2201 Algebra 3: Furxther
Linear Algebra Netes

Based on the 2011 autumn lectures by Dr A
Yafaev

The Author has made every effort to copy down all the content on the board during lectures. The
Author accepts no responsibility what so ever for mistakes on the notes or changes to the syllabus

for the current year. The Author highly recommends that reader attends all lectures, making his/her
own notes and to use this document as a reference only.
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1§ PY a then Ll +[e], L) € (Z242)*
The ordar c"(l:o:D ] fP—] (bud cONSRGUANCQ @j)
Kacarqncdgfs +hoorem.

p-l=o(fd) k

EQBP-IS([-G] O'(ECG)) k:__ E4j

ot = oDy b‘é amed P
a” =lmodP D A" =& modP g

REMARK @ we proved in ?m"r\"cukm‘ that whan P+0\/
a Pl = Imod P

\o 1
Talelans | S 101
el 508813 | ol 5]

4 x ol O

d (FX) =) mod O]

7%= 3% mod 106 = 49 mod 10]

example 2
2% "mod 103 _
103 is primk and coprime with 3
FLT : 3'02=1 moad O3
3191 =371 el 103
we neod to calcvlage ' mod 103
Eoclidean algertthm :
10D =3 x 34 +|
| =[063-3x34
37'=-34 = £92 moaod 103

Y ie 29 Rascl L()B_Jr

2

excljg o 2 an
mo
13 0s prime 7 M™% YS
Ry FL H%‘l = [ mod 13
36=3xl72
35 =Bx12 -1
4 53° = 457" mod 13
Bezout's rdentity: 13x F-US¥ 2T =]

45—;5—*2 mod 1R =1 mock |3
He3° =)l mocd IR

= |

ExExcy
S thad Whild M i < VA

You wonk ' calcolade Q8n+5+ 3h+'m e
5 is prio. By FLT | L% =2 moek
| Q2" (22" = 8" = 3" mod S

Q%“J* :QxBn mod 5

)a



9.3“*5—+?>h“ = 9x3M 3" Mmod D = 6x3" mod. S
20 wod 8

Sho\m ’c\r\cdrc%f any N=0, 30\\'\5 N

30 s not ; So FELT doen not pl
ohr\e.dlﬁ Buk Hr daea v th ’pnmq 5 oncl o.:ﬂ
that °8|n®-n

It also 3ags thot 3|nd--

N5 =n3xn2= n°Mmod 3
By FLT ntan mod 3 ;3 aldo divides n®-n
2 onel § oue coPiimy 15“5.‘“

Eau\d ore etther heth event or oth odd . Hence

2\h —ﬂ
2L and 15 are coprimp, henco Ko]ns"h
Troe or Tedse ?

L®+4 divdes 2380417 ‘
in © V\}or dy , whedt s o ehae g IMOd 03 41

O mod 23844

2R+ =

> 9% = mod 2884
22 = (1)°21 mod 2384
+0 mod 2%+ |

¥4 =22 mod. 2884

Chinose remainder thearem 43|10-20)
Mou are Qiven X, \Me%p,rs ond MzZ\ | Look;s. glowr 2 s.-t
=X mod m
2_:_ 9 nmocl n
axamph
ag?ﬂ? mod. Y
Z =565 mod 8
2=3+Y4
muf,+ip<§+ bk 2! Ar=6+3
and R tells you : B=5+8h
subradr tham: 7= S’(k-h) =2 2 =| mod 8
we find. that: 2= 5 nwod § Z= | mod
re thot 44 § are not

1€ 5 mod & NO saruUTIoNS  (Noti
coPri

€ =2 mod D
ZE = 41 mod 2
Swh%ﬂ%ﬂu&

%::
Votice. thad were L and 3 Gre copnmge



Theorem (Chinese remainder thooremn)
Kot X, 'ale 2 indRRTS. Lot min be twWo  wprinng inkRQers,
21,

