No pole . S
3) x—+ee . X* >>Xi'=? Y=lx =
. X 00 DC“»X =2 y"’ﬁ
oy $-d x+x‘*)%(2x+z%x )=0
xa?

H

X

SN

_-».no solution

_EXAMPLE @. Sketch Y=Jx**x¥ for x20, 420

s daas
¢ more ke

AxGDo 2o

Rather. than being. precise , curve skefchmg is abouf cap’rurmg fhe essenﬁal

e o
-

".no stationar ? point = If JuS'f' JOins up.
]

EXAMPLE @, Sketch Y= "f T

L) No .symmefrg |

N



) poles af x=-1 A
Y #g 8(0)4 ) U0 pes0
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X -0, r’x*-«- - [ x| o
(%H) -»oc

T R N
X=2-1: et x"“fiz wha+ happens as 4-0?
Jc—u+w2+r i _

y= ~ 55 »+2  from both sides

Hdy_ FOCH) ?z'x('x-»u“ﬂ-(x‘ﬂi'i".z(x«ur).l o

dx (xrhH*
_ XXM )2~ 2(x+) (X*
(x+* s
Iy dcsil ‘*(xm—z{xzﬂ}z .
(x+’

(QCZ‘*.‘U_%. [x(x+)-2(x*+)] =0
X (X*1) = 20X*)
x*-xX+2 =0
~ No real roofs o
. No stationary paints. = It just joins up.

Thurs.  23/08/16

9 04 Eiemen%*arg Fund’zsﬁs | o
O Expanential - Function - %__x;:{@}
xl X:] S
1101 Definition: e*=1+X+57* 30" o o
| g;‘-,’% _____ | Nete:0!=1 |

| The sum diways canverges.
- This gves us eYed=e™
| g-—(e")= e"
(e?()&f -
ferdx= €”+c




Exporfnﬁqi growth / decay is faster than  dlgebroic _powers . .
in(Ew)m0 vnazg

eqx . .
Lim ( )~>+0° V!’l a»0
 x20 o
e +e

XAMPLE Ske’rch 9rem
L) no__.sgmmetry__ o

~2) pde is.at X=0
420

3) Xtw . gFaeX o e

e - —*..e”‘

99 e
X0 et X=0+U

| __£ Use series_expansion ! ]
SIFUAI-Ur 24 o

As u->o 9""’* O ._.las Y approoches O from the positives”

As 4—=0 : Yoo

4) du_ (Qe‘”‘—e"")(e“ﬂ)" (e“+e"’°)(3e”°)
- L I

.__..sfaﬁonufg po,nf at . X- atn( atl“ } r‘qec’f 3Ln(-_af~4@)__________ o
.50 one stofionary _paint. found. __
_And we cannect the curve,

-__Invense of e* e

Ln(x) wor logtx
Satisfy

log(xy) = logx + logy

L log(x% = ylogx

Hnd fhe derquhve of log% (and any. inverse Funcﬁom by. (mphfmL drﬁerenﬁaﬁon._ __

Y=logx @ x=gY



-ed Y
gi_,..iﬂ.J_
x &4 T x :
This means [ dx - logx +c
I 4 dx = logx

- Logarithmic growth / decay is slower fhan algebraic.
EXAMPLE : Fmd derivative of H:qrcsfnx‘h\ém
siny =%

dy _ _L_ e g
casy 5N + COSHX = |

a;g__ .=' ! . i W

- Trverse Trig Functions

A /\9??{: A_ y=x _ 1
-~ - - o
# #

- s /f
- /
k4 X ’;
7 -t : - 2
L _ AR T /
r’;l - [‘

sinx _ cosX _ tanX

aresinx OroCosx arctan

*%;_Q'S [eibniz  Rule for Differentiotion %{%E_éﬁii@j
- This is the product rule for differenfiating n tfimes.

o
o *'%’j

PR

YW o - . - lll
then Y'= Wv+wv' 121
. o o o R
thep Y"= W'V + UV E UV UV | 146 4

= WV " | 510105 |

ren YUYW AUV UY

nt

Pascals  Triangle

e 7 e ot e
Indeed, a0 SR
- B0

gﬁi}%‘i@ o o 3 —x . L

'Exdn.:!’_h ‘Eind the nt derivative of x€° @

3% o
o [’;c\e 1

choose fo be v so it ends




Hyperbolic  Functions A W2 %%
These are the odd and even. part of

*-e™*
Csihx = 55— ._.coshx“ﬁ’*g-gf

- We can also. define  ather hyperbolic ~trig 'funcﬁons

_er-e™ _ e
tanhx e +e_=q - ..e:gx.._FJ - ) Cofhx = fanhx

]

W
~

Sinhx _— ceshx . tanhx

- Behaviour near 0. S — o
e*-e™ |+x+3r =(l=x*3y~)
series form b

L SIhX =X+ 3+~ 2X  when X0
Similorly,  coshx ~ |
tanhx =2 x

..8inhx =-

..... ._For Sma"x

__-Behqv;our 05 X2 t™ . giphx - i‘e sgnx)

i’f!
coshx » 7€

~ tanhx - sgn(x)

N / e

B~ R __n,,_g_-_._]...

ngerbohc :den’nhes are_easier to. prove fhan frig idem"iﬁes buf am:lar

..EXAMPL.E:_ _Cogh'x ~sinhx =]
ws= (S~ (550
=zl zre T -e™-e 7]
=1=RHS
__ Ctue ¥ xeR
ther ’rr:g (denﬁ‘rres exist of course.
. cosh*X + Sinh*x = cosh2x

We an differentiate them .
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Assessment

I lone] mcoshx Selomlesmn  Kltwhxd<secx g

'.{'(‘S\“;y

) g;c_[cosechx;l:—_cq_sechm:thx__ g;[sec_hx]vsechxtanhx | g—f.'coﬁwcj-—coba:h2
Ngte. Jtashxdx= lnfcoshx]

- Inverse /ggperbolic.funcﬂons Ao T S R
S
__ 7 A ,
/ o ’ - 3/ P
arsinhx. arcoshx - artanhx
sinh™x . cosh'x o tonbTx
. (NOT one-tfo-ane function]
Y= cosh™x
coshy = x L _ e o
e i . .
N W
o zxim - Xt [T - |
| Y= _tn(XfJ?T‘— ) |
So we say cosh™@ = In(x+fx*-1)
Similarly , arsmhx'iﬂ("*«fr )
artanhx = 'Lin(
....... gg:%}
Mon.  03/10/16 .. L S
Mathematical Mefhods 1. MATHI40l .
| P{“Gﬁf Rod i’iaibiﬁ’é
r.hotburd @ ucl. ac.ijk o
 Room 103 L
1Gr?g@ Hour . Mmdag at tlam
" Colculus. Test s/ | e o R
Problem Sheefs (hest (-1} oyt of n. N&8or 91 — o (n Ja)
i, from problem sheets + vector test (week 5/6) + mid-sessional exang

| Final Exam 8-



_______;__,Sglfabus..-________ oo Vectors
: - Complex Numbers |
- Jaylor Series
« Infegration
.= Differential . Equaﬁons
i n Probability
=0 8 Vectors § B
| —A Scdar _is 0. quantity . ie. represented by a single (redl) number .
_eg. . femperature . speed, disfance
-A vector hasmagnitude  (ie. lerlgfh/ size). and drrec’non e
eg...force , velocify, displacement N e
= We will_represent any. vector in. ﬁ? (Euchdean 3-space , ie. 3~ d:me:}s;anql smce)....
i ~as.an.arrow , with length represents. its magnitude.
W'Mw _; -Nefations: . _
Ncﬁ'aﬁ / (boldface efter) A/ ;\g

< -Cons;der a dusplcxcemetﬁ from A fo B, and from 8 fo C.

Mulftphcm:t:;m A o
by. QSCGL{;(‘ A V*“’* e

o |
Trtredctic n

_ ~Vector addition is. commutative  vusd+y
B “associative  (4ry)rW=U+(vew)

-+ We. deno’re zerovector by 0
_lie. the vector with 0 lengf’n) o ¥A0=0*y=y
Muihpl(CQTlon by a scolar -

.~ let ¥ beaector and let A be a non- negahve scalar.. S —
W define_the vector AX 1o be the vector pointingin +he same. drrecﬁon as.
wn‘h length AlYl, where [¥| is the length of ¥.

*If A s less ﬂwan 0, fhen /"W pom’rs in _fhe oppoSz‘h‘f dcrechon 10 and hap
length Al




o o such thaf”
Let -v" denofe the unique vector st. -

V(¥ = 0 v
v ~V=Clly
A
T .
A 78 = 0B - Gh
¢ 5 & g‘,
—_ 8 =(”¢g)+b. = b-—g . A
. Position vector of the point A is fhe vector i Etia N
r=0A |

4 Cartesian Coordinates
» Any vecfor ¥ can be thought of
~as the position vector of sore points

P=(abio) E:(ﬂ) .
: C

- A unit vector is a vector of length 1.
olet 4R (or &, 8,8) be e | o o
unit vectors painting in the direction of  Right-handed  Coordinate Systen
: increasing x, yard Z respectively.

“f) ) )

-We essentially have <.j,k dll perpendicular to each ather.

o
il
L

e
ol
o

-

MATHI40]
- Prof. Rod Halburd

Far the length of vector -

§ = o[l =g;ul=1  unit vector of ¥ (in the drection of £).



v = [y, ,-f-, |

gz‘h

[}

e

‘\p.
_. %_K‘)

[..

direction

EXAMPLE Qiven d hupezmm ABCD Vm‘h AB//CD Show . ﬁ)cfr - -
_the line Jjoining the mid-paints of the diagonals (EF) _is porallel to AB&CD |
- And show that the length of EF = half the difference of tength (A6 &[cD]

Solve que fhe arigin. a’r A |
let b=M§, c=AC, d=_A"B

C=c-d parallel fo b

b 2pt

AY=(AQ)L +(Ab){ +(AC)R

f5 Equaﬁqﬂ_ of a s’rm:ghf Ime R o e
: + A line fhrough the point P in the direction ¥ is given by . a
& . L=0Prty L Pacometric Equation of a lined _p.

~each value of t gives a point on the line




e

EXAMPLE . Find a parmetric equation for the line fhrough (1:2,1) £(0,1,-1).

Solve : Le+ PUL2,1) , Qa1

v==(1)(2-(3)

R : (0+j-k)-(4+2+rR)= -i-J-2k
r(t} cﬁﬂ:v

_(3)+t )
(f.zi)

x(t) - : |
r(t) =(g(ﬁ) = X(OL+YtY+ 2Dk |
Z(t)

X { ot },Enmma’re t 1fo get

z=1-2t a non-parametric form
- Nan-padrametric  Equation S
()= xo-y-2= _Z:'_:_!_ [ Non- parametric  Equation ]

- Mid-painf / PoimL on lines :
EXAMPLE @ . Find the mid-point of P.2,1) & @(3, ,2)
F-%(OG*@) using parallelogram rule
R L= GBrifd
= 0P +% (08 ~GP)

=4[

= mid-point: (2, __,2) |
FXAMPLE@: Find the point VY3 the distance From P{1.2,2) fU (-2, 1, 3)

r= 0P +3PQ
= 0P + (08 - 0P

(56

(f/,j) > poer s (0.5,3)

Lengthof ~avector

2




v edeer L7ib

Similarly, ¥ =at+bj+ck

<

162 Angles between two vectors
_-low of cosine.
_C*=a’+b*-2gbcosd

+In ferms of vectors,

L |k-af® ll+fbf‘-2! HblCGSB

__ _____whese..,;—',‘_r__—_ __ GQ*O‘&h o

b -8 = (b~ aw*(bz"mﬂba oeJka e e

_sub,:,__Jiﬁb_;___ ~A)*+ (b =0+ (bs-0s)™ ) (Jar"*af*as) *ub:“‘bf‘*ba) “-2/allb|coss
-20,b, 200, ~20sbs = -2l blcose o
la.bs +0zb: + asb; = [af[blcash]

[ Mon._10/io/i6 B
MATHI40l. _Mathematical_Methods 1
. R Prof_ Rod Halburd
EXAMPLE Let C be a point on the line segment AB
If C drwdes _AB_in the ratio a:8. then .
A= CG =
__LeTQsOA b=08, -0
5 C= o“A’mc a+ﬂ?=a+ﬂ(b c)

(e= 97‘”0 U
2 C=-loa+rb . S |

_— {If p<0, C d;wdes A8 ex’rernaly)
_.Recap Let a=aii+Gj+Gk




b= bid thyg +bs

According fo low of cosine =
[a-b|* = [g]*+[b[* - 2[a|lb| cos

{[al[b| cos@ = b, +Gaba +asbs = a.b| Secalar / Oct product .

. Scalar 7
 pa=(Ad)d “"(ﬂazJJ +(7\Q3)B

2 (AQ)}b = (N + (A0dlba+ (N bs L o
<A(mb+Gbtasb) | K Ansyer = real numbers
= 7 (0.b) _ N 8/4/R
=d.(Ab) /
Let €= Cft*Cai*Ca fhen L o L =

a.(b+0) = (ai+0:j+0sk) [(bl*cr)i*’(bz*C:JJ +(b3+CaJ k]
= Gr(br+Ci) *0a(ba*Ce) + Qs (ba+Co)

= (orb *Q%_@*Gab—*) (0c1+0:C2+ Q) .
_.:_9 b+g.c  Distmibufivity.
fcosé: g:b _ a.b.+a2b1+aab3 |
&% ‘. [ ”.t){ .Ja.lﬂ"."az:"‘a_s:-Jbt.z*'bz:*ban 5
 Note. a.a=|9/[d[cos6 =[g[*-0%* |
- U V=0 iff 4and ¥ are perpendiclar 0B 40 f |
R RO o . | R “if and only i
© UYy=0 & U ae Vae or%ggm (I’fc‘) BT e

11 Projections (BRS%) o o
- let ¥ be a vector and let 8 be a unit vector.
4. v =|y|cost represents the length. of  projection .

. of ¥ inthe drection 4. =

- We . deﬁne the projection of ¥ in the difection 5.y

4 10 be )
Proja¥ = (@,y),g b
[a
Proaf: ﬁ"l-fT shows direction of b Y g
. direction of €: b ___g"

£=7D yhere_ 7 _represents_the. !engfh af €



Bk
Jength VE‘ direction

. - Gien a_unit vector & - We can_uniquely _writt
Y- Frog¥ —.down_ ¥ as a sum of a vectar paralle] to 4
S / I ~and_a_vector . orfhogonaffoﬁf
& Mgt ,v=(EJg () + (2= Projg ¥)
= (8.9)i+ (Y- @yg)
. parafiel 1o q arthogonal o g
- Check fhaf jhes& vectors _are orthagonal
[@.v8][¥-@va]=(@.yv)2Y- (4. V)
- @y-@yr
=
> perpendicularfo_each ather _
. Fri. Mobe .
MATHI40l:  Mathematical Methads |
- | F’rsf Rod Hatburd .
__Recap. d.b=(g([b
,,,,,, ja- Ié-ﬂ' ,.
_Projp ¥ = (4. "E ,,

XAMPLE :

F:)

@ vector  perpendicular fo 4.

