2301 Fluid Mechanics
Notes

Based on the 2010-2011 lectures by Prof ER
Johnson

The Author has made every effort to copy down all the content on the board during lectures. The
Author accepts no responsibility what so ever for mistakes on the notes or changes to the syllabus

for the current year. The Author highly recommends that reader attends all lectures, making his/her
own notes and to use this document as a reference only.
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5pecrﬁca’clm + Kinemakics
Continuum

A substance which we can take arbitrarily small volomes and d» properties do
not chance . change?

M
0= density = /5N
= ; Y
_._dlmg over yolumes always contaning the pont Xo, we call the umit (ﬂv“.‘.u /sv)
i the density ok Xe.
A
| / This 1s an excellent approximakion provided
| —/_our Scales are lage compared to the mean
00 |. / Jree path of molecules .

. an +vos etk
. méan ree pﬂ.{h.

! In reali.ly the Wit does nok make sense i the
mean free path, buk in maths we shall \gnore

the mean free path .

-.sb-':‘n makes sense. Enables uvs to \dentify properhies with a pownt  we cald this

infinitesimal element, a Flud element or fwd particle .

Inviscid

Not Viscous - cannok support o shear stress — tangental to surface of contack .
(1.e. $lwd elements slide past each okner) .

Viscous - hmey Inwisad - waker




Incompressable
Can't be compressed - volume of fwd elemerk does nok change. during the

__moton.
|

'Gmdfumfkfﬁmspeedmlm cm;med tothe speadofsound 1. less than
600mphmcnr

EMoch number = speed of-ﬁmlotject
Speed of sound .

Now there s a consetiuence

b‘fb.uc\ element aluways contaws the same particles ik always has the same mass.
_ But Incompressible How so the volome. doesn't change

" |n icompressable fiow the density of a fluid element |15 constant but
~ this does nokwnpy that oll fuud elements have same density.




12 Tuo descrpkions.

.-a) Lagmngia.n

: Label each particle. (e.9. with (nifial posifion) and then follow each parhcle Subsequantiy.
_-Pros: All conservation laws, new{-m% laws apply dwectly - The equations are very simple

Cons : Parhcles can foliow extremely camplicated paths th very swmple Flows.

b) Eulenan
Set up a set of fixed axes
_ /J ~ Then forany fixed powrk w space can associate any fud
7, ctmnbibg as the value of thak quantity for the particle
v thak happens o be ok thak pownk ak khak tume .

U(xuy,2.4) = velocity of partide that happens to be at (Xyi2) ak time t
p (X;\[;i k) déhSﬂ'y " i " w “ " " e

Note atkhough each particle revauns s own density t ncompressable fiow, the density
ak a pownk coud change with time - different partices ak different €imes.

Pros : equakions are standard vector calculus
Cons = equations a lot more complicated - required work +o find partide. paths .

1.3 Nisuaksahion

a) farkide pakh : pakh folloused by a fwd element over a gv'en fime uterval .
b) Streak e : ’rhemcusform:db,o.umnts that pass throogh a gwen palnt (h a
swen e witerval . o v

dye




c) Stearline : A line at a fixed hme whose +angent at any point gives the

e
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=
emoke Streakline

Daxbo\e ® 6pm of parkicle emited between noon and 6pm
emitted B
2P pacrhele eputted ala i hose (@ pm

- Parficle paths : paths fraced out by particles in a given fime interval.

et the particle patn for q given fluid element be given by £ (&)

~Then the velocity of the particles 15 dt ak any pount (k)
de

- Buk by the Eulenan description U(r,k) 1S the Velocity of the particle that happens
fo be ak r(t) ak €ime t

Le. dr_ ur,e)
de

This ts an o0.d.e for r (k) ouk +5-givea Ut 1S general non-lineas (+ con be
Very hard to solve)
To find a pasticle path we stmply solve -

d :
ai o, (!?_i_'f)____smm C2ro ok &=0

The solution s gt then (), a curve pocametvsed by the fime t .

Example . el Sl T
~ Consider a particle thak moves tuo-d\menssona.m’ With velocity fe\d

ulek) = - Zte'sz (does not vary with position) .




2D
_Independent of 2
_component of U i 2. direction 1 O

A A A
U= ux+v~1+wz

T 20 flow
| ‘?/ai o

_hind the particle path for particle released from (4,1) ak t=0

s dr, ik = X-2tety
dr

CWith L= X4y ak €20

Or (n components (f =x§+y:{+ z2)
dycu- =1 dv/a} - -2tet
Thus X =t+A y=e-t%8

Buk x=!| when+=0 so A=|
y=1 whent=0 so B=0

-t

Le. X=k4+l and y==€

re. (ay)= (kxl, e7t) - path paramemsed by fime. This 1 sufficienty
~simple Hnak we can elimunake b o gek tne explicit form -

- (x-1)?