m=|
Tho_re'e_xis,{- o onrcu class [ in Z/mZ st

= ¥ mod m
-&’:‘:%MC’C)\V\

PROOF

LEX\'S\QY\OQ._@ - 9

mn copn‘.w%ozahlk B-’i ho +kn=|
ThAS IMpLed Ak f hm =1 mipd p

Knh 2| mod m

Zok 2 =yhm + X kn
2 = xkn moad m = Xxmod m

sAamad m
Z= bp o n = mool n
Lﬁg mr.:dn %
= sahsfien the equakion
2.Uny mn
we need to show 13 & and =/ are WO
solwtions to tha sYs ,thaen z=2Z'" mod mn.
Z2 X mod m 2 =X mod m
Z2 Y mod. M z ="ZL6 mod N
Subtrack the  eguationy:
2-2/26 med m mlz-2' 4 nlz2-2'
2-F = O modna M & N e COPTIME
=2 mn"&—l'
=Dz=2' mod mn (O
1
MF&M ) " Z = X yodim A o+ -
m\,n not coprtrY\Q = EEL& mod n no solurons ¢
Rl [ZT=5 mod
Z =3 Med Y
Y andh 6 Are not coprim@ . Ze=ll 55 a sckution .
2—5_3 monI

Exompl
Bnd. onigue [B] 4n Z2A0: 2 s.t

2\ & 5 owe copime, there will bp
& brague Solutton  such Yhed C2le Z/losZ.

2\ =Uxs +]

2t



{ ‘s idanty s 1= -Y4F
ReEzout's ty < ST

z=2x2] +3x(-4)x5 =8%F
Brle Z/IO%Z s Yha [2] yov're -Qcolda% Por

exam ply
2z =31 mod IS
Z =12 madl

I3 tue such & B, if yen  findit

15 2l are not cprim® ;uou den't a hin %€
P T T ey L s

Thare 15 Yo chuicuy solution
2=F+15)k
Z2=12+2\h

acd (15,21)=3

2= 41 mod 3 Ty
{2somd3 120 med. 3, Mo sclutiong

And iuMun [z]in 2/352Z .k
Zz =3 mod 35

== £ ™med 9 3% and 1 cre coprimg, CRT applen.
36 =3x9+&
qQ=]8]

Bézouts Idankity:
A=xUx9-2

2 =3¥4xq-6x35 =-102

-162 =213 mod 319
[203) € Z 4152 Is the ong

%&m@&k 3" el B5

B5 s not prnime, hene FLT doen not Qpp&d.
55 =5xl|
=LY
3=\ medll & 3"=14 mod 5
N ad =T PP VR Vi TN I PEN
A S G el |l
’3,"7‘7‘ = A moal 5

CRT dells oy thad there (s a unigue FZ] in Z/e57Z
% [ 2 =9 modll
Z =9 mod S



CART sows - 2 and'z’ sokis Z = 9 mod I
ans - i fy {?—E‘Tmods
and {%'5 A modl
2 =q mod 5

hhaen z==2' mod 85

We showed that = = e 5@({5){‘1‘%% egucons.
Ovoviously ='=9 also Sots€en m .

21t = 9 mod 55

Chapter li?oltanomtq\s -2t
bt & ke o field.

eff‘&e.nz C Fp=FK2
| A polynenmuiad with coefciends ia I,
‘5'()(\ = adXd +Q&_‘Xd-‘ +.. -.4"&1)("’ Qo

acek colled Co?%?\' cents

Ad#0 Leading cocffrcient

4= docye of §
§is called monde 4§ aq =

(ex. SO =x2+l dog(f)=2 4 is monic

kEX]'uifﬂl ?OQ%Y\GW\IQQS w L th Coeg{q'emb in k

v%eeiedn.ipi’%mw&ocf%m nomial to be -o2
UnFs =0 elementd® o} R\ {0

Addition PRynenteds: ‘
P :[:%a;xi, g=Z bix'

=G
a‘+%=§o(m+bc\>(‘
HL&-HPQ;SC:&'\GY\: : |
oyt i ,
'S‘%—L‘ZOCLX where ¢ ankbu—k
exom (X

F00=xel g (x) =X "]

(&‘*%)(X) = X’L.J‘.]-{.X'Z_*x—l-[ = IxFrx+2 .
] 9




5- Cﬁ) xX) = (X‘L""X*l\ [xq'l-[) Xq+x'2+><’?> y.{-)(-l.[.l
= Y94 X3 2% X+

e 2 x+.'... = o
g= g:}x "4 ....d r\=c9.§3%g%)
fo= den i TH7 @9_8(5.%5=n+c).
41&%(&*%) mox(deq{,deg 9 )]
w k[x]
&i\ncﬂfﬁg Hﬁ) if Aheklx], g- ~fh
l