Soln: Ql J3 *4=5

?

SO — — ,.W,.V..,.,,,.,,,MM),, S
) i 4 - W:.
_..saln_ = solution’ //% -

Wm‘e y t+21+3k as._the sum . of a vecfor paml}el 10 A= 3‘»"“&1 and



pfizé.eﬁ

Cv=wemt Pef‘ﬁéﬁdmu ar \/egmr

l8 Equahﬂn af a. plcm__ i

:.N,WL_ei‘,“,.ﬂ-m.._._ba a_narmal_vectar fo_a plane.
(perpend;cu!ar)

cmd let P be q point an the plane
let @=(x.4.8) be a general paint on the plane.

Naw Pd s arthogonal o1
so N-PA=0  where 0=04+Mg+nsk

= (Xo,Y0, Zo)

ny /% % \
SRS SN ,Ww)«(,n?u)ﬂ( \9 ,wga P G - .
- z,/ | o | S W

= Q'OP

-| EXAMPLE . F;ﬂd [J_meﬂl vector 1o frh,e piane_

e . 3%*24-2Z=0 . .
' Ip=g+ndi+uds

+ ' (osiness:

n= (34
Direction -

v=ui =9 V=

(l\

meg. 0=t =cosp
mekd=Usscost e @

k direction cosines




. cost=3 )

,,,,,,, k12:2 Dtsiangew of _a_point ﬁ:cmL gmplan&
"pt’ .« The distonce between a_ point- QLa plane P is. d;s’rance befWem Q cmd |
“ooint” +he c!oses+ pt o Qon P e 2t ff q

: A= Nate:, =
d-’—‘lll , =Mwher€/& si\nwn
. ' g& i St et R e, Y E -

@R
—-—gn
QR

:)-cs

-8

pom* an fhe pane be a pt on the plone

EXAMPLE Fmd the dLSiqnce ﬂom (1,1,0) _to_the plane X+24-2Z=|

Sain: normal : A= {+42-2k

0] = {17 +2%(0* =3

== =34+ *Qk) _Any_point_on_the plane

R=(1,0,0) is g paint on the plane = (that satisfies x+2y-2z=1)

Q= (1,,9)

Il

Vecor Product / Cross froduct / Hedge Prodect

- Let's fry fo construct a product of vectors 4x¥ giing a. vacfor

We want

(M) xV =N (Ux¥) = @ x(AY) asseciafivity

Ux(y+w =dxy+ Ux
(Yru) <t = ¥ xd+Wxu

- For two. perpendicular_unit vectors 8.Y . define

<>

4x3 to be the unit vector perperdicular to & and ¥, -

_with direction._given by the right hand.  rule.

_not commutative

.ﬁmlhd vxy=0 R
. =j<f=kxk=Q e




IF
o
P
+
8
L
+
&
‘N"

o =(‘3'”qf.1*03k) (b*”bzﬁbak) The_order cannat he ceversed.
= Quby ixi +Obaixj + Qibsixk +0abigri + Qab,{xf + Oebsjxk +0sbik <L +Csb R>J + Gsbsk R
g = i == e ‘i d ’-i ’ ‘”5"'

lQ
tcr

[

kY rd EY I A ¥ -
0 R -] -k 0

= (azbs "qabz,)i + (Qsb, "gabg)j +(@b~thh)R

| This defines the vector product
- ___=cross_product . 472
g

= wedge . product

. Check 3

gfixb)=b.(axb)=0
2 axb _js orthogonal to @ 8B

. ' | vess d8b
- Let. 4=8 = unit vector_in the direction nf
let ¥ be q unit vector perpendicular to 4. and. in the plmne spanned by
=l - 5 P
....... . .

<>

o i
h

=0

e
+

)

1§:>§9‘ :

Fa
- . e e
axp=odix(bd+b®) ’f‘.,/@.,
1 =ab@<@ +a1bzﬂ*v e
g L%ﬁs'f' vedog‘ !arl M

 |b[=1b[siN® hene ee[o,rrj

[axb| {a'b;”uXVI
=labs) ]

= [l{b[sing
% scdar product — scalar ,  vector product = vector

dxb=~-bxg

Ax(bxg)#{axb)xC  in general

.

&
i

0

| g Gx(axp)#(axa)xb B 30 \23%&;
. [Joxb{=]allb|sing = area of oaralie(oqmmi' g W” -
a




Find _the egn _of _the plane cantaining the . Teqnz"
I {non-collinear) pts P, Pa, Ps
- Saln: PifP: 2 Fﬁmjﬁ,,,,ﬁmihewplqne

in

equation’

n= Puf’s PP,

oS0 P is apf oon the plane £ 2 s a narmal. vector
U [ see previaus exampled

a+au
_b,_.,}i

|“‘5|

CMon. 11 s

MATHEOL Mathematical  Methods |
Prof.  Rod Halburd .
. \Recop: Axb= (@bs-Gsb)it @b -qbs)d +@b-@b)k

ey o
[axb] =Ia)lblsing  where © €L0,T] : é{\:\\\@\\ '
a

=are of paralielogran B \dfrechon s pemend;cuiar 1o
. i 9/\*) a &b and given by the

ight .

o+ Two. aliemm way. i cglquﬁng ...... axb, ,'j,gh hand n.’”e

| t §k
_ Method 1 ,wgm,__,?_f} = 4 2

G f: E ﬁf‘feréfiigdﬂ
e

,,,,,,,,,,, o 1 N ] hlld B3l e ly 5| =905

(1) &iz3 =1

(i) €4k changes sign when we swap two indices
,,,,,,,,,,,,,,,,,,,, For_example , =&k = &gk R
v ,,,,A.N,Jf%ang,,,,,,,WZ_.W.Jndu;cesw.gﬁewme some
_Cuk =z _for _even permufations_of (1.2,3)
_for_odd pcnmuiahons of (12.3) S
X (2, L3) # (123 | permutation (odd) =2 Coaz-l
0 (FLy+iy P23y pemutations (even) Enel




e:!*‘[ ’ 633_{2_

€=

Lam

=4,

.| Einstein Summation . Convention :
indices are summed _aver ¢from ! o 3).

x€i= ggdkek under. Fipstein symmotion  converdion.

EX!LMELE ,,,,,,,,,,,,,,,,,,,,,,,,
a = qEj

reoeafed

( a;e;-f-azeﬁoaea)

= &4k Aibi €k

.|Q. Find tre distance from the pt P(.1, -1 to the plane contains the
nts AlL0.0) B (-1,2,1) 8 C(0,01) _, ] _
|AP. A =
i it normol o
S T . L B Lo ey R G
2 vectars in the plane are A =(
A _normal_to_the plane is A0 = AB=AC _ .
t ik
~l 01
W = (4 B
hhhhh o] rerezr =3
a2 .. 2
B 4(i)-Fie3iedk o
........ Aﬁ :L(,._Z};:_g - k o
) . 2 distance d = |AP. 8] =] 5*%“51,”35"
112-3 _Distance  between twa (skew) |
n=0+A4
,,,,, ‘. uxy s oeroendrcu!ar m boih 4 and Y _(ie to the lines) .
unit_vector f o 27X B .
- )ﬂ x\/l /CL
-Let W be a vector comnecting any pt on the | *t_line with any pt an
......... fha 29, then we want the. fengfh o the._projectian of w_in the direction @
d=]0.(b-a)] |

b3

V=[@xb)C

\lolum& af QMPQMLebplpEd.




B .

A Pl
T [

- " ) L
= ! ! / P b e
b ) . o }:N, eersenirnr T S

-\ Theee Idenfifies. |
; Egpimn = Ojmbkn ~BynBlm §g={0t¢3 . (summing over £} . .

-EimnEjmn = 254 (summing_over . _and 1)

étJEigk =6

. ~(summing over. ¢, § and k)
L { Exfremely Heloful ﬂ@iﬁ see 19/10/16_ Problem Class . 19/10/16_Applied Tutorial

& {Iri inted _notes 7407 — {ector d&r@mﬁ? gnd _dndicas )

Fri.  2tfofe

_ Recap:

Mﬁ%m%z Mathematical Methods +

_ Prof. Haburd -

. etzi ; Qz J JEJSE'

EmxCn <= é'mru €+ Cpna €2 + (Sm,,a €y = E fmnpf.:-'p where m, ﬂ,PMEM{! 12,3‘}”'_%
€3 T
T . Y i the crethioient oA

AT R Oy
&<\ I
&,

€ % € = € = 08+ 0ge + & G = Ea =0 I
=2 @+ Crpe *Cims  Epaesl
< All_ Eyr can pe deduced from
(i) Eiz=|
(i) swapping 2 indices  changes the sign
T T __J.%iL_Qppiﬂgltﬁq?.l”fma:‘@ﬁ
(i) If 2 indices are the same —#0
i eg. Ca (has 2 Is) —* &=
e Mwmaﬂsfﬁ:aﬁv&zmmwﬁﬁﬂ@nirm

b

G4 s o oscalar (if =1 then aj=ad)
8 s a vector (if J=2, then €5:=2)

a :3217%1_%1 . fePEGTed 7j" meqns we'te summing over A ...



Simil larly , b: =be€r

_Therefore, d»b={( 01.@1 ( bkeh)
= Qybe (€)= Er)

Kr_aﬁecker Delta

: .
= Oibe&uer (LEL)

A S lej
S {
0 ¥

-8 =q5bj

icy: 10

since we're over 4

= Gu G+ 0128 ol

49 =ai ajmﬁﬁﬁd ,

Oif0ebj = Gjbj = 3.6

= Qb * daby + Oaby

-3 Identities:

&.rnnfmn

254

etfquﬁk "6

10xb = EpdebiCh = dee

where dk = (fgnadg]

(Qx_[?)xg = Euhdﬁc\j_e_k

. Q&ﬁt,,N.iﬁ,mﬁ_\_dﬁm%.wiﬂd&& e

Wha’r s (axgxs 7 . Anything_that has been summed

= g (EmmiOnbn) Ciek

The 5% index must

= & &g AmbnCyEr

be the same.

s

L

= ( §jmbin = 5{nbkm) dmbn C;Ex
= BmAnbrabn Ci€k ~ §jrbnbrmamCiCR
=(03G) br€k - (biCy) Qe
=(@¢b-(La

. Triple  Products

@ Scdlartriple. . product. g
1 (@xb)c = (bxg).a=(Cxa). b C.. . b (clockwise)
= ~(cxb).4 «-«.-(b"g} €= ~(gxQ)-b
e \Zecfor “triple_product R &
- AR g » {b X C) (G C)b (g b)C ST ..%‘&?:ﬁ.g‘.ﬂ._ —3 Pt & gw f =% 1:,—;;:;{@‘,,{”” [,

Jacahi Idenhm Q*(bxc)+c"(§(xb}+b"(f’<g)




LAl mgcf@g 12lwfie
MATHIbOL  Problom  Clase

P m«:j?“ Wilzon ({-leben)
helen wyifson @ acl- ac, wk GUESTIONS on Mooslde
@ fo[=]a.a b0 find e mm...aﬁ’ & 4
 becouse 2.2 I%”Ql Cosg tho_ =0

*o\~psr\i:x
M B Bas. Jko;mnﬁ iia&hiun

r L0hed de wae mg_:l,,,,,,m,,gmwi,,@
@Mg f,{jwaﬁﬁf do BC |

léTD J“f%g ?:acw D s e m‘&?e?

 oend AE =z Aa
% @E *’“‘“5?}’?’*"’53}@ ......

,,,,,, - O - -2 =B
J b = 2444 5k
S — - R B AR AP b0 T S ?,‘r;é. et

"?ZMO( It ”f\hﬂ&w/{‘»uoli e—? Steb~2e

J d -
Q.+zb_"3£:(fg)+l *3()




2 b

B ..le e s Fy

.o o= fiél%ffia Cosg

i “ ;i A S

B
he @nﬁi& P Casg{“{j

@ C:IA)-E‘J’} o o0 - 2800 vectens A . mo/ 5 T ‘r‘/q,ou :

m#ﬂﬁwﬁy@@%mm/_ﬂ& LI

(i) 4,41( /a-\-b "/@ 1"

4 f
B < (atk) (a-k) =
i ga.(a-5)+¢ [zw

?
o
R
e
3
§
g
5




| Wednesday

[q/10/16
_ MATHM40!

Problem Class

== Index Nototion

De. Wilsaon

iv

Eingtein  Summafion  Convention.

3
q [} bk means ._2 Gk_bk Y

e Always 3D space .
Dot _product .

g_.b_ =(GfJQz,q3).(bU b.’,; b3)

= alb; + Qab, +Clab3

=,!3] Qicbo

R=

OR__with summation convention, .. .

Z b = Opbyg

T o w"
fg at é AT e fes
:

enedted index o
i 44

JRules: .

S0, by s the (3x3) identify matfrix

#1,. A r‘epeafedwmdez( ha,,,gaew expression) is_ cqllcd a dummm
does _nat_maiter
- 9. QikCe =GygCy

index . 113 name

.Ci
A

And it con konlgwmpeaf m:ce

f2._ An_index which appears only once is a free index and it
Jof the 3 possible vaves.

_represents_each

Ac =byCi  (as an example).




. What does it mean? .

It means 3 things (at once) .

L MND Oa=baC tbuCtbaC  (4=2)

AND  Gs =buC; + baaCy * by

i (free index) [abels _which equation
,,,,,,, J.(cummy index) _is Summed witfin each equation :

. Ty
! (4R} = {123} or {281} or {312} 3% 2 (clockwise)
-1 {ik] = {321} or 213} or {152} £2% (anti=clockwise )

6. ik

e
[ L 0 qtherwise

(1) f{;;}: 6:1 ki <+ 1= to e et F coame GO

¥ Cross  Product
axb = €iéyeQibe e

Remember Gt = 9410
% We con always use 5 fo “canvert’ j to 4

€. ég)ﬁjmnp,gj__x_ﬁ"ﬂfl&w o Avery handy) ,

o

Y A .
B wrnet e S o
& i d i SIS Y

iThe € foct
. Qé;ﬁﬁ;@ = jplka~Ore .