3:9—

~ - e St M B A

ﬁ(“-"u ak b= 0

p.f ak £20
e e




Example 18.

For the alpove velocity field find the streakline at t=0 through (1,0) formed by
particles released from (1)) ok fimes t<o.

Poramemse the curve by the time of emission of the padrticle, T (Where -<T<O
1.4, Ok ts T , (Xy)s (1,1)
" Bubk X=t+A and Yze-f'-»s
1-&. i: T+A Clﬂd d.:e-—cl e

F
> Asl-T B=l-e"T

SO X =4t+A:= E£+I\-T

y= e t4pg = o % jup %
Tnese are the posihons (X.y) ak time t of parhicle released from (V1) ok time
T 1
At £=0, these are
TS T o il 5 bR

- curve parameirised by the fime of release.

Sufficientty Simpte #nhak we can eliminate T to give the explcit come

y: 2"‘6-(I—X)z




EMmple 1C
For the velocity field above, find e streamline thvough (L1) ok £=0

A

g =i-2te'bzy
Ak E=O I g: i

Line with direction X passx}B through (1,1) o i+§+ SX = —ob¢S<eo
2. \I:i

Aside .
Suppose We have a curve r(s) parametnsed by S.

[3—(5 = r ($+As) - rls)

direchon of FEQ 8 rlg+As)-rls)
As

\F the limir As=0 ve. Q=P exists, then

" i ) . 2
‘t}f .-.;;To ris+4s)-r(s) gives the duection of the

as t-angent tp curve ak P.




Thus et a streamline be parametnsed by s re. £ls)
' Then the *‘angen{: of the streamline T Siuen b\, dr/ds,

So ak any time .

An o.d.e S for rls), w Seruual nonlinear. To be solved subject to t= Tp wWhan
S0

Example 1¢ (again)
(i.r_ - U(.rtO) = %

das

Subjeck to r - §+9 when S=0

é)

So I_- = +ro

Buk £=;+9@S=O SO Fye X4
£

A N N
Thus I = SX+X+Y as before

1.€. X =S+|
y=|

1.0, line y.—.l for all X




Conservakion of mass .

Consider fluid of constant density p {-lowmg through atube whose upsiream
Cross-sectional area 1s A and downstream area Ag.. Suppose the Hud velocity
18 uniform across the fube with speed W, Upstream and Ua downstream .

Now i fime & a volume (UsSE) A, crosses the upsiream cross-section and
enters tube.

In same time ntervak, a volume (U28t) A2 leaves the dawnstream section.
For incompressable flow, these two quantities must be the same .

U A = U2A2
U1_ AI

— = R ——

u A
If tube halves in arca, the speed doubles to conserve mass. &

' . au
(.Parﬁc\e path, streaklines, Streamlines 1daenhcal un si-eady flow 1.¢. /at-= D]

u A
Then same result holds : 7u.= /A;
.. if Streamtube contracks the speed of flow increases u'nvefse.ly as the area .




In particular wn 2D, ewnf\-hliﬂ happens per unit width o page . Thus Two
streamines sepecated oy distance L4 have assocsled crvss- Sechon area Az LixL
ond downstream have associated area Az =Lox 4 .

Now,
| Uz A _Li w20 fHow
. Ue A La

1. shreama speed vanes (nversely as the sepecakion of the sireamlines ta 2D flow
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Lemma

d
If § is contnuous v Lab] and L;‘ vanishes for every (¢,d) « [a,b] then
JCEO {h [.le]

Proof G
Let us have on wtenial [a,b] and a funchion § st J.—. f:0 VY (cud) < [an]
Now suppose thert exists o« € [ab] st $(@)+0

O oot o5 o gparalify we take 922 >0

But  1s coninuous
Thos 1 8>0 st [x-al<8 then |£00-Fll< V2 f()
e, $09> % £(x)

*8 d.rS
Now consider J& fx)dx > J ;-f-(ot) dx
aA-§ x-§

«+
ol

s
=2bE : ;
Lpeo | " dx s 8§6) 20
& Confradichon as ij vanishes ¥ (c.d)c [a,b] so A f)40. 1.e. $=0 w[ab].
3D version .
If we have a funchion £ continuovs i a domawn D and for each subdomain Vof D

Ide'O then $20 ¢ D.

v




Consewation of mass (for a constant density fuwd )

consider a fuud of density p occopying a domam D.
Take an arpivary subdomawn V of D
Let the surface of V be s

Let the velodty field assoaated with the flud be ul(x.y, 2, t)
Consider an whinitesimal element dS of surface S with local
ouwtward normal _ﬁ.