5-= 1 g=X%1  §|9 becowse g=f(x)(x-I )
195l then dog f2 dig g (wnle deg(q)= deg § «dogh)

R (lrred.uca\oll ﬁ)o nomiod )

s colled (¢r edu 1.
e o B s A%,
6" :

ferna| T cog § = ) Yhn f 15 irredioetily

ProprE SupPoe  -=9'h, 4xdag (§) =deg (g) + dag (h)

> &g(g) =0 g aonit
or

=) dagfh)_,g = h s avnak
2 §is irredocible

&a (X)=x2-
mmg qgc.t xj—(xx) (x-1) (x+1) oncd x-1 and x=+1 are
um. 3

'n,O

\\.& k.l .aQ? loder thod &(x\ =X+| eg%)l’_‘x] {5 irredocih0q

then § is notimre
FON = xth | = (x+0) (x-0) € T L]

k= j‘CX) "")‘1'\"_1/ = x*-| "(X-l)(x-l—l) =(x=1) (x-1) = (x=1)7
Not irredoucibls . o1

k=® (%) =x%2 ircedic) in Q0]
In R ,-}(x)atx— ) (x+{2) not irredwcibbp




’Mm_mmm :

fiaekD¥] g*+0,da {2
'rhgm extsﬁ%mummﬁ %iq,r) s

£=4'9%" ond degr «dogq g
PROOF
2 twings to pfove: existene ond unigue ness:

:L EX\STENCI=

QlF thon §F=9g.Take Q%a g angd r=0
Suf\)PDSQ

.f
Rt S = {Qcﬁt[x] deg(f - 98)20—3
S#d\elcm.ﬁe Ae S
&g (5-@)=0
othﬂ-" | =
G 52870 e 8 e s mtnirndd

\\;einmmzshow thad db%“&ag

6 =g - Cl%\ (x\ = e X0 |
Kot = )\JQQ +oshow lee i}
ror Com'rr dc‘?@q assuMmg M 2 k

g(x) =omX"+.. . +by om0
Subtract o (‘Cx) r Cl Yy b T, %

f-g-4 - Cicbp X CueF 4 Cheey X4 Gl
Teg (- (QH-Cchmf’flc mj?’-k l mﬁ

Con*rqd.kd'& —H\xdlag\m-hcn <3 q djﬁ‘kl
e% (4 - q ) { 99 ) which controdicts

s proven the exiStence

L VUM
Sopo>e 3= 9 +n =G G20
: ?@zmg(n) -2029(—:*1) ¢ dleg(9)

(q’l Qﬂ%"ri. |t
SuDRose 9.#9z: eg (1a-%.) = dag(g) +dng(9., 4]
deg (r2-1i) 2dkg (g ) Zd&g(%)
On the other hand -

daoy (- r‘ﬂLmo\x( L) Cra))
jﬁg%) Cp-;%san




A9 (r,-ry) < dkg L@
we get oo contrecliction,
Henca g =gz, thargpre 0 =T2.

excmplos k=R
J'fxg =X3+x%-3x-3
gix) =x* 4+3x +2

ind (ar) st f= gg+t  dhg (r) « Sy ()
§-xq = XFax*ax-2 ~xP-3x2-Qx _.
.__%'2-_.15); 3 : 1 =

S -\‘jcu\d. %\ow\' \\r\ﬁ"q_D‘]

J-xg=-2ax*-sx-3

I~ . ., 2=0

5_)(%__.__ Sx - =—[5X+?D= -t | (lr\ )F:L, &= 4%")
Here (in R x1) , g=x , r=x+l

*aﬂ}f}& wn lR

S, o8 SRNC T Glx)=x+ x|
YN = -t Lax = gxH ]
+Xg S G

- - ¥ +]
+g *XT X+ ]
PEEY L -
$-(3x -x-1)g = —ox+2
g =3x2-x-1  (z_-2x42
Tn Fp Lx]:

=0 which meany Het %H- f= (xF4x+ l)-g

Greajest Common divisor

e c‘i% &f LIRS R P 3 @am
3

d(;lwzé o,: s ONMGUR. M AUC yNna Nmuaf

@ d 1§ ond dlg



- |
|
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@K Cink DB LS s .k Q) f and clg than c|d.
X;\ld%célz(j‘tg) L5 Lrgul - 3uPPese you had two, d,

d;l]t ond d|!3

dz gcd($.19),loy cond 2, dald, (e e dilde)T
Excac.Hma St'mll.wlg dlda?

d, =kd o, = dogyl) +dogde
{dlskdzl idci% d2= dag(h) 1+ dag di

=) dog ke +degh =0
= deghe =dogh=0
k. and h are LAt s Q&Q%d,:&o.cadz

) =lcdz ) le QM+
A, anck d2 cure menic

(ﬁ-o’:&d-l =Cg§%d?
d\ Od =Xd =t 8-‘1)
A (x) 2 € sto
d, =kdlz=__L9< *(8%
5%9.% _\,ﬁgj_\@?zfﬁnoﬂ m\/\.% CDQ%)\' QN Og d, , we

1 Remarh
TWis shews Why acdl Shavld be monic.

anlflxp%x)=x hecouie (oL wiownd 1t ﬁbbermrw(
’ 4
ﬁﬁ—a s , not both . acd (s, s the
u%%% 'p&%ncmic& d\% SS{ S1g) s
4. dlf‘ ondl dla
2.3§ clf . Clg ,thon dog(c) £ dog(d)
Dey4 & Def 2

¥ 9 ‘ s
Ol|=%c-d(§lg) accoradineg 4o (ﬂ.Qg)l (CH' Cl% 3C,d,,j

A, is monic and d, dlides F and

We wWastr 4a show thot d, sakisfie) Cﬂﬂty :
AoA c|f and C

\' .
As d SCUH%YI'% dér? 4, eld = h
&Q—%d!=d‘“€5¢*%h z deg ¢

por



Def 1 Sdoe) 2

e SRS e 2
Lok oy be the. C.Cﬁ-("ﬁ:wt \ CLC.C,OVd.L 0" Lo - _4’._:‘ ey W ¥ S ‘C'{ 2z (af
dlniq Cdz) g CQ-Q%ECL) iy va-ding \5 N
Qoecuuze d2 |§ anc dzl%) We adde knows thod d/p_ld;_“}
di=dah a3
(k)= dag (w) +degy (el ) /
gﬁ:‘%gl)— Q (dl2) %g (R 20 f
<0 |
deg h =0 ot
h cscé oc'-om:'}
A, =hdz
d, =gcd with def 41 (cl§, clg = cld,)
dr=geel with def 2 (el . clg = deg dazdag )

we wond e Show du=d=z
C&QH‘ andl dzlg =) d’?.\dl d-\--\f\"dz
dilf and dilg => dag (d2) 2 clog (ol )

A =hdz 9 deg (d)=degh+dag dz
deg(di) -dagd2 =dagh

<0 20
=) )‘Q%h'"-"o .2  hliis Ut
dl1h£1 and di'and da cwe momic  hence
N & U
Theorem (N%-.C“Sa“?%@%mé@ ’IO) 2616 - 20l

Jekx)] '_-Sha/a arat aek & X—QH—

hon °ne o

Theoreyr - . . ;
i ?'Eg%mcqu é%—ck ij Og cQﬂ_aT‘EQ < {8 \HQdUCkaO &83

BT ? hovo o ol =[x =
lSc_x 3 s %g? ‘\(cv}eduw. (%~ 9

Tuis chows : {y (rredocthf? = 4 han no roats.
Qonversply : Suppose T hoe no roo™s.