&

8¢, @x(bxg) = iyeayRxC)y
= 84k QiCrpghpCq
What I mean by (97Ce = Capgbpcy  is BxC = Ok Capalply
e = ©:0ybpCy CkCupg iz |
,,,,,,,,,,,,,, = EiG b Ca &g
) = £iQbrCa( Siplyg ~ 5egbyp) o
. . =£i%beCy bipljg - €iibpCdeg b .
C babpobi GuCyeC  BgCeCi Gplhehy S

beaiC; ~ crerdihy < b(ac) .mg(ggj




o Wed. 19/10/t6
:' Applied . Tutorial

B

Lt

EXAMPLE 0:
Prove  (axb).(cxd)- (0 -J(b__) ~(0.d)(k- C) e

(HS= (@bl(e~d),
ek ibe Csmn Cmdn
OybaCmtn (CyeCima)

GibrCadn { &inEin ~ %;n‘f’h@)

= 0y Co 5jnbrdn Bk — G300 S50 bECin Siom
= 05Cs bede - 0ydybrCr _ .
= @.)(b-d) - (@.d)b.¢) =RHs

: in

1

n

. ;E)(AMPLE a.
_Prove a.(bxg)=b.(cxa)=¢.(g=e)

,_._Pmof a- fh" C) at (b"c) Nt

5 ik Ot bJ Ce
=b § S GoCr Ty
= bj (E"Q)J' o
= Cr€ii Q: b;
T ChCRyOeb |

= Cr(dxbjy
= C.(axb) o | | 7

én




228

T




2010016 [continued)
_MATRIA01. Mathematicql Methods !

& ComplexNumbers §

Chopter &.
31 Introduction

| 4E]
ety where. X .Y ER is a complex number.
Addition . O+t 40e* 18:) = (% +x2) + (Y +Ys)
Multiglication: (% *18)(X: #18a) = % X, + 1% Y, + WY XatiYy,
= (6K =YY, )+ 106 Y +UiXa)

t

Division: xﬂy _where (x,y)?&(o,o)
. ..denomingfor

t__X-y . muitiply._numerator. £

= xX+y . X-1Y _1
gty _...by_complex_conjugate
L T xy g B
x_
"X q=+‘ix’+q=) - S
+|Def. A _complex number is a pair of real numbers . Y4
(X4 = x +iY

(x.4) _with the operations. .
X Y )+ (%, 0s) = (K +%a, $i*Ya)
i (% 90) (X2, Ya) = (K2 "Wl , %Y 5+ Y %)

i1

>

W

-t X _
(. 4 (K‘ - "761"9)

i

Note, Write (% §)=x+iY »
—x(r,owywﬂl o=t

(x.0) is a_‘copy' of the real numbers. .

o B=%+1Y  (ossume %4 are regl)

__where X=KelZ) real _part of 2 I
4=In® gy pactofz L

| Z=x-1Y= 2 (complex) comjugate of z -
x+1Y

RO 8 modulus of 2 -
gz arg(z) argument of X S /{
_(defined yp to_infeger. multiples of 2m) B
~reag@smw

» X=reosg , Y=rsing
2= I (cosg+ dsing) polac_form _




32 Circle: o= COMplEX AUmMbErs

32 | Geometry._in_the complex .plane

+(The_set of qj.,zwﬁﬂl st) |2-Z|=¢, for same P >0 .. o ____ .3

.. ¥ set of pts distant € from & | f’/wf7/ \\\

v_circle_of radius . €., centred at & ‘ S—

Z=x*+Y

« Algebroic - " ;
J 2o =Xg* fvya \4""’--‘_,_/1/

= |22 = | (x-x0) + iy Yo

%= (X-%oP*+(Y-Yo)*  which is egn of a_ circle _

322 Ling: Note: [#-2|=]Z-2] Y

4 -5t

\/‘\
T
&Y

Y pts __..equa[:,distqnt",.,fmmu:ﬁiw._ﬂnd.,.,:5*213

\‘\
line . perpendicular to_line_joining these. / 23

pts & theough the mid-point . pemendicular. bisecfor.
JE=X11

. A[gebrqic- .....
]x+£(g+3)[ =[(x+5)+t'69*2)f

XEH(Y+3? = (x+8°+(y-2)*

XY +ey+q = X2 riox+25+Y -4y +4

3-3 Fuler's Formila

. e¥ =cosgrising  Note, =™

n,vvw,,ﬁmea,,,ﬂj.q,.,....f,mdw,aﬂ,,,z st. z":. z, .

Since Z=r(cosf+iSing) = feie s

g = Pueie"

. e P 8 .83 i e e

‘::m rnel‘ng - roeieﬂ

Toke. modulus of both sides = r"=ro

B
The. usual n"" root of a_non-negative  real number. .

1(3: + 21}

Equqfe ggummts ne = 8a+2kﬂ ......... S




De Moi

vre's  Thearem

(819J =

= cosf +1i8ing

(cosg + wrne) n

= Cos(nd) +1sin(ng)

2. [{cosg+ ising)” = Cas{ne}+isfrzfﬁ@)!

- EXAMPLE :

Find__cas3g

in_terms of §ine & cos@.

cos38*1isin3g =

(cos@ +ising)?

= cas’g + 3cusg(1sing) + 3c0sB(isin jf-fﬂ(jggnej

Qﬁi&g‘dsﬁg t Pascdls A

=(cos*0 - 3coshsin’g) + i (3c05°Gsing ~sin‘g)

. Cos38 = oS’ -3cosasing

Man

24l w/6

MATH 401

Mathematical Methods |

340 Trignometric Identities Prof.  Halbued ) .
. ez = e?c+i3 = e”(eig - e?c (cosg + is{rﬁ_})
(€% =cosg + ising o
le®-cso- 50 @
+ Ve
. (Dz@ . €088 = £ pl
1.8___‘ e"w
ging =
~ 11
_Findcos®. Lhiromial _expansion ] 1!32311
o, .-i8, 1%
_C05%6 = [ 7 (€€ )J pascals_triangle. 1464
- -—. [ (818)4_,,4_(810) (e’lﬂ} ‘‘‘‘‘ 6(619)2(6 19) + 4_(619)(6 15) - (e-w) ]
: 0 (e-ua 46219““6 +4€ ,4-18) )
i (6419"'8—4{9 16 (6219 zfa) + 6’
- =g cos4g + 500520 +3

5 |Roots _of Unify:

lexamde:  Find Z st 2‘ &1

= e (g] 2M)

im’f

ijss § g@-g ;



5, S 9 [ cgi(:,—j) +18in(~ Ti;“n_")}

when . f.f‘"z P Z

thﬁﬁ R"‘”? Za =72 [COS(—I)+ian(__T_"L)]

__.when k= 0«3.4 = 2 [cos(5 )+ isin(E) ]
 when R=1, s —«2[005(75)*“18::’?( V]
L when k=2, E = ofos(EUeisn(PH]
IS Shnw that the sum of first n™ raats gfwumfy 5 0.
(see HW3) o ) )
Z 1 - effzk?r)
e B
e , > Z=e "
{zrr}
Denofe/ w=e"'"" | then
wo+ W 4w +W =g
__where _p=0, 1,2, .04




Wed.  26/10/16

Praf.  Wison

. & n® roofts of _unity 8

o let  z=re® = r(coso Tisng) , then

(2"=) rret® - .
" (coshe) +isin(ng)] =

Re: _prcos(n@)=) = [ 7O

Im: P7sin(n) =q = sin(nd)=0

R R e A L A R L e e e T W
o

o P (Y T A fT A I
Cond=0 O fF K=pmr MEeLr

N e

e Fram e edes e b s oSt o B i

,,,,,,,, - ng=MmT__MeZ (¥

~_-nw<nbspm
(¥)» -pT<MTs npmT

.oh=<Ms<n (#)

__________ e Return. 1o Real Part . rleos(MT) =)

reenpsr

_Since_ r>0_ ., (=BV=1 3 M even

So.. .we_gef .

(#) 2 -p<am<n means e greotest imdeger et s smoller
g o

n e TR

So. roots_are

When. n=3 ., _When n=g,

m=0 m= V4 m=g
/\'» PR .

/ m=-3




MATHI401 . Mathematicdl Methods |
Applied  Tutorial

E

wr




LR

- Mon. _ 24fioite (continued)

_MATHI40) . Mathematical_ Methads 1
Praf.  Halburd
;E‘:ha{ﬁ*gg‘ 2 _&Differential Calculus §

31 Differentiation _and (’nnﬁnur‘fu .
KN Exal yn

fungenf

appmximaf‘ron

H/

. {qrodient ) f(x) = 11 ﬁx%“ﬂ@ = slope._of _the tangent fo. Y=Fix) ot point x
g h pe q [

- The. equatfon of e ﬁJngﬁﬂT to.. Y= ﬁxi Lat. x=%
....j.‘. Cxﬂ = fl( et . » S

e

. ,. Lo }
ik, .ﬂfi‘fﬁf‘).ﬁtf“=” Cxw). - | i e
e X
o AF = e foe (xox) g the lirearisation of f at x=%
L _is_an_approximation. fo. £ for o near X
v EXAMPLE, .
Use . a_ linearisation o estimate [0 .

Soln: _let foo=Jdx e
We_want fito2 _and _we know  Fi=!
{

A Lf“’” cf(?)*f(”("“’) _In other %‘JQMS I've _chosen Xa=

—-IO!

32 Taglor _Series




we_were_gble_to find. an

« Using. .the. definition_of the_derivafive. ,

s
L

__approximation. of a function near a. pcnm“ We suspect that we can .
into_account.higher _decivatives.

get_befter_cpproximations..._by. -foking
j’(?d»C{a + QX =%X) + G dX = X0) 2 F .

+ Qn(X~2) "+ ...

{
,,,,, fo= ﬁ(]ﬁ (%= x" ‘ f For X _neqar Xav;...,.£(.V?,Cu),,:?,gsw.
differentiofe n=a et f ,
wet ¢ F100 = Que20aloe-Xe) +30a(X~%o) *+ .+ NAn (X~Xo)™ +. | T %o = e
T Py ! . 1 '
£ = 50, + 2.305 (X~Xe) +... + NN-1Qn (X=Xo) "™ B F'(x%)=20,
{00 = 2.30s+ . . § £ =
e $"0x) = 010
v Del. _
H f aod al its decivatives _at X _exisT__ fhea the  Taglor Series
af T at x=%, i = 7, .
s s/
g 1Y
o
v  fx= Zf-—"—"(x X)’, ‘+angent
o - e S e
’ &parabcia
[approximate o fo. facally ( close fo the pt. x= Bl
4a _ :
5,& & d&f dpproxg“‘ﬁﬁ -
u,/:if / 0 _order approx. 3X)=F0%) — congt. fn
< / st .
o . 1% crdec appro - ;;‘%
fﬁlz \é RN Foo = Four§ 00 (X-x4 = fangent. at X=X
| i
) f Lo ,.. 2. grder approx N
% ; ; ¥
Orf f Xe % x %{K§g fiﬂ%}'ﬁfi%g{X"?{;}*%g {-?{w};asi-k
; n
f;}a@@éﬁia af. X=%
\/ fm Foxd +;fm (rc-ey) + 0% = (x- x)z 5 oy + S (=%
r@mamdﬁr is_bounded by
c.| % %3 where € is.a const
_eg.. . 412196438 .. . errar......
4 20
413 a2 I s




CVEAMPE ©® - o
T o feg=e* e gX
Soln: §™po= ex T g
. | ot x=0, f™0)=

__Therefore .. Taglor Senes of e* at xX=0 _is

jore. - e
g il Opr e .2 _Nate: 0t=1_
e M) “hee M

_______________________ } _-;Def

s dso_caled g Maclaurm

Sér
| \/EXAMPLE @

nd the Maclaurin Semes of Fx = sinx.
.So.im;,,,, J=sox o~ o fO=0

,,...f'(X)=cos?¢______\ - flo=r

foossine | flo=0 Jrepeats _+ all #eeven - powers

gi vﬁ‘ 0 terms.
_ . R I
L e’ 9 / S

2500 if n is even
@ f*M=0

~* when n s odd iﬂ 2R+1 !

N H,(O) 2kt
{ o€ W
Sﬂx i Z:: GRAIE X

fX=-cosx ) o=

/ check  where it starts

Ty DS e R VBN o (—-r}k

SiNx = gv {2t

,..__.__n_.”fhef,efore. _,_...__....M.ac!au,r.in ............ Series of sinx. s

e
= (QkHJl E; (2k+)!

i smiope

e MATHEQE:  Mathematical Methods
% .
| Praf.  Halburd




o saer e

 _JEXAMPLE ©.

33 Binomial . Expansion

vV EXAMPLE @.
| fw=cosx

. Saln: §oxl = cosx

= -sinx

f'x) = -cosx

J"g =sinx

L 008X <

L 2e €, exp(2)= fl
Since e¥=explig),

SR iy

& TR
o= (-Ukezk'ﬂ

S & (k) e T okl
cosg +1ising

i

n

L fo=
fro=n
Fro=nin-ij.

LV = T
- f'w= nero™t
£'00= nin-n(=x""

1
t
i
t
H
[
1
1
t
1
i

F) = (-1, (-t 5 10) = NIN=(n=2),. (n-r1)

. Therefore , the maclaurin secles of (4"
50 4]
(+x1" =¥, f——r—\%g)—xr

k=

(=]

g(r)x Cwhere lo)r— ¥

“n choase



o This _is called binomial _expansion ,
v’ This.__expansion_converges _to  (+x)"  for [x|<! even when N is not

. ,,,“a,,,“,,posﬁ[i;ﬁ\_zeﬁ.,.A.,,,mieg.er .

neER. . . e —
nl
LIEn is a positive mf'eger the _series. _is. ﬁm‘re £ (r pLn=)L

A EX AMELE_W(D . - ,
_Find the Mac auein._series of T fo. order‘ 3.

i
Saln: ~te = (1+%x) 2

(e (e (e
’/2)("5/2J L vz)( 5/1)(-5/2)

i

=1 ;/;'! ) X * 3T
_ - .L =
= 1-fx+gx ~%>« e ®

v EXAMPIE @ .

Find fhe Taylor Series of F=5 about x=0 up to the X ferm
In fhis case. the fn _is relafively complicated . Thus L USE._previous

_result ffﬂm ﬁXﬁrMFLE o

Solﬂ J’:_x'i ﬁ |
..,Chaﬂwgef X fo (x% _in_ (%) .

3
L - [“:%‘ (=x%) + ?,,,.[rxli 2f56

,,,,,,,, =5

S

= X FdoxTe —?—Xs-r%x*f-

X .
SO e =X 2 8

v EXAMPLE @. ,
_ Find the _series _expafsion of _arctanx.