-

In hme 8t the mass of fluid possxhg Harough ds is pxVolyme

P X volume = px area of base x husht
p ds (ust. )
p(uenyds &t

In fagt we call the rate of which mass flows across dS , the -mass FWx
across dS | Here the mass flux s p(usn)ds.
‘Thus +he total mass Hux out of volume V s _L pu.R) ds

pf widds < pf Vual

this must be 2ero as the total mass v V 1s conserved

Le. [V V-u dV-0

“sndc: foru = UR+vy+ Wi
V=%x?ﬂa/6y§*%é 3
V.u = a}‘”,*a%y +2%, .




Apply lemma . - Arbitrary V. Hence twe V Ve D. Hence V.20 n D.

1.¢.. for a velodty fie\d 40 consene mass in a homogeneoos fiud (p= constant) (ks

divugence muost vanish.

In 3D OU AV 43w
ax dy 2y

‘HZD a_E-L‘?_\i =0
ox aY

" In 2D, conservation of mass gues : OYsx +aV/ay =0
Choose any area A bounded by a cune C

Green's theorem j (%{ +3§) dA -—§ udy - vdx
A c

Buk .[q vanishes for an (ncompressible fwd.
So w 2D ncompressible Flow; armund any closed C

. {c ud\/—\ldx = 0

2. }c Fodrs g Whee F = uf—ui dr = dxX+dy{.

1. F s a conservahve field
1.e. S F = TV for some scalar funchion V.

o,
S0 here akl)/ax = -\ éy i

4= uR+ vy

9-‘9-
x\-€
x>

+
lQ_
P,
~<>

n
‘\{'\

N
b

1159
>

~L>» ¥»




A

-2 A V‘f} = "‘aq’/axi'fav/ay X
u s u§+\:§.

‘e have p‘D\!&d :
If the flowis 2D and ncompressible then I Vst U=z -2 o VY

(i cartesian U > aw/ay or 2%)

lines of constant ¥

L& the lines of constant Y are tangent to the velocity Yector af any_point
1. t’hey are streamlines
We call ¥ a streamfunction .

In 20 incompressible flow there exists ¥ 5.t the streamline are curves Y= const.
(ik can be setved by found b\{ solving av/ay =Uu, Mox = -y

Example
Show that U = X£=\f§ sahisfies the mass consensohon (or conﬁnuih,) equahon .

hnd a stream funchion and skerdh the streamlines .

Confinvity  du , 8y _

ox oy
du
Here, U=x /3x=1
o
V=-y V/ay=-1 .
BT Y AL, Wt

% 07




Appl\f lemma . - Arbih'an/ V. Hence tne V Ve D . Hence V.u :0 n D.

.. for a velocity field to consernie mass n a homogeneous fiwd (p= constant) (ks
dim:gence, must vanish.

In 3D Ou+t_3_'f_+€)_\_“:0
ax oy ay

N2> M N Lo
X aY

" In 2D, conservation of mass qwes : au/ax +av/¢§y : 0
Choose any areq A boundaed by a cunie C

iGre.en's Hheorem f (%"i‘ +g-;-)da -’{ udy -vdx

A

Buk Ja vansshes for an neompressible fiwd.

So n 2D incomepressible £low; arund any closed C
' Jc ley-\!dx =0
f A A A A
!.E-}) Fodr. o Whee F= Uy-vx dr = dxx+dy §.
c

1. Fis a conservahve field
L. B F = TV for some scalar funchion V.

oY,
'S0 here akp/ax'-‘-‘-" éy“‘

U=-2.7V UY=d¥+d¥V5. U= uk+vy
. ot b Ax dy7 %
Zaxey
Za§e -X




LE. Q‘:‘_’: u=x
oy

L0 q"z )(Y+ ":(X)

aﬂax = £'(x)

oy 7 2
q;ax= -V=Y = t(x)=0, 50 § = const, taken fo be 2Zero hee e Y= Xxy.

But

Streamlines : lines W= consk.

. . Xy = const - recmngwlmr hyperbolae,

. Solid bemdanes - 1§°npen-ﬂeqb|e :
zero fux throygh an element ds ok an
Impermeable ‘mmdmby.
1.0 P( Uen)ds =0

.. . A
But p#£0 andds# 0,50 Uen=0O ak a soud bO'JndO.r\f 3

1.2, thee 1S no ‘-ltif:‘:_it':f nomal to a solid 't:C'!n:i-f.U\I

1.0 . the hormal \JUGC{I\’ vanishes @ a soud mmd;m/.