Suppose _§ not i(l\eduglggq* +=hlt




=) CQQ%h=de<5k=/l

h(XN=xx+R , o4 0
h hao o root ¢ i%%zoﬂc‘r\m the root s 2erd
<0 4+ than s -_(5._

= [ han oot . We cpcovckro&hdnon hane.
theckuciioks. L ’ >

AMT

I{éi:\ _sz e RIX] hao no reoty, has deqree 2
N (rredociheo
In €Tx1,§ s not irrecdocihl .

g(x\stx‘ﬂ (x+i)
In F';_-Exj | é(X): (><+\Yl not ifredncible

Ta w xll _{g(x3=><7’+><+l is irredwaib®k hecowse it
hao noe (00

Fa {04}, 5(6 4#0

In TFq D(] 435 o\rooJr not itve dwcihlo
-S:(X =Xt * x+]| :X2«2)<+ (X_‘)'L

Fundomaental thecrem of algeom

Llet §e G.Ex‘_}

Than §(x) = c(x ")h\ (%=Af)

Here Ais oaue roots o & ,C::qucunﬂ coeffrciont

This Follows Svom the Pellowin®y FACT

Av\.% ge CD‘] hap a toot - (This will be Song y N
Analp s D )
FACT = Fundomundal theorem of gebra .

it CQQ%S-J
g =aGxth = O\(X*b}

0 bra. h
o E L AP N ST A AR

fot $e €0x], doqf=d+]
B%M_‘,&M aroot  «a
¥ (x =(><"OJ® d&% 9 = d

Dy incwctHon cx%ﬁomp%\on = Clx-A,) ... (¥ ‘/{d)
[ R be - - - (AR "




E xamp

AL = 1) e )
S = (x-1)%
%Niﬁi?aigg‘\li&.- In €Dx] Jirredoc®  phynomialsS are theek

Theo
No '\;?c;paﬁandﬂ o% &% ~S9 wn WRIX s reducile.

o 5e RIA ,deq §>2 . Let o be o rook of §in €.

f aelR, than (x-c)\§ 1+ 15 redociinte .
Suppose _x€R & x +
Claimn : & s allao QCQQth A= dingy

§ = ?_LM 4 (o= zmo{—o

> Za;m =0 (WQU%Qd QT:O»L)

Look ot P(x) =(x-&) (x-&) = x% = o<+&)¥ + XX
x+x, ax elR pe RIx]
Eoclidean division:
:rr=Q"P 1+ C
dlua(r) ¢ CQQS (p) =
g (r)=-00,0,1
wnle c=cx+g , ¢,deR
&FQC&\M [ ()

=0 Sy
FQ@\)zc_‘J:COH-d
c,d elR
X & IR
= =0 S5 d=0 = V=)
= fopy  dagp=2 Zdhgf =2+deg ()
= degy g2 D F 15 redwcb®

‘T{u_ om% \erdLUQ\bQQ @o%nowqg M RIX] ore
* dog =1 ¥ dog=2 and no foots



Ang polynomial of odd. degree in RIX] has a
faQ\:
(Analywis | Indermediade  value thaorem )

Lexomplo
f=x9+] e RTx]
$x) = (X7402 x+ ) (x2=2 X —H)

Onigue Joctortsation theorem
Aot kX1 monkc nomial - re @xf8+
P Jt: %r ?‘“ﬁduc(w?oc:ﬁv\d mo\mc -‘S_Y'\E.

j' = P‘ . 'P(--

If $=qg,...a5 Fof g monic immedwciinle
thha n 5%(‘ gm.cl qig—_)_ﬂ@t odg {-EJ.C v»gorcilmﬂ\r\%.

Szi@oste thare ex51s § wath W yisakion -
L ejJronJdaQor\QQgcua ; dagrer W th
tbu!s s i tounly not rredocihle
(it's not o¥prodwch oY wree duciples !

§ewk  degnedeq§ , deqk <deg f

Ld O SMO_Q_O_ W“Hq ,{ SCd
n OCC;{UCE,QLC DCKEL\IG QECLC‘VQ{ gﬁ\éﬂ?&re@ \ no  foctorscion,

D h=p---pc PL irredocihe
R =9 -ag g tredociblo

J=hle=p - Pray s %S

Thail ntodects the auss o hak
NG ?cfci‘?mriaCﬂr(Q% -y doep ﬁg\(‘)é;%*-% § har

Thas Proved the excsten g .
Aot $o{Pr- - - [=h - AR ”l .
soppose § As 6f smcllieaT dagree whth tuy Prapert
Pila, .- gs ond P, is irredocihle  cnd monic
= P, \ 0N (Q(L is alss monic)
P, ond gy are both icredyahle  dnd Mo hy ¢
=) Pi= 3
After reordering ,wWe may assume that p, =g
¥) 9P Pregye - g3
By minimality o 4, fr=5
G =Pi VL %)