_.Soln.. We know thot j s L e =gretancrc -

And l+x2 “ T S
7. “D(-2)(-3
(- f){'..? (~0(-2X )(xzja '

'~
= 1+57 z)x ¢ 2)2 T w

"
\
3
.
et
I
Pl
b

oy
+

So, arctonx = J (=%

4 Tmplicit _ Differentiafion




V EXAMPLE O e
? L

Suppose.that Y s defined. implicifiy by
e+ gxy - 20y =6

Y. ; ‘
Find g .of _x=1,4=s1 Note . this. pt _is_on the curve

0.

L7 |

Soln:  Take g—,; _af_both.sides.: B
Ix® +3Y+ 3xg;% +4xy° +10x234§§’g =0

sub. Xx=0_,Y=1l:
3 +3 +3a—ﬂ+4*f03 =0
13 dg -4
' d
V EXAMPLE @, -
Find &) el
Solp:  Let Y=x* Natural _[ogarithm;
Take 400 of both sides. dn’="tog = "dog,’
iny = dn%
£ny = xdnx |
DIFFeren‘rrm‘e wrt X
b .
dy-d it ¢ ,_;i—-{%nﬂ = {nx + X.5¢ = dnx |
RETGY e
5 & (x%) =G4 = tx~1) x*
Atternafive_ Method . .
xx z(e-?nx)x - extn?c
> = e
= (J&nx—vi}e’im{
=nx+) X
35 Trverse . Rinctions...
. How 1o find the inverse?
i / 4x _4 y=feoe x=f"Y | e
Yy=Ffio +
P / = _...only._warks . If the tn 15 huective
{one~10-one fnl . ... S




. Y= sinx

t

., > The ared. ‘ﬁﬂﬁﬁ‘ <an. pmﬁz@@e ao_inverse

Y=£" s the ceflection of d=foo in the line Y=x.

_CANNOT _ find the inverse wdhguf Pesﬁfd‘;eﬂs

EXAMPLE .
_________________ Fmd

N

§L arcsinx B

5.___Soln_ tet Y4=arcsinx.

. e

siny =Xx

Diffecentiate. wrt x

| 60993%=¥ R

o $

< d
5

(arceinx)= ==

L8ince  cosy = it

36 ngerbo!fc Functions

__3ince  arcsinx ,,...,N,,fsw,,.,m.creqs_mg

. e = cosg +iging

eﬂe cos@ -q,srne

- pef.

Cash o=

EF e

oy

e

ginhx =

\/ If A% Y) = (cos’c sint)

- &M?{A e

 X*tyYt=(os t+$fn"f -l

I x4 = (cosht . sinht) | we hae

_we _have._

\4

x*-yt=

cosh*t -sinh®t =1




proof . coshx = 7 € +2+€7%%)
sinh'x = (€Y -2+e7)

= cosh'x - Sinh*x =
\/ We. aiao have T
cash®x = "Lfﬁ’“*‘*z"*e 2">
= g(evre™)+ 3
o =Zoeshzxey
> coshax = 2005k~
.(__sinhtx + cosh’x = €Osh2X
' 28!ﬂh9€+ = coshax
sech*x = 1-tanh’7c
o -cosech™x < | - coth'x
. Differentiation N
C ghshrecsc ot <cosechs
9 coshx = sinhx aj-csachx = *sechanhx

Lodx A
dpupx=secix  Secosechx=;cosechxoothx

-+ Taglor .Ser_gg.s_ ok

coshx = 2 ~opyr

Lsinhx = B

- Differences _between hyperbolic. fns & frig fns:.
v cosx =z (e

2 costin) = (€7 *ex) = CGSW )

_ T S S
e"™) =TT T T T

ot e

Ly sinx=mET-€T) =TT
2 sintix) = 37 (€7 -€ “"‘) = ;j-""(@" e = 'bsmhx
- Fven /.0dd Fn ?
Y coshx = z(@*+€7)
 When x>»t, coshx~zer

-
X << -1, COShx ~ Z€

N

F =i
e [|x|>>1, coshx ~ €7

2 coshx is_an even function
Fox) =5t

w

o




e and it hus a_minimum_of | _at x=0 £ | Y=sinhx
./ sinhx €7 ST /

ﬂmex_eM:}f ezx ; - A g W y
________ e eXee el

o Mon. 3ol ,
_______ . MATHEKO Maﬁ}em&fm Methods | | I
,,,,,, e Pt %ti_aib.g.zr:d_w e
- Inverse  Fns. ,

_Y=sinh™x = arsinhx

_Sinhy =%

e” ~e™d

(eﬂ) -2x(ed)~{ »
We need ﬁa have
2% tJ4x*+4
,,,,,,, . o f A /) |
Wé need f@ s:hoose X

=X

e9~ 'K*,HCT:I-—E
= Y=arsinhx = -Qn(':ﬁ»,,]?c* )

-3 Manipulating.. Series.
. ® Multiplying _Series

(0o + 0 + QX+ (b * bix + by 7+ .. ) % DO NOT expand._all_the feems
- = Oabe + (Qobr* Qi) X +(Gobe + b +Babo) X2+ . ik Collect fhe terms s

O __?fffm o tem




Dwfdfng Series

. EXAMPLE : -
' 9430 £ 4K +..,

__Find the series._up.. o the x> term
. Soln:. We know that

| 1 ;

= U%
SOZ‘FBX'F47C - o s

Sub:

38 Curve Ske?ching
:;BQSK' S*Eps’

@ _Basic symmetries - even[ odd / neither S
L/ even ftunction.  Fex = fx) | reflection_in ﬁ’;e Y- aXcS]

Vadd. function: fex=-fog frefles_:ﬁ.on. in_the arigin1_ .

-

;@ Behaviour _of X2+ & X—-00
@ Vestical__asymplotes / pts |
Whefe the . _is_not defined

@ Extreme pfs. (_minima / maxima) & sfa’ﬂonary p’rs
- =0

L EXAMPLE.
: X+
- Sadln:.No_ gbvious .. symmeteies.

XTI s KT X

@%}5 :



For _x near -1,

x<:<-|

J("Ul‘?? - J—é Q"é‘ ’){mmi

>0

-Sa, B

e oo mST] g ST

7
2 approaches I foom below - from dbove.

A
H (xj ........ (x..f.”l

Y= 2 L2x ()T 2 (Yﬂ)z — X, 20x41)
; (X-H 4

_since 4™ s not deﬁned__ e

(X+1) 3(x+f) 2 [:c 'x+i}-—2 C?C‘*H)}

W

2 No ..,.s.,’faﬁonany

o
—(x+) B O+ FTxt-xez)

i

no_real roots | A =-1<0 2 ng_real coats

pfs. (ke flwto ¥x)







Wed ol o -~
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Prof.. Wilson

_ % Hyperbolic Funchians § :
X
A Sk@ﬁih Y=fx  where __af(xg cgsnhx-z.__. .
- What _happensTo H‘ foo _ _gs  x—te 2

e 0

L. f(x - 2 (e e—x) . 2 .2 —_—— = f
| J—(e"+e”‘) 2 16*-2  z-27 3

Similarly , as x—-e,

ex=aq
| =
7

[l fml —? 400 ] {asymplefes)

- Singularities ?

________ c....This_hoppens where  coshx-2=0 ,.
' ) . X“*coshTzJ

Zeros of fx_ [st y= GJ
| v For us ., sinhx=0
o 2 %=0
Only one._zero.. | I
.f In X< -cosh™Q) , we must get ﬁom -l fo e,

~ However ., from (%), we know that it cannot _pass. fhrough Q.
x = ~coshte)

% fo—»-00 gg
Slmrlarly fX>1  in cosh’@<x<oo. .

gi _ €Oshx (coshx —2) = sinhX. sinhX
x (cashx ~2)*

_ " COSh*x —~sinh* x— 2C0shX
bt tireeeen e '"(GGSh’C"Z} 2

N =9roshx &~
L (COShX ~2) 3 mmm o

? = _gradient ,__gf.wags_____. -ve._




Summory « - xze %20
= 0s. of function

- singularifies. ( asymptotes )
} : /
- turning. pfs._/ slope
- sign of function
. specific  values
g g S
L2900 =5 e He elelope o Qoo

: éihguiarf.’rg.. of x=0 .
. 0s ot X=(2kt)T

- ags x|, g0

A with oscillation) i

- observation. ..
8 s odd, so stact with x>0

- frick: fo_skefch fhe envelope.
O IF cosxsl, W=

|
[ oasx=-l, 9=

:che: R e
.0dd e Stee-foo

Sinky

T

\r> f
g H
7
P -
q:s*“« ;

 Even ,:Fn.;_

N . B

P2
gl
N

R /;,,Mw’”ﬁ;%
: sinX &7
3. hix) = g e
. Feros where  sinXe0 ., & X=mmW.




. no_singularities _since coshx #Q_ I TEY

= e o
s Xare, amshX = F5E€° A%

sinX R .
SO ;&ea?—*'o il ~vr/ \ of T AN

=\ / -!T\ Tr\jzﬂ? SNy

- - sign(h=) = sign(sinx) since coshx>0.

Far_functions, e ) "%

even x odd = odd - g Hink ef Todd os ““% [ omax
odd x odd = evep LS &ErAs s

LBYEn  x BVEN = ever

e
4 tanhx _coshx

+ Os ot _sinhx=0

2 xX=0._

smgular fy.at 0.

e X¥00,  taphX | L:ﬁ*"*‘*?‘“z X hoffom Dy €71

;—‘ . o3 - . PR T
X—r=oe.  tonhX—= | divioe dop 2 oeotor oy e ]

. turning. pts .. ﬁl.(mnhx) =

200 1uming. p’rs

_show et () (=(T)

n! ni
LHS = B i rett o P

= nt [ +_hJ
(r-nt(n-m L n-p+y ° T

‘ R o
Ar=1t{n=r) - (N=r+jr

{(n+)! n+ly

r




.
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| _MATHIO!  Mathematical. Methods 1 B
Brof. . Halburd
.f,iC%z@piﬁrz 4. _SFunctions _of 2 83 Vorighles &

+1. Canic Sections @&
X*+4*=a? circle .

T elipse  #El

E e hyperbola _ gréis

X=R§* _ porabola . PRI

- —— b

Nofe: ellipse .

' \\‘ (e (‘Ef) = (hrg

(c+d,f) and (-C*d.f)

__Where _c*=a*-b*

A2 Level Set .

e Def S
'S?“’E'E_D’ Le+ ﬂxrs) mbe a function of 2 yariables .
A sef of the ﬁ:pcm e &UGR : food) =} for_some gien_ cons’runfc S

qulﬁd a_level set level cune or _contour
v R={y x,yeRf plane
Y R={00D . RYEER}  3-gppce

- EXAMPLE @: A contour plat.
4 ;F

T =x+y®

The leel sefs age Ffooyr=c
,, @ Ky =C AL

~

ot 00)

ra.circle,  if c>q |\ cenfred at (0, -
({0} , i c=0 This gt
1.1 S , - SO 10

& empfy set-—@  , if C<0 lesg
- EXAMPLE @.

This_is




foew =x-g*
’ﬁ'}e level sets are f(kzgi =C
@ XY=

This is { a hyperbolq .. if €20
Y=tx o, if €00
Sytre=xr o, f C<0

43 Graph in_3 D{meﬂSIOﬂS |
v The graph of qa funcﬁon f(%g) in ad (R) s Tﬁe sef' of ait
LxYE st

v Also for Fuﬂcfons :ff x. 4.2 , we can plot level sets, level
.. Ccurves |, efc.
. Recdl! - S
| ax+by+c¥=l s q plane in Ra
In_ particdar , 4= ix’fi is_a_plane in ﬁ23 e
the line (in R "4=2x+ being sheched up in Z direction .
st 2 can be anything you kel B
<Y Thc 3 special . planes =0, _5__%9_;_.__@:1_;:{_ Z {O are called  the
. coordinite . plares.  4-Z plane x-z plane . x-yoplane. T
v In pots of frxyz=0, we intersect the graph | {
~with planes  parallel  fo He coordinafe planes. &8
(ie X=k,0r Y=k ,efc) .

o EXAMPLE @

Y=g plane

Z= X2*9
Take slices IﬂTEFSEClL fhs with. a piane of fhe form Z=R .
Z=x+
{ A 5 xeeyieg
Z=R
R>0  circles

ko 2




Now_infersect surface with_the coordinate plane x =0

3t 56 5

¥

# 2‘..: £ H‘ resrsnnee

X=0
Z= %+ y 2

\

Az = X*+4~

N\

S0._we_have a fuambofofd,]

- EXAMPLE @.

(pargbola._rofafed around an_axis j

%—1+9=+21~=;

_Infersect  with plane x=k.

BN S 5

. take slices in_x direction

<. a circle

.. paint.
%}

2<k<2 :

k=22

2

_kl>2

Now

X
intersect _with =0
xl

Y 4
» g *Y=l ;

A

_an_ellipse _ (focus_an_x_axis_since 4>1) |

Z E 2'2
50 we _have an leiiipsofdl ,,,,, g \'

. x.‘-’. 82+Zzni

A circle Yk

= dways _ciccles _ with
_Now _infersect _with Z=0.

2 x-yis|

Rl

-0 hyperbola

gn..

X4 plone.

So we_have_an_ |l-sheefed

hypersoloid | %

,,__,Adw{:& » Go with circles first!
Let's revisit this example usfng

_Suppose__we take_shices
2 oy ok

_an_adfternative  method .
=k _first

-_hyperboln_if (k] <!
_line Y=tx_ f [k] =1

..hyperbala  if _[R}>1

W@ cannot fake %=0/4=0 since we do not have  a symmetrical shape
2&258.



Take Y=cC.

- EXAMPLE @:

'3(2’9:“2'1:3

... Infersect with x=k.
This s > Y2 -

rofational_symaetric - cirde, if (RI>
\gbout X -aas, _pant (@0}, f k=2l
¢ . if IRI<l
Now _intersect  with 2=0.
o 7 XETEL hyperbola . | | -
ot So_we have a  [2-sheeted hyperbalad].