In 2D incompressible How

!:%AV‘P.
At a solid bmnday Ue ﬁ:O
1.¢ . (iA U¥Y) e ;‘\\
(2an)o UY-

t cUY-0 uher E s unit tangent

Thus 3’*}35 =0 along He houndmy

I.e. Y = constant on an l?npmneable boundmy .
Thus an Impermeable band\u-j (s a siveamline ond eciuix.fakmﬂy (- any stveamlme

Can be taken as an Imparmeable boundmf
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Incompressible
= V.u:0

Also 2D :
Yox "'av/ay =0
= 4Yst Uus- é;\ YY¥Y  (streamfunction)

Natural co-ordinate system for fows with c\f‘linders s polar coordinakes (r: 8)

x=rcos® y: s

i

Ux,y.t)

‘J£+V§
Urf-&-UsQ.

U

l.e. Ue and Us are the polar components of the uelc:u'hf vedtor. U .

Now Us=

2/\‘;"#
At v TP B2, L LR
and wn_polars, VY - Sy L-t.o =50
- w..BYa. 1a¥eer =
_ZAV‘P-"QTQ-"? @95 %A[A: 9;\
2A0=-¢
gl QY Ug = - ¥
ur r 260 le or




We. have shown that -

A | A a
-Eayy - +5E-50 8
But s 1s u s lilrf-y'Jeé
| oY oY
Ur = = 50 Ue= =3¢

We have show ‘&)\‘ : U= Xi,y? \P% XY.

% sold boundnnf u 73 =0

A

Uf=u-Y=-y=0 ony=0.

Note 1n tus Flow, at the ongti\ , U 0. . The ortgth 1S the 'shanat\'.on pont -
This flow is known as staghotion poutt fow .

Ph\’sucal Intevpretation of the streamfunction V.

' The volume flux per -m;k widthh W a clockwisé direchon crossing amf cone

jmninj a powmt € 1o a pont @ 15 given by Y(Q)-¥(p)




&
Froof.

Take any pownts P, Q v the flud and curnve C jowning them.

P Along ¢
\ I .’f | A A
VP L. dr= dx X + dy y-

. A notmal to the line 1s Siven by N= - dyi & dx;
Notice n.dr:0 and dr (s tangential
 This a unit vector , 1 the clockwise dwechon s

A
i (‘iy — X+ —éh‘” o< g
«(cbf-rd-f $ Jix‘+ dy?
.. ne=_dy 4.4 dx f’ ds in the element of arclength ds= ldgl.
ds as
& The Hux across PQ s
rq "o f
l (wedyds = | Uiui}).i"g%% "g—’;y\ ds
P Jl" : :
WP T \
Sl ?_h_' d_d ¢ [
] (an_éx))°\ ) ds
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Summarﬂ

(1) Descrption
Euleaian  u(x.9.2.t), p(x.y.2.t)

(2) Particte paths, steamlines, Sireaklines.

: N/ o
(3) Incompressible and hemcaeneous (p=const) fiow = V-u-0, 9u/ax* oy* Yha=0
E
(4) V-u=0 (incompressible) Plus resmckfo 20 > I¥Y st V= - % A Y
Y streamfunction  lines Y = const. - streamlines
In Componenfs : Cartesian U= 8‘?/85 \N= _94’/8)(
v, _oV
Po\ars Ur = ]/r 8/99 Ue = /ar
(5) Bourﬂarjj conditions
e

U:n=0 on Sohd boundanj
Y=const on solid boundasj ,

Vorﬁcir\\j

w=chrlu=VNVau




Physical. inferprefation of the streamfunction.

A

s unit nomal, so N.dr= 0
Consider N = dy:ﬁ-dxi

Note n.dr = dxdy-dxdy = O

Thos 0= dyx-dxy  Le A=dyx-dxy = dy
W ds ds
= unit nomal fo cue pownting clockwise 72
Flux across ds : U N ds per unit width into page
Total flux \n Clockuise direction across PR i
[ Q

The_streamfunction measures the volome flux {Per unit ierrqﬁﬁ across a (ine

l__r:.ininq 2 pownts n_the fluid.

cls) e Line parametrised, a function of arclength s.

H d5=|d£\=|dxi+dy~;|=,\] dxz+d\”'



Example
U=l V=0
Way=1 hax
. W=B

Flux (Per Unit widih) crossing any \ine :jd'ﬂiﬁa Pand Q s SQQ) % (P).

— Y|
l.J__,__,, ,] 4 2 \I}(.Q)— W[P)=1
R0, I yeo = seperation x speed = 4

Note : with 1 boundarﬂ we have

/ v But uz-2aTY
(\ — So Y ar\oi&mrg to within adddive const.
3 Hence we can yoke W=0 on the l‘mmds;l.l\\j.
B 2 boundanes
7 i G
( ) TG