7



ample
Sx)=x"y|

Tactorise § in cx],RD], 1% B2
In €] Loock Lor roots:

x“‘ Tl

3 ST { T
A =€ Az ¢ « Ag=€ 77 jAy=e

ti() :(éi(ﬁ')‘a (*‘/\3) (X-/\H/) in  €0x]

1. =k -ty e irreducible eause thay have Bty
e l=[ A5

Tn RO (xA)(x-X) € RE)
= X" x+ | D ireduci ), becousse &0%=Q. no (od
SWWUQIU(B (x—)\z\(x—)\ﬁ: >(z LHV—!—I dln_%reo_ 2, ncl coats
§ (0= (x3-T2 x +]) (x40 X +1)

TFlDCl SO) =xttl= xH-| = (x‘uﬂ (x"—l) = (xzr\\lc (x—IY'
= (x=1) (=1 (x-1) (3¢-\)
Crredioelol becawse degree 4

1= =Y $0) =xU-4 = (x2-2) (x%42)

X Xt o P
0 -9 9 ()( 2) eund. (X?+2) CQQ(aZ
4 -1 2 and no root in 3‘{
Q 2. a 5—()() = (x%— 2) (x%+ 2) L ctorisation
g2
TN BEANNE:

X1

5.%:;%3 | = (x=1) (xZaxtl) A kDx]

In 0B , A =e'4&T A=e' 4

x T+ = (;.;—/\) (X'*/\)
$(x) =(x=1) (x-A) (X-/\)
n RTXV, X5ex+]  irreclociplo (deg 2, no roobs )
$00 = (x-1) (xbx+)

In 5 ] xt+X+4 has  no roo'FS, cQ.e% 2 <> [rred
FOx) = (=N(xx+1)




In DT xbexrl = (N°
x> = (x-1)3

Cxomn
() P§<Q”+X -2% 9[x)= >< -X*Lf

Find ged (519) and hk)
f-x9= x3 +x2+2%

EER S AREYETYL
‘ 3= e l)% + (Rx242x+ Y)

\_QL k=1Fo
§ =(x11)g

alf  qed(fig) =g =490 f

19 ke =R k
D'\v‘\cQQ Q= =% -X-Y btd QAX%+2x+Y

Q- X(2x242x +Y) = e@xBeLx b
._/x’s-—x 4 - x> xl X
4 (2§“+2m-q); LAXE -2 x -
= O
a= (5 x-1)(2x*+2x+Y)
%Cd (5,8):_ ¥Z 4+ X+Q (%va"’c re mounclr ore

Mtﬂouhm’coww
Bozat’s dork
><1+><+2=

f{‘ WLovu,c
Chapter 3 -"QQ\)\'&'\on of linnar algebro
R Pield
D ivution

A vector space Vover k s.t
«V 15 an obelian Qrou

> L>Hl)8

. R, ve XYy)V =X
4,8 XY € (>€+%;V)= XSH"V(Q)\/
Qx - W
C:‘{‘Y\}QQQ IS o vecter Space X%)VE?S il

r\>| %\ :
Jah= {(,’\,Xcd(} 45 a vecter SPpa
X

2%



k[x] vs ou yeckor space
e TFix d

{3 e ke[x], dl‘l% ftd}hof o Rcter spaw heawse O 3

not b
kyTx1- {56 k[x) . cQo_ca (g)m%},cs o VRRAGT SP ARD

eﬂn(k)::nxn Modriad with entries in k is avector space.
;D‘i&.IS) V is o vectol space swex k, W CV is a sohspag
© O&\;\J'
P VV\N GW ) ) eL(
A.un e W

QXOLMQQQ
'V any vector spa {0YCV £s « sehsSpace

o Vel (% ),xlgel«c}

\,tj__, {[é), Xé}{} is a 8ubspar
o,&dD{lC}QD‘]
W V

s SvSPace

s How man aubs ced Our‘Q'HﬁQ,rQ in RE2
A. lnﬁm ®Q % Qane ve,lR V#0

{Av, A eﬁ} {5 o SUbSPC\CQ
T givepy infiniiely mang subspace of m*

*How g ubdpPao in R
% P: C) C’M\CLR \tSng

P
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