44 Pactiol_Derwvative
- Def..

S

The _partial derwative. of a function Fooy)

_pronounced. .. of _ gy T -FONY)
ax h0 h

d‘fbg dxl ., R & &

r

artial /cuely

af i % g+h}'f(my}

2y noo h uffhegex ist }

v Treat 4. .os o conshant if _partial derivative wrt 2. -

%s,’é;‘?
Teeat % as. g constant if oartiol derivative wet 4.

v EXAMPLE O

fox,yy = X2 +y2
o _ im f<x+h Y :fwc,w

B L

= 4im
h-0 h

C = Um (2x+h

h9

= zx - SRRS———— b L £ £

goe Yy = xe + X +2Y

—a-% = 83"'? i’i’“{‘fﬂ’i‘ g i i F 050 {:Qﬁsm?}'f”__:._,_.._ e @




—SL = xe%+2 {treat x as i€ i+ s a_constant)

Oﬁler nofation.

g r .
f( 8)""JC( :g)

af{my} chH -~

. _,;,___Na‘f"e: “Erw _means ﬁgﬁuﬁg‘

e,

- Alsg, % can be differentioted _again_

2. (af) . &F
-0 (ax ax= = (fx)@w . Subscript _means. wet x

, .,%i (gi) ayax = (xly =Fy

Szmilarfg .- ax(éﬂ) Ax3Y.. “fu)x =Fix

W) By fw

 EXAMPLE @ .

ftxfyl = grex+ xz*Sy

} —f- 29@ +3
_3_’f.=___ i
. 69(.39) = 2¢™

e agax : '39(33’% = 24e”

3257 = 3% () - e

o 5

VIn gereral ,_if _xay_ ard. 34ox are continuous, then theyre equol.

Y _EXAMPLE @

Fmd hx; hgghz where

hixyz = x+y¥+z~

o _[same def. for fns of 3 variobles ] “fns’ = " functions’
| he = Sm gt dnpyz”

h!ﬂ = (LnX)x9+ZHZ !

wh—ﬁ"wwﬂ+ﬁ“
r Fie ,_extogx

| - x o
_________ Ldrﬁerenhwe wrt_ X . Bx = (n2)Z

Q)

441 :Equaﬁon of Tangent Planes =~

+ Groph_2=Fx4) + 2 as a function of x and 4.
Ques.  Find the tangent plane gt (xe, 4l D <25
.~ We want fo find 2 tongent vectars in the plane. (%o de Fxoge)

fongent plone .



= Infersect Z=5004)  with the plane  Y=Ys.
Slope of Z= f(’(’g") at x=% (in %-Z p?qne) s Fx (XosHe)

no § o toking

So a tangent vector i5 L *HC$R T4 e iny

_=Same gome with x=% (plane) gives. the, 2”" vector. .mm”

iy (e dak

tangents in
the glane Y=de

> B (%o, o)

A tongent to a sufoce is a fangent fo.any curves in fhe surface.

CJAATHKOL  Mothematical Methods |
_ Prof.  Holburd

wTakmg the slice =% gies a ﬁ:mgenf vector

- af (%a, Yo
=14 % -kz .

Takng the slice  X=% %wes a second mngeﬂ% vector

{%o,Y0)
__-—Q_"‘ 4 B

v g % lie in the fungent plone fo 2 fmg; at (mﬁu Fixe, Yl

So o normal vector. fo the plane is.
n= %x¥s

e

10 3 FU
o =mefder
“IF we hove a particdlar gt in. plane Pa(xe o, F(Xo, st) and o general
pt P(x4.2) equahon of the plane is

_____ PP

e - sﬁu*<2~ff><w9uvhl Chichitmeo
00, Y O %e) = fy (%, el (Y- Yo) + (- fm $))=0
= Z=$0e 3@?'*fzc_(_?‘ﬂ_.eﬂv’(’f“x??ffaﬁ.’cw_ JU-8), eqn of a tangent piane

45 Dwecﬁonai DenvaTNe

;;3)“_ cate of change of £ in_the x-direction. Lby held . ﬁxed)




he

A

et 8 be a unit vectar , the directional derivative %
"
7

of _focul _in_the direction  B=witdi s - ;
4im Feohdr - fir) 2754‘»5;

Py Fecy-=Lim
Dgfexy) h

. o TG fey
s ey S oy pqrhaf derivatwe.wrb - (i, -4-held constant)

o fim [ Oceht, g ) -fex, yrhudy O yrhits - ffx,mé@]
h+0 l’@} é-m\ /? h’@}‘.

_f, +Qi T mlitiply Y0P & bottom bYW
% f

S N
=08 e vpsSEetds = gradient of f

_in_order to _moke hi# the depominator {because AX=hu)

v. . In R d),
Dgf - u+gfe +Hu - (V;H

- 2Ly %i,@

Y EXAMPLE . U . e

F;nd ﬁ?e d:recﬁonaf deravaﬁve of . foy By =0+ay’+~e™® o (1,~1,0 in e

- at Xt

direc:’rioﬂ 8 =4 (2u+jrok) . . )
vf= 1 +-f « L

= 3(x+23}’ Tr6(x+2y’ -k

. Daf = (Vac)

' Vﬂ —16):33‘ 61-k
Fal
i

- ,RECQ Il

2
3
= _;_ ,,,,,,
E]
..%.
3 —
= -2-0-2“-';:"
<°r"“““‘ Thss implies that I decreaseg in_this_direction. -

) __,Dg:ff d ( Vf) - ginee |@l=p
=] Vf}COSB where 8 is the angle between 48 V,f

v Fix £. (since D88 depends an hoth function £ and direction 85

Y. Daf has o max . [VFl , when 6=0
| =% points _in_the same direction os V.

A Daf hos o minimum , =[], when 8=1

=2 points_in the opposite direction as VF .




_ Jpaf =0 © B s orthogonal to ¥,

L

P J/ paf =0 for A tangent _to_the_surface

. Cansider _a_ level sucfoce fouu2i=c .. for _some canstant C .

4 ;?/{5‘6;‘
e

— (%) s normal to the surfoce.

b gfufe

MATHIAOL. . Mathematical . Methods.

Deaf. Halbupd

. Recap,,;tf.@ﬁ_ﬁw,.._.\,__Em

(x+hit,Y+hita) = Fex. 4)

h

SO & e Q=wived (ot vector

-
Y

S
= %i*%i*g RI7?iE fouy @ is a function of

v
y}fv'&

J Gien Fooy.2)

,.,&,.,;Q,;gmsiiﬁnt,g? i3 3 _variabies

v§ is some vector at (%o, o, Zs) — consider different directions

d

—

E 2 V5 (%, Yo, 2

A
N U fastest

g=0
A slowest _

g=r 4+ 1O vector

J IF we have a surface gwen as a level set fouy,21=C

normal vector

ent ol \ L
,,,,,,,, ~} fongent plane direction of fangent does not. change

tangent to_surface .ace. in_ direction A st Daf=o

& (v§)4=0

/ EXAMPLE:

Tf vfixe Yo, %) #0 , then it is a pormal vector 1o e surface af (Xe 4y, Z).

Find the fangept plone. fo X**2y*+3Z°=¢_af (.il)

~ Soln: The surface. is F(x:4,%)=6 where fix, Yy, 2)=x*+2y*+32°

b W E IXEXAYE O IR oo mmmsnsasisio




Vi) = 20445+ 6k = 2(i%2+3R) 4~ coefficient_ore gll_+ve

,,,,, o . o 2continue fo move in the some direction
_.50.a_normal_vector gt (11,0 is.
: n={+2§ +3k

.. The_ Tongent plane s Q- RPe0
where P =410, P=Cey &)

X1 +20870 *3(2-1)=0
& x+24+37=¢




#

b




Wed.. _ ifuie -
| MATHI40] . Ma%hemm‘{a Mefﬁ@ds i

e Applied _Tutorial
.. ;Llevei se’r @{txfgl ffx;yi <} where f{x,y)ax‘%i
when c=1,  {xw. x*-29=1} — efipse
=g, {xy- ray=0} —_paint_(0.0)
IRR

e
_graph(g) = { ey @, E= ftwj surface

@ fR—R
graph(f) = {Cuf) - xR}
Fxj )

/

X\"'

__________________ Funchons m° Mulﬁple anables
99 { X, gn!

grquEn’r ch a ﬁmcﬁon MRSt o chavge oF £

x ) (R R
(Vg) (.x HJ — / a?g( Hl e&)ii e ;% .........
e

Fix 954

eve B & noes in ove x direction= 0

_ 2 e
—ve & maes e x direction » 3% 9ty

3
22 moes in_-ve X direction = 9v

@;@ S & moes in o x diection = I
= _gradient_points. into_direction of greater incregse of §
_(some_sign =9gt)_ D

de;em - perpendicular. 10 fhe level set
Any_ point .on fhe some tewl set . has the same  Jeey)

Weé 23/ 1fi6

_ MATHI401: Mathematical Methods 1




Melp Class . .
Beof. Wilson
5 gradient §

#
2
e

oo
g
o]
ioh,
g

@-®, O: B(K,Z}“J‘Z“r“cfng} o
Cix 4 = -‘-Z"*BU‘ 2

2o

e 4 U
=2 CoLY = Cou and
B w=FE e
 fEditAE)
feyzezEt +-C(><
I ’C"**HZ*J‘E"‘*D
L Q2. V=Y2i+gk

:f:—zi-ya-g.‘t/_\(z)_ ()]
f;ZH.s.B(H)@

. e SRR e 2:33,*%_@.:% (S
L @-@.  0=yRizy-V+A@) -8B
AZ =YZ(3Y-1)+ B

No‘( possible. . | e
_Not every vector had viw% is._a.gradient ¥f.

: R A
g By
Lol Eg w‘f 3.3‘ . é% r«g

Jfor. %ﬁ?’éﬁ?&@ functions j’-ﬁmg ¥

3 .
ax{*ég'f N %{%E R o g

sg . YEuirig+ViR s g graéeﬁ'i‘ “f‘hﬁﬁ e =

i -
i ‘{‘_,wﬁw 33

PRI LR

e




n; “w§§§gff {uﬁ . cordihions _
a (ij{.’.} -~

m@,,g ) arfferentichle | ete)

g Z ::f(XIH)

[20]

l’ 2
Ny,
.'ll’"'I "I,

VU s the slope I feel if I
walk in fne dzrecﬂon of 4.

o \/ ;;::;Z‘ii

i g(x'}:} E)

vy pomts in fhe dirﬁr‘f“ﬂﬂ of mcrmsmg

fa

A__surfoce _can be defined o0s J=constant.

|93] tfells us_ how fost g ncreases . in that. d;rec’rron

V9 _is perpendicular . to the surface .




i

ke

s

j

.

.
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| . MATHI40!.  Mathematical Methods +

Peaf. Hatburd
Chapter 5. &lIntegeation& ) o
41 Infroduction . Integral Calculus . 4

; b
__Area JaFdX defines integral.

 Riemann.__Integeals

e :ﬁt“ S mid;Pt"n‘f Hzﬁv}

5 R y . S : .

‘\\\'s"{\\%&\\\\ .,
35

Vet Fw=[afwdv

F(x; JAm F(ac+h} Fm
h bt

=iy -La 0DV - J} fuidv B
0 h . The_number. on_top _is approx. the areq

e S
= “I&‘i‘—‘” v - - of triangle. (" mid-point)

0 -
areq_ aF “ ’
i O fmid-poiat)— ~.The_parfifion does not need fobe

h- . .
o e T _regular._The_approximation  works as

= §) | e dong. as the width of each subdivision
tends fo..0.

g

Fundamenfal Theorem of Coleulus —
a—fffx?dx foo I

Improper Infegrals S

f frodx = ‘{.im f ffx)dx ~4~(Im 'f(%)"'d’x

cre

e sppramhe@ g ‘ﬁ‘cm the +ve side

% Bm‘h !sm ts _must exist.




R A

(for theorem) . .°

- EXAMPLE ©. e
_How to_integrate ﬂf“offi.?

=i

y i
’ T

I

i

[

|

o

|

Lrons ‘i “coreh=e

~ And i'?zss _;s_.___%ﬁii?a?\?@...._.__..____

J-Gl E d
«{Am X
ConSader‘ Xt

= dim (=7 )!“E

0"

- dim (€ '-—u
e

= +00

A]gol“ | j _;_d%m

@—»9*

g
He_nce ;n+egra! f 1....?&.‘_‘...‘7”‘ .doesr}ftt.mnverg.e_g_____..._.

| f’“de = dm f-ﬁgc“d’f ”*mf J“dx_._ ot continuaus

¥
= dim balx] ; - i, g,npq o must integrate separately

Ceg”

. Corll SRR o2 Y T —

0

indeterminate
(dossnt. converge) ...

2 EXAMPLE @& .
: ..J-Q ’xdx = “&m JO _de _

La=s0

_Ltm(— }

. Lrree

= z—&me

’ ,»zfg_v« "“%
.

LA



. Recap 4= foy

&
qx,y1 = fo -y=0 52%

gmd

/
et of ’"’“f(KJL{D

in_this_case

_3 is 'F

~Tangent vectol

- 99
ax l “agd -in_general )

T{gJ-

43

I Integration by Parfs

~~-=r>ju§1dx Ay f\fai‘drx:

=>T1f{

mgeﬁ vec‘l”o{

=Y

) du g, g gy

3! Espec:ulry dseful_for “inverse fns'

eqg.. dlﬁcerenﬁa’re the. poiynomfal & ;niegrafe g

_AEnx V=1

@ [ arcsinX dax = f 1 arcsinx dx

W=arcsinx  V'=|

Eerafred Inireqrqﬁﬂn Reducﬁon ﬁarmula)

EXAMPLE:

v In= [sin"x dx

= [sinx .sin"x dx

U= sin"x VviEsinx

u'= (n=1)sin"?x cosx V= - ~COSX

I = -siccosx + Jeosx o-hsinx dx

=-sin"xcosx + [ (I=sin*x)(n~Dsin"*x dx

o

~5[n“ 'xcosx +(n-—l}f(sm"‘2x 5in°"x) dx

"

1

“

5
X
0
-
77
x

..]..
=
27
C'_.
“.:o?
=

1
R
(ol
L&

1
S
\'.'.'.

e
&,
>,

?{
[
| X

‘,,_\/ Use this ;ferairrvelg o reduce _In to. evqfum‘mg

ﬂlﬂ‘-(n ?)In- ~ sin” x:cosx -

ey I

=[ sinxdx = -cosx+Cc




44 _ Supstitution Method:

g\é@@m.

Jfoodx = [Fup e dy
f\_j:’{x)e:ﬁx)dx - e‘f(?\‘} + C

pEe s - affou] +o

f“x) e+ ’
§ Fooffo] dx = Fac

v _EXAMPLE :

 Find JeS™cosxdx,
Solp. W=Sinx  U'=C0sx

 Jeosxe™ = fcosxe & du

= Jetdu

it
= S

x = osintl

<
]
. B N"

ot x =asinhU

BIERS x = acshil

: x =atanil

-l
[
p
3
*

Some  FP3 Formuloe:

|
S arcsin(g) +c

{
S e X = arsinh(g)+c

i
] e dx=arcosh(g)

J'&sﬁéﬁdx = gartanh(F) +C

o
a

g G:ixz dx =7 arctan(&) +C

it

w2

Ri=iis 75 n[ 22| +c

. #5.,,‘M.,lmeg£aﬁ&gmW“Raimnq!,;jEun_c,tians; “(Partial _ Fractions)..
Pm (%)

e

)

nX) wheee (™ is_a_palynomial _of degree. ™,

Gn®_is a. polynamial of degree 1 .

. How to find JRo0dx ?

® If mz7n  use polynamial division (long. division; . fo. obtain_a rafional

function _with. . m<n,

s
e

o @ Foctorise:Qalx) o (over-B) oo




G0 = (x-a08(x-a," . S (X GH (b X AT e (X by + Gyl

® The mt;,on,_,..,.,funcﬁan} |- Reg.can_ be expressed in terms._of _partial fractions as
Pr(x) ¥

: A} LXJ -
% i@n x] r, terms ry terms

o %

Ar . A + Ar, &d Bry }

The degreeon “lx-a (x-apt - (X ) x- aﬂ ,,,,K(x:quj??t__

numerator s one [ mw'""deg o, Cx* Dy . .,.,,M[ﬁ_ CoX+Dy . . _ CuX+Dy ]
)5

b e L + ~~~~~~
more fhan fhat QérthLX*‘C 1 Oerbiercy® OC+byx=G) 7 (X +byXecy)¥

Y EXAMRL_E;
Find . J Geegyscenr

o ! A B, _CxtD-* degree [ less qu
00N (xaofDy+) &L_L’Eté)f XH the defmmmafor

repegted. ferms.

1S ACEOCH) +BXH) + (Cx+D) (42

___,5@ Sgs’remth; wgy is fo_expand out oand equate ccefﬁcreni‘s
ad

_eg._.sub x=-2. B=7%

_equate _coefficients:

1= (AO) X (AT HAC D) X (A+4C+4D)x + (2A+"‘+4D)
x3: A+C=0

X' 2A+‘L‘"4C+D =0

_x: A+4Cr4D=0
x" 2A+-'"*4D—f

>
i}
IS

t
v

"
I
E S

Mon_ 2/1]18

MATHI4O] . Ma*ﬁem{zbﬁai Methods |
- E?mﬁ,_.. _ Halbued

Recap . e
Improperw Im'eqra




© § continuous on a,b] except at x=c.

I\ I S
e ONNHENNK fafonde= i fordr mf foa

ao ¢’ b7 P &
e - . ba%h fimits mdsf exist

2N
o~

- @ § continugus_ on. (b1 but not af x=a.

j‘(i’UdX fm f f(’ﬂ o
: ~ :F this hmrf exists

® T continuous._on. [a.+c0) . then

- b
ffoode= L mf o foodx

45 Portidl- - Fractions: _(Cont)
v FXAMPLE: (cant)

- . . j“’ (x‘fg;(ij) = f Lr % {x+2Jﬁd~-§L»fx+2)4:g+(~%x+%»),€xg+fi"1 Tdx
o)

i T B N -2 4x
"ffﬁ,,f [Foce2+3 (2 - e * 35t Jdx

= ‘bm {[ Ln‘x*g ’L{'X""QJJ Jﬁlnfx2+)4~.3.apcth] }v

S ?T@T f“ e
f = dim { iy mwﬂzgarttanb} £ b o

...... b \ﬁb‘* !

¥, j+£52
s since ;j d
bﬁ
“mh2rg
slﬂ?-’*%

Ny

i

gl e
lea

Hx

o)

noid

¢ Double: Angle  Formuloe
L cosML+sinY s

rgg%u
|




tony
R S,imilgfig,,,,.,. LSl e epeyy

_ctard

Sa, casay =cos U -sin?
2 U= — A

2tanlk

BEQZU. QSIHULCOSU m

Put 4 —% t= tandl= tan(2)  hen.
It

A=t
- COS Q= =
g= By ~ging-= T t’

d@, = 284t

LV EXAMPLE.
- 2 da

i dt_w )
then dg = SeC(3)

B AL
= o 2+2t?eat dt

= f o’ P+t

! -

/ Chd é ﬁf‘té i
u er ?‘E

L= J—." ———
o J""Cfané? 2 (fan*uﬂ

‘{,
rarctonds
F Hgec du




MATHI40:  Mathematical . Metnods |
B  Bof. Habud
. Indeterminate forms -of- limits - (facts) . ;;1/ =

o,
Hi
H

g’g

eg. dim x%(logx)® . 0:b>0

e Tead

Lim %% e)P a.b>0

Y
Pk R

./ exporential . grows _faster than _pawer

_pawer__grows__faster than_log .

v L’ Hépital's . Rule

lim e 4im feo if o foel =96 =0 e

+
.8

xox, J 7 xex, I

EXAMPLES -

.,5@“@,{4 _—
E

»
.




CFr. BB/viE (cont)

 MATHE4OL: Mafﬁemaﬁm Meﬁ‘?reﬁs
Prof.  Halburd

_Chapter 6. §(Ordinary ). Differentiol Equations (0DEs)
. Def

| The or‘der‘ of an ODE s fne order _of . fhe hrghesf der:vafwe qppearmgm_.

_.in_the equation. .

The mos’r geneml farm of an. n‘“” order QDE ..iS...

d,cmr

6:!., ,;i',El'.{’,Si,,,,j,,;Qfldefm;.fofﬁtﬁ&ﬁﬂ[;wfquﬁﬁﬂnﬁw

_Separable_ Equations

IF an ODF is_separable..,.then. . ;
g

,,,,,,, i&’ foogw Note: gx=X**Y4* s nob separable

dy _
@ que =™

infegrate  wrt x

f 9(9} dx—-—f foodx

This _gives .a__ane~parameter _famiyof _solns.

Note. The parameter is_an_infegration . constant.

 EXAMPLE:

. Salve the ODE % ad%tf”y =2 _,.given fhe_initial condition ¥=2.

v xd 233

f 2—39 =J % % . dont forget +the absolute valye
% ln[2- ag[ anch

L [2-39] = talx] ") <~ anather. iﬁﬂsfam‘ g

273Y = GX”  (where co=te”)

v sub. Y ~2 , 2~6=cu=—4 e

= 4= ‘“32: =5UL)




. Gereral  First  Order Linear Fquations

a_t_{m(,dg Mw doesn't _include any Y ferms
(X

o

- Idea .
/ We mu!hply both s:des of (%) bg a funcfon I(% (caﬂed an o
~infegrating  factor) 1o make LHS an. exact derivative (of a product).

v We woant the LHS to be

éL(Ig}"IaH g-g

Y Then . We wqmL | (b@ comparing what we hove Q?’?d ﬁs?}af

_infegrafe wrt x. We want)

occfont

fI qudx a regfeaérﬁ*s ‘acx)’
InlI] = favodx+c

1= Ceplfandx)  (€-¢9

Chocse C
I(X) = exp(f amdx)

v Then, ( becczmes | e
a’”&”*ﬁwa‘w

Unfegrate) % LYo =fI0ofeodx
> Yo = po fIofoodx

o

i
fav

8

J To summarize

b{x15—~+C(X)y e
. @ dxwde by bt _tg. .gef d sfando,rd eqn
@ compute  the integrating foctor Iox). . 1

(@ mulfiply the egn. by Ito st the LHS is a~(Ig).

@ infegrate to find S09. R S
@ fird particdar son. R R e
\/EXAIVIPL[E(D o
Solve X 3% c2y=

.
1

COS)C

\g’é‘i@@%{éﬁéﬁ'i%@mwm

s

i



Lyan =],

Soln: e
n éj_g ;Cz_ y= cgycSéc B e e

_Then. I =explf % 0x) = exp(atnx) = x*
Muitiply.@ by L=,

=2 H— ( ng) = COSX
' ¥ integrate
7 XY = sinx *C
CYm=r m=C
sinX +M?

2. 4=

/ EXAMPLE @.
_.Solve._. X’gﬁ

_Saln ?r“ki ( weawl) "”‘“5‘ -0
Then

+([+x)y =

100 =exp([ -2 dx) exp(j( )dx+[(x)dx)
= exp(-x *lnfx])

MuETrp[y @ by I{x |
-"/Ic' aﬂ + (..L+ U e y '??

i dx (xeFy)- s Fc%e"x J Fooa

3 xe ¥y =[meFgx=e 4
L,.c

..... : ? H X + xe"'/ii, S

. Bernoulli's__Fquation

C%-? +yPoa =y"Q0Y .. . N ¥l

-/ This_can be reduced fo_a. linear_equation by introducing
z=4""

= a’“n (- n)H-" dg

(substitute) > & =-ny” (9 Qo0 - 4Po0)




]

(n=0yg".8P00 = (0G0
(-0y~Poo--v@oo
(n-n2PX) = (-0809 «— generql ¥ order linear ODE

1l

-\I

62 Second Ordef* D'Fferenhal Equahcns e
‘-j—H+ am +bmg Foo =D

w If JCDG 0 ., We hwe |
y'+acgytbyg=0 @)

_, which_is. said fo_be homogencous .
VI is sometimes caled a farcing fuacton,

J Suppose fhat 4, &Y. are sdins of (2.
o let Yoy = ayx+ f(X) where %, F are constonts.

Then,.

Y"+0y'+by = (AU +BY)" + GO+ BY.) + DAY HAY,) |
= ofyeayiebyt Ay o +by 0

2 Y soles .

OV If Y8 ore ;ndependenf solns,
e one s nof o mutiple of the ofher ﬁaf‘ 2“"' Qfdéf ODEs )

then Y= QUiTEY. g fhegeﬁemi soln.

C{)nsmm“ Coefficient  Hamogeneous . Linear Second Ofder GDEs
g'rod’tby=0 -~ ab constant

v We want to look for solns of (30 af the form

> y'=n
y = Ne : e
substitute _into @)- (7\.“+G?\+b}__.¢_.’"f'_f~'._0__ R
& Nrantb =0 18 Croracteristic Egn.
B | S Auxiliary  Egn.
Y Cose 1. (5) has 2 different  cedl roofs. A 4 2.

Then , egn (31 has 2 roots ... ... . .
eﬂf’f £ e?\:x . %




(not multiple_of each other)

_So fhe general soln s

ﬂl‘x ]L:'X‘

Yix) =ae +ge

B canstant

_.JCase 2. (5] _has ) req| repeat‘ed raof.

- _-;_-f 2
A= AT -2 e a~-4b =0

Only som of en . due fo 1 fﬁp@ﬂ“f”éif rogt

,_..Lets__.__!aok for another_galn _ Ele (A5 )7 =0

of e form _  so 0=2F
y=gwe"™  (nA=-3) & a*=4b

> Y=(g+rgre™

gu - (9" +2n81 - 7‘29}6?‘0('

.50 _egn (3] becomes

g'wng+Aig)+a(9*+ng)e""+bge o"

[9(7\24—(];-\4—[3) +9 (2A+a} +9 }67\* =0
[

d: a
disappears because disappears becouse n=-3

LEan.

g'e™ =0

. 8°=0

= Jixr = ocx*ﬁ

Conclusion.:. repea’red roaT

,,,,, | !Qw = (ox+g e

vCase 3.(5) has . A2A,,A,=,,(dfsﬁﬂ.c:fv _complex_roots  Ai_where
P+

j’fﬁeg ‘st bz comples- corg;a”gzxfe

~Qeneral soln s
PG 2 5 ce (P-iwx by Eulers Formylg
s — e coppising- -
=eF (cosgstmgx)
AP P I i e Al

AT T
_where e 7 GP e

e‘P,,_fg_”‘ =M™

So,
£[e eigre 7] = e™cosgx [ = ge (e P T
zf..,[ef’f?’f e ePsings [« Iy (&™)

_So, _the ga)_@,ra_.__.......so[n




U0 =€ (acosqx + Bsingx)|

C EXAMPLE: .
Solve . 4'+4'+4=0 where ,,,,,, 40 =0

Soln: Characteristic Egn..
AT+ A+ =0

Then, T IO N
eMee e"”_= e (cosfxrisingx)

F Re(e™) =€ * CUSJ;?C

Im(e™ =eTsindx

General_soln....
Y=e 2 [ot,cos2 x+ﬁsm—~x}

Since 4t =0 e o
Q=0
Y = pe Fonx

oo =-Lpe Fsnx - BpeFoosin

_Sipce 9“”” e
2[37

N
sps  yo= e FonBx

_622 Inhomogeneous. Fquations. . BN
yeayhyef o0

Y Suppose fhcrf Y & Yboare solps. . .

. Ylradi by, = fox) )
CYrayi+by, =f) S

Toke the dffererce. . Note, ()= U
(Y74 - avoly,'- 9=)+b<>0<9a 4 =0

()" A YY) boo (G =0
J So e difference hetween any two. sains. of fhe mhomogeneous (ST B
soes _the corresponding - homMageneous. egn.




Y/ Any sdn. of &)

— s the sum..of .any particdlar soin. of %) plus a
...sdn._of the homageneous. egn.

 Mon. 28l

MATHMG!:  Mathematical Methods 4

(PL}

N Any s of ) s of the form

-4 o -
. pacticuiar_infegral___complementary._function (CE)

“soin._of_the homogeneous egn’

“a particdlar soln, of (1)

. EXAMPLE.

Soln: Step 1: Solve the homogeneous..egn. .

Yy =34y 24, =0

oo Charocteristic egn:
N-3n+2=20

_..Find the general soln_of Y'-34'*2y=x+sinx

(A-NA-2) =0

n=1,2

L CE Yt =aex+ge™™

Step 2. Find  PL

Y = G * GX * GSINX * GAOSX. |, ther

G +C20SX; - CSinx

Y1x)=

~GSinx - G Cosx

subsfitute :

(~95mx - cacosx)__ - 3(Ci+ C2C0SX — C55inx) +2_(wc“c tOX+GSinX+ G COSX) =X +5inx

__equate coefficients. |
~3C *2C=0 S o,

X,

i

X'

- 2G=1 =

sinX - ~C2*3G; +2C, =1 Ce:

. tosx.

i
O
)
Uy
o
e
ey
8]
Gt
i
QA
)
s
t

Slo Rl M

S




+ Trial  Function (
=

Sa the general soln s
Y =G Ya™

-5 _f_%_x_f_—‘— {5inx+ 3cosx) ~qe” +p’eﬂ

ansatz — guess)
Triol  Function

ae™

€™  f b
b
Gaxe™ _if b _is a non-repeated root,
b
ie. € sdves homageneous egn.

ox*e™ ¢ b is o repeated root.

polgnomial . in %
of degree M

generai poignom;q! of degneen o

acosibx)

_and/or asin(o)

QLCos (hx) +@sintbx)

~.homageneous  egn.
'x[{iCOS(b?C) +gsinC bm}

the homogeneous egn__

e™ . sinx)
COS{hx)

W ife a Re /Im part of @™

Co52X

)

coshx

L

623 Eu er's Equation .

R Fc:r hamogeneous . case. ,
' olns of.?he_ farm Yoo =x”

ook for s

X g“-rqxg +by = ﬁx)

gafizfie
MATHIAO! -

Mathematical Methods 4

Prof.  Halburd

i£. C,F(?(.}..? 0

Then, . .

4=

4" =na-u

i

Then,
XYy ~0xYy +byy =0

is not a saln. of AE

prowded fhss does not solve the .. .

if deos(bx) +gsin{bx] solves

| Soin sove with this & fake Re or Im port
b Rewrite as sums of trig fns
- Rewrife in terms of exponentigls




© [An-+an+b]x"=¢

- €@ A*@-0A*b=0 ¢ characteristic_egn)
Altemative Method: . change varigble / substifution
let x=€' © t=logX  ipen

R &

M Theng% - 3—({’% ’Ld 135’ gg{ 3%{} - g’:i.i{j:!.:ereﬂﬁqfe wri ?_C

. e ._\ - - o

_xr O axmidt dirdy
LEIXD dt X h,dx.....,ddt‘s(dt y
= "’X-zag X—zu 2.

a(dL-g)

'n

?lt

V_Thefefore, T o ]
@ (& ) adt by = f )
& gtma-')aﬂwu fey.

_which_is._a. canstant coeﬁ%c:em linear._ 2™ order ODE

63 First_ Order Differential Egn _ANot in_exam)

=9

LeT Zix) = ‘H‘

. then

S Y=xEeg

weoi Seporate variablesa
J EXAMPLE dx T oxeny

- Slightly_different forms:

dy _ x*3y+l
H,}' - 25e+FY+2 s (%)

Transform. using .. x = 4+g
Y= Vi+th

u dv - ..d.!
ance a.& |

G glz ‘“3 V (@rgbry
0 o3V +{20+76-2)

L20+3e*220




Then i is transformed _into ,::fhﬂewfodcmwwg% “9(x), .

G

e
SR




Wed. softific e
 MATHMO]  Help Class

Prof. Wi %&Qﬁ

f’s(‘eé

-
1% grder

g = f(x;g +f x)gy-j J‘ (X)dx

. ho.mog,enm us:....9eo =0 L
~_for a homogenaus egn_, if Y=hoo s a son , then.
_Y=Ah js dlso a soln

1. 1% order__linear. .integrating facfor

. Immr

[HEFE P = xl R
I =expf® dx) = exp (3bm0) =

. Then _
? xad9+
R 3%8 sin

a__ (XSH} = xstg{nx — —

V=Y
Vv =5iny

= ~X’COSX +[5x=cosxd:>< '
t'=6x

vi=sinx

Yz ‘
. =-x'cosx+axisinx - [exsinxdx
= ~x3C0sX +3X78INX + gxcosx -6 [cosxdx

V Smx

e
= =X7CoSX+3XSinX + 6XCOSX ~68INX +C

X*Y = -x°CO5 X +3X*SINX + 6 KCOS X = 6SINX +C
Y= -cosxedsxefoosy-fnxs &

yan =1.

5”" e
CGS X —?Smx + g

Bc

:41

H = -COSX-F --smx+




(e £, f £ do ot depend on X)

. EXAMPLE.

EF” sfemyexe  yoz
yost

e me*hod

o CF s ﬁ}e soln of fhe homogeneous eqn.

¥
cHion

d

Sy ey

ix{{wzsv

I o9-e™ | then aﬁ f\e“

sub s z\’e?‘_?‘_fszxe +2e""‘.=o..
e (n-3nr2) =g
e (r-yn-) =0
A=l or 2

S0 2 sons, €74 e, fo the hom egn.
= general _sdn of the homogeneous egn:............

Yoo =Aex+Be™

g

@ PI:.  find ang one.son. o fhe whoie egn. .

Qur RHS s xe™ . So 4y Y= oxe”

oy _ x_,, ) %
= e e’

= %31 emcxe’wocxe

subshfu’re e

£ _Tmal__cﬁ_ errar -y . 4. that “locks like’

the RHS

s
@
;W

P

&f
.
:

&

= 20{6”+0&xe"

e oe™- g(aeTooxe’) « ke xeX

e T ~30Ee* = xe”*

. | ms DOES NOT  work !
Sgsfemaﬁc method.

CF. €*.e¥™ pick ane and facmr it out .,
y=€fd . start again. ..

dY _ oo« oxd
- d S edgﬂ dy
aﬁ e fuo + Qe"a_ vev8d

~ Sub: [e"ﬂ?ﬂ ”2@"5“*@”@1 Sﬂf@"fm*@xgﬁl*ffe”ﬁx; xe™




£ofiox

Now _get 8*.””5‘6

x9=x This.is._a i” order

I(xl—‘-e IS _1he mfegmﬁna factor.

Then,

e gﬂ-e“”g* €
S R

&9
e‘“"g j xe"‘dx

_uEx . Vi=eTr
i T — =8

- 9 = -xe™ eC

g = -x~1+cex

_ ,—_aa-'f—--x 4rw+ce"

z fou=-% X*-x+Ce"+])

3 yY=-zx ex - xe*+ + Ce™+ De= |
T CF

Ho=z2, Yo =i

8 nn‘lctl Condiif,ans ALAST sfep!) o

. Trial & error . axe™  foiled e
Next fry . oxer+fgxex

o If N is repegred in CF, +hen use
Uee ~Ae""+5’xe = (A*Bx}e’

I s o pair of complex roois,,, e, M= G*tbi then

Yep = €M (Acosbx + Bsinbx)

_Applied Tz;‘f'cm

L Fiod the soh of  d.acu ot poses frough (1)

:3 . ‘ i
S T ‘;{S i f
U it ot ;
1.4 %ﬂ 01 1ogln E S ’

i .
o -&tw

28]
S
Kl |

. fhen.



o

R IR

let t=xtqa, v=Y+tb

dx X-Y+5 () ={Y=1)r

S %+ 3—}}

é




;?“-}s. 0z{izft6  {cont}

MATHIAOL: . Mathematical Methods
e Prof. _ Halburd
Chapter 3 % Probability §
.1V Somple Space # Set Operations.
R Introduction.
e Def.

- A__sample_space is a sef fepresenting the_possible outcomes of on.
oo expetimental [ trigh ete
VERAMPLE. ...

—.Two_cains..are. fossed._ The. passible sample space is.
[HEH, HaT, T€T}

Anofhcr possfbdﬁy is
B {HH HT, TH TT}

This means._the 15° coin = H £ the 2"d coin =T

- Def..

Subsefs o{-* a.sample  space_are_ca ,ed events. Theg rapresan’r ~callection _of _oufcome
v EXAMPLE.

__Consider the se1L S-= {0 2 2}
The elements_of S are 0, iandZ
Subsets_of S are

525 {o}, {1}, {2} [{L;j 1’0 2}, f ha}, {0" 2 S
empfg ge% is.a subset of every set  every sef is_a_subset of ﬁrsef“
_Note: @ ., 0 and [0} qre ,.Comp_i_e_telg,, different_opjects.

> t
..................... . emphy set g number “a -sef_consisting..af _one element (01
-T2 et Operations

I o “is _an element aof "
O Tntersection : AﬂB = f’x XEA L X GB}
@ Union:  AUB = [x - X€A or xeB}




@ Complement _af A.

AC=p'=R = {x:xeS,};ﬁA}

Note: S€=@ @°=S

everything that is. oat_in A

%@WA and B qmm,diq}omﬂmgﬂg_ﬁdlﬁivej £ ANB=d.

_® The relative complement

A8 = [XxEA , x¢B}

"A without & e

- |Def

Given _a. sample _space..S

suhset ACS,

A _probability on S is a0 fn that ossigns. ... numher PA)_to_each

s a subset of’

/. Nate: !Eczﬂji_,disﬁﬂguisb_,.ﬁ,be’rween C..ad € .

Ir\/ Praperties:
1) P20 YACS

L Pe=l

3) If ANB = | then

P(AUB) = P(A)+P(B)

v_lLemmad: AorB

Let A and B _he events in S (nat necessarily digjontl .

hen

(1)_PAY = 1-Pia) ‘nat A’

@@=
| (3) PLAUB) = PIA) * P(B) ~P(ANB)

“A_and B’

P[“_O_d.,mﬁfw,,, {1}

ANA= G

i By 2., | =Sy
- = P(AUA)

2 SPA)+PAY

Praofl of  @: .

@)= 1P

n




Procf of .

Equal rkelu ...... Qufcomes.

A8 and 8 are. dlgjomf
Therefare,

= Pag) PG by d

A 3 and _AnB are dss\,qmmL

_Therefore , o
P = ((A Bfumnﬁ)) e

P(A v 8 J=P(A ,f:P (8)-P(AnB)

E Irmmafe

A Le’r S._be a finite sqmp!e space R
§={S.S,.- S},  n=|s|= number of eﬁemem‘s = cardinality

et Si={s}  s.=fs}, ., 5n* {5"} then I
S=SUSuSy - US“Wh&e Al 911 95 € 1*5  (mutudly exclusive)

2 P(S)=PS)+ PSJ*.. *P(Sa) .
Y Now. suppose that eoch of the events Si_is. equally=likely .

Then PG5 = P(3y)

_Since_ PSI=1
= P(SJ

2 Py

Lef A be. "{;1 E‘Qﬂ-’ﬁmg}@} evenf AcS.
A= {Si:Se. Su. . S
_PIA) = P ‘ifUSwU i

L Udir)

=P d PGt 2 POSW since they aredisiot

oo of elements in A
Al g

JEXAMPLE O




R

v EKAMP&E @:

is tossed fwice. We use the sample space.
(equally - likely)

A fair coin

 S={HH,HT, TH, TT} __
. use sefs

Sqln 1. use warés to desmb& events ; 2°
- Tl
| P(Two heads appear) = P(fHH} T§ F G
P(One head ard one tail . appear) = P({HT, m}):_.__.i_.—____:zﬂ_:%

P (At least one toil) = PC{HT, TH.TT}H)
_ {HT, TH, TT}
- _
I=Plno fll
{ru})

!F

ar

14 j;

R
_«Nm —_—

- P
._L
T4

A fam die & mlled twice Clﬁd the numbers are recorded
let A= first roll is a 5. o

B = the largest number shown is.4.. .
C= the sum of numbers is prime.

 Cdlculote PA) , PiB) and PO

Saln:

Sample space ..
(.02, ., (8l

S_—_-. (2'”,4 (2.'.2.).../ T2 (2’6.1_3. lsi :35
o N@D, 62, -, (66)
I e - §
Py = P{ [(5 D.,(521,(53),(54,(55), (5 s)j} TS
18l 2

PBI=P({14,(24),34), 44, 43, 42, &40} = 55 =3¢

P(C) = Pt (02 (4, (g, (2.0, (230, (2.5),
(321,34, @3, 41,152),(56) 1 (6,1), (6,5 ).
Ic)

A

j,

@

o

e
e

L

<

f
S

w3



114 Discrete Sample Snace
o Def @

, A_sample space s discrete if it is finite ar it has a countable infinite

wmmbﬁz‘ of_elements

v A set s cauntably _infinife_if _gou can list the elements

e x
2. %a

}:pf :;}"‘

te. fhere is_a. ane-to-one correspondence between the elements of S and N

v I S is_countable . _we can_ write

Sumi gwg:}feaée:yrhmg £ Pixg =

€8 - —

Mon. esf2fe

e MATHI4QL:  Mathematical  Methods 1
Prof. . Habud

Y EXAMPLE . .

.= Consider__a_game in_which_a_fair coin_is tossed until the first head
_appedrs._when the game ends. .
— S=[H,TH, TTH, TTTH, . }

This_s_countably . _infinite because we_can list the eemem‘s

— let Pa= pmbqb:[,iy that _the. game ends on the n* cow, then
..... } pﬂ"(g 2]""‘“( )

s NS — %éggégfﬁ ‘\ﬁ}f‘ ast_roll is o head
The eum of probabiities  the first (0= pols
of all evenfs {Sﬂmﬁﬁ) Ch k.

adds up fo it

A geometric_series with first ferm &

nz-? P” - E ( }n - and _ratio r=%

Far geometric series,

st dm g5

_AS[dG _a._coin. ﬂ;pped mﬁnrte!y mony tmes.
S8=[HTTHHTHT..}




__This_ is__uncauntable / not. . discrefe.

1-2_Conditional Prabability

J EXAMPLE

_An_um conmms 3 back bals and._2 white bals. Twa balls.

_are_removed _in_order (withaut being put back). Find the

__probabifity . fnat

1) The first_ball is black.

2) The second ball is. black

3)  The two bals have fne same.colour

<
7

o
‘%3?

San. @ ® ® O O

P(i5t black)= & 1% black, 2™ white

{2 7 B8 Wgwwe‘_.ﬁiww@w,t,u..v,..,_iﬁw,vmemgs% move

E | N

i/

= [ Al Vi _
5 N WW re Yy @@ ipHne—E move

-~~?;§§fﬁems out isf 4 elements
1

e Y s T2 iy

Therefore, PBB =2 T=1

e

L

=
=
=
ft
Uilra
X
Sl
TR
s

Then _ clearly

P(2™ ball is black) = P¢
=P {f 88)) + PUWED) since they're digjoint

ww})

-
3
=3
D
oy
.l
(<)
=1
“H_J
o
=
:‘._. —

_.w.,w,,sgizg;&.,,dé;sgsinf

CD
pong
e
™
~~
ey
=
=
Nt

V_General Case:




PtB-{A) AQB

B 1 éPfﬂ"f ~ANT

f
| { PBIAT,

PLA%)

compiement of A

.E.__?S.IA"J* Aags

o Def G nﬁ_dz_ﬁgnai __Probabiitties e
| PLBIA) s 1he conditional _pravability. that B accurs, given_that A has occurre

Y Clearly., we con write

. B=(BnA)U(BNAY {

Since  (BrANBNAS) =& , we haye gna 6
PB) = P(BNA) +P(BNAS)

[p®)= PBjAIPA) + P(BIAY LS |

Jwportant !

_¥3. Counhng e
Let S bea sef with 1 eemems
@ Urdered _samples, repetition _allowed o | |
| _If_the number of sampfes s I Jrhen fhere are. N’ d;ﬁ”erenf orderings
oF length ' from n_objects.
 VEXAMPLE. _, _, S
- Haw many_ 4-digit numbers can_ be_constructed using _the digits

,L2&37 (Repeats allowed)
_"Soln: _3x3x3x3 =3*
@ Ordered _samples , wn‘h ng. repea’rs |
- Chogse any of fhe . objects .. 15

- Choose_any of the -t remaining ohjects .. 2

_Therefore , there gre
e AUROLN=Y) . (N ]

- R
N called 1mbef (#). gf' per%umﬁoas of j&ngfh LA

¢ i

e Notation = - (20D = faory




R A

. ® Unordered_samples , with no_repeafs

SRS

Consider a set S of n elements.
let "Ce be the number of subsets of ¥ elemems |
Note. sets & subsefs do not
. have orders

Each such subse1L coud be writen in °Pe = r! different

ordered ways. ...
_eg. [L28, f’“} {231}

. L 3' ways e _

So  (rCe= number of permutations. -s:rf emgfh r . chosen from
N gbjects. i

2 (r)'CG=" "Pr = {n-m

¥l X
= [°c, w—ii:«mwzﬁ
. Y S ¥

‘n choose r’ . the order does not maffer

__ ?_? L09)i2jle e

CMATHI4A0!. Mathematical %‘%e%%@ds
 Prof. Halbued

Recapr  S={v234y

o find the number of all 3-digit numbers , using S. where we can repeat.
B 0 A S = S

@ {rnd Ahe _number oF all 3- d!gt'f numbers , using..S. where we CanﬂOf' re@eaf
axzx2=E <4p,

Loen

T

arder  matters 2 " = (nwr}s_. .

@ order_does not matter  ( combination)

n () - Pascdl’s ?’rsang!é o

LTV L L S
C" = n=rprl AR e _ Wy

e ; o : b
Note: (.r). = hinamigl coefficients / e 133 1.
n i 4 6
Caeon= B AR

?JEXAMPLE 0. I

Fmd the ’rof'ai number a’r‘ subsefs of a set of size n. B
: __S-T_-{;”. 2,84 e n} R




For_each _element in S

. for_in_given subset A of S

_ar a cross depending an_whether the element is in A.
_opproach - A=[1.2.4}

LAoput oo tick

___________ .. s={t23 456 .0}
\/\/x \f X X %

__list all_the elements

_Cunting subsets = coun’rma ticks & crosses

2" =# of qubsets
_subsets with O element : (o/='
i A _elewent: (00

2 elements: (.

— ._ .3 elements: \3/
doful # of subsets= E(ge

ey

~ binemial “expansion
= (1+n"

_________ 22
J EXAMPLE @...

_ In a.group. of 1 people ) ﬂnd the. pmbqbr n‘y thi” at. feas’r 2 share
SR the same birthday = (ignare  29™ Feh) .

Saln: _prab = 1~ prob (all b'days are d:ﬁ‘én?n’r)

T T —
Since ‘E?.._(,.qlf,,,,b,,dags..._.ar,e.‘,d.i.ff&ien,tl = "365. 365. 365 - .-. _ 365

: ! 3651
N S {365)7 . 13651}

_we_haye _P(r) [q’r eqsf 2_share. . bdagsl
365‘

;u

Then,. o
| Plo=0003, P@=0-005,

P 2)=0-47¢ . P(23)=0:507,

14 _Independence & Bayes' Formula

141 Indegendence o -
-_M;__,i_}gf :

2 events are. ,.fnde;ﬁegdﬁnt,,_ if_and_ony. if

_Plang) = PP®) e

o oo
________ P .;___Racqlf P(B! AT AL
& So ms%eg}e;ﬁdﬁﬁ% = PUEIA)= PLB)




v EXAMPLE.

A foir cain is fossed 3 fimes. ..

Cansider the 2 eventfs S B
9 throwing at ledst ane head & one fad o
(b) throwing at most one head

Q.Y Are these evenfs independent ? .

@ Are they stil indegendent if the coin is fossed 4 fimes?

Soln: (17 S= [HHH,HHT, ATH, ~} |sl=27=8
A=1{af least tHEIT} o
= [HHT, HTH, THH, TTH, THT, HTT} ~|Al=s

= S {HHH TTT} & S without iﬁ%ﬁﬁ;rﬁfg
8= {af most H}

=TT, TTH, THT, HTT} o _ gl
5 prang = A8 -3 o
__________ parees) = AL —@% §2-2
(@ s={uHtH, -} Js]=2%=16
_ A=S{HHRR, TTTTY  [A[=l6-2 =4
@={TTTT, HITT, THTT, TTHT, TTTH} (Bl
AQB < {HTTT, THTT, TTHT, TTTH}  [AnB[=4

= PlAng) = i‘
PP = e *4
So. A& B are dependent..

¥42 . Boyes'  Formula

.. Recall: Condifional Probabdi.’rg... B o
PtAng) ()

P(BlAY= —ar |
P8 = P(BiA)P(AHP(B!A“}P(A‘J S

L . ol
- Note: P(A[B) = P “P(8) RO
. Def. o ﬁ@m (%]
o ) = e PLEIRPLE 0

%’\ "F?Gf?? {#)

OV EXAMPLE:




_ This_problem. _invalves 2 _coins_: one is fair & #he ofher has two heads,

A coin _is.selected at random _and tfossed , and the result is a head. Find

_the probability . that the coin was_a far coin.

.. Saln: Let F be the event that the fair coin woas. selected.

_Let W be the event that a head is chosen.
Pmﬁr - P(H:[F) P(F)
PIHIFIPIF) * PIHITES PLFS

X

i
1
T o3

If fhe cain_is . fussed a 2’“" ﬁme & again. reveuls af, whaf is. the
pmbabshfg Ahat it s fair ?

p FlHy) =- PULIE) PE)
PUH:I BV PUFT+ P(HLIFS) POFS) S —
i

|
o 4,2 A
: T =l

o

¥5_Biomial Distribution. . X~B(np)  [n=x Bemouki Trials1
v a_fixed number of independent triels. |
Y on each_trial . there dre two aufcomes. | Aoyl
_J_the probability of success _remains _canstant.
3N ,,gfp,,rob, = "Cepio-px
v EXAMPLE. | I |
A mu!ﬁpie cho;ce exam._. conmsfs of 25 quesﬁans .each_with 4 possible.
_answers. A student. guesses at. mndgm...k,,,ﬁnd.,.,_.me_,,,pmbabr_lfiy,....thort,,,,..,___.

o N(Z),,__,Emc_ﬂy _one._olswer is correct

_Blat_least two_answers _are correct

W exactly ¥ answers are correct

—..(8) the student passes . given the pass mdrk is 404 .
_Saln: (1) (H” =8egxi0

. (2) Plexactly 1 correct) = 25( 1.{ ‘““J”
| /25) VA ‘\w
% B S L/ _the correct

answer

%hﬁ remammg 24 qmmm are wre:}ﬂg



st s S R G

8) Plat least 2 correct)
_=1=P(0 correct) - P (exactly | correct)
== (@ - @@
e B
4) P(exacﬁg 7 correc+) = ( J(2)’ K)'g =0 165
. ¥ of ways of sef;{t‘?* ing which. ¥ questions are correct
{5 40/ af 25 (questions) is 10.. .. .
P (pass) = prab (10 or maore correct) .
1= prab (af most 9 correct)
1= [P(0 carrect) + PUI correct) + -+ P(9 correcﬂl
= - (@7 - (P - (F@? @ - ()
=0-0113

L I ¢

h

16 Bernoulli  Trials

A rﬁ»g}@ﬁ%’%d event/ experiment with 2 possible oufcomes (success/ failue)
is colted o Bernoulli Trial . e
JIf . p. is the probability. of syccess and 3=1°F. is. the prabability
of fature . fhen T Eiii, esses . in T trigls
e t’ x?‘z? ﬂ N
Mean Vaue
Suppose that the cutcomes of o sequecce of experiments or. eients

_are numbers. . (eg. rolling.a digl . S e
If each outcome is % and occurs with probability PG then

me mean. s

o EXAMPLE. .
Fair die. %51, X=2, -, X6=6
Soln: PR9=E

Then the mean is.. |
Ex,‘P(x,.) = !+2+3+4+5+61 :g—_

RAC B




=10 any sequence of n_ Bernouli trials , we associate the. probability .

o T sugccesses .,.,.,Mb{_p;_;,(ﬂ),ptgn-!‘
r\.

= _The mean (or average) of successes js

j.'? ‘b(f‘h*@* probabifity of . successes

__#% of Successes )
Erbo -,,_‘,,é;af‘( P

+th‘" UU‘f’ ﬁ

. if does not confain r

“sum o )

® nuix™ = ﬁf(

né r
{_g :é ( ( sy j,oc_kgﬂ_._.ssmi.fm

 —Recal. (14307 £ (0% D dfferentiate-wrta -

3 Ef‘( Jx* = ﬂxww,. t

g, n(ﬂJ '*'EJ”‘ L (x=%)

.~ Mean =

,. *2"/ ng. g (ap)™

= nP(Q*PJ""
N

=np.

1. Poisson . Distribution

large N,
[¥)

where_the . .

_We want fo. approx;mcu‘e fhe bnomta! d(smbuﬁon for

mean_A=0p__is_held fixed. (so P is_small)

Prof._ Halbued

__MATH 401 Maﬁa@mﬁc& | Methods 1

- Bernoulli_Trials: ...

Y nzo,babf,{ijy.,,,,.wc,zf,,,Lsuc,cesnsi_._m_,wf? S

,.ﬁ____pr_o.babmfy of T__successes from. N trials:.

-.mean or overage #..of  successes  for binomial_ distribution:

s probability.-.of. foilure ;. g=rp (”)Pr R
b(f‘ )=\pyf8



n
n=Erbr =np (%)

Paissan ..

Distribution. .
consider the _limit as n->+= |

7 fixed .

%) : P=7?"’O

Then, we have

b = (1) Pg™

= (? (.%\_)l‘ r_%}ﬂ-f-
A

SSALE e
: rﬂim~r)1§ (%)r( I-7)""

1 ] Ny nmf
,_.—-——j; 4 ( i._._ﬁ.)"?

nl‘

IEERN SN iy 2
A" pln-nin-2)in-3). {,__.Z‘.\” PP i e
ST o= ~{-7) E
Af p=t '
=7l (i—-—)(l-“—)(fw) (1~—=—) . (1-——) (r»--m)
A ! i 3
nt__h=w |
D) iy _‘5

Lim (t~—;“— )

Also, simil arigw,,w ,,,,, Y.

Let On= (I *ﬁ"”,,Jhen.

log@a = N tog( -1)

logiex) = X+ 1.

—n(..---&-')-L)) ﬁ-a--lvoa “7‘

= Hmds = e’

pé

fiFmm
-

£ oA ﬁ
Sa,. ~bimy-hiel= U . L Q@g@s{m ----- Histripgtion—

L 4

¥ EXAMPLE |
An__insurance _company . pays . £500

£500,000_1fa.. each client _who

experiences..a. fire_ The company hos 5000 clients . The probability. af ..

a_client _having_a.fire in_ane_year is 107¢

n. d. 3@09

Saln: Assume _no. _client has more 1‘han | _fire.

p=10~"* __..n=5000." w--~m is.lange

Find__the _probability that_the company_pays at least £3000,000. . . . .

_So. the_mean. number _af Tires _is

€



£2,000,000 = 4 fires

rob.(.z £2,000000) = prob(at leost 4. fires)
P ~-P
= A-PO —P}-P21-PB3)

6

! e

o e prob (2 fires)
- TR
_Sice. P(r)—,_,?__ h-el. ?g'J*, (?zl‘ -
iy &' @r, (3
i prab (z£2,000000) = I~ € [' NG TN TIN B
lg
" 48

I H

1

0-00175 =02/

=

- Events occurting over intervals of tme or space .

cars _possing .at_a_pf X _aver an hour..

~(Let. 2 = average # _ passing..in_an_hour) e

Assume @ no 2 cars_ pass.. X _at the same time

@ the fime that a car passes is_independent af the ofher cars..

P [V L X xr H__,*";,_!___‘! S
fad x s S g

O min | heur

= Ptace a._mark_on_the_line ﬁw edch_time a. car_passes. for sufﬁc;enﬁy large

(smatll enoughs  (s.%)
A, split the intewval into N sub-intervals, containing 0 ar 1 mark.

.= View_that as Bernoulli trials. ,mm_mf_,,pmebiing,_W_,n_RfQ%_,,, that a_given  sub~inter
_has_a_mark. then prob(r carapass;ni?teho\:rjzprcb (r successes) .

= To make. the_ sub;m‘ervals orbi Tranlg smal! (;e 1o_allow. the _time. fo be. qrbmqnly

close__) take bim  This s _the._cdlculation we just did_ So_we hove the

L

_Paisson disinbuﬁon, _Ptn= e“’“ %‘ e




o

S

tri 1612/ 8

MATH40 Malﬁem% ical Methods |

?mﬁ Holburd

. Def. | Daisson _ Distribution

£ 1 _ewnts occureing. insome. . oferval (of.space or

The... probabiity. . of
time ) with .an_.awerag f::rC noevents in the intecyal S _

?i%"é”mf “’;:;

Lindependent events)

W_v/ EXAMPLE . @.
An_office_receives _on. avamge 3. cdlls _pec hour. Find the pmbabﬁdy

_tat_in_a porticular_hour
(@) po._calls are recewed and

(b) emcﬁg, 3 _calls_are._received

Saln: average. calls. _per hour =A=3 -

@) prob (no_calls) = P(G)

et e

=e™ *004-“!8 (57.)

(b] prob (8 cal{s) 33

-3
=7 3

=4e? (ay)

 JEXAMPLE @,

A . roll_af rbbon corﬁums Qne.. d@fed per. merre on. aYerage. .

A S0cm piece s cuf. What is the probability that it confains

at least. .ane_defect 2.

 Sdn: A% defect. per._metre .
prob( at least one defect) = (— prob( no.defect) .

[~ PO

= e
=1-e’. ;! o .
z

- 18Conhnuc>uspmbqbzh’rg -Distributionac.



e Def.

Suppose  fhaf._a.particle con. be.  _  angwhere on the reql line R, we

represent the _probabilify  that the porticle s between  xza _ond. x=b_ as
Plasx<b) = [1800dx , where 09 _is _colled

"..a__probability density

3 s o piecewise  confinuous function

8. Xy < XKe<Xe® . st fixy s contfinuous _on (Xn, Xae)

LT A \/\'

4 fixi_can hade several jumes .

| compared fo foos ( .. irrational _is_not piecewse_continuous.
O X _rational

v Prop,.entfes.

@ The _mean_of . probqufy d[s’fribu’rron is. M = [xf g dx
(like the discrete case M= :/J x3Pexs) )
v EXAMPLE :
_The orobabsmy densrtg descnbmg fhe iocahon aof a. parhc(e is.
¢ _ _.otherwise
Fmd (i) the . normqhsqhon constant € .
(i) the mean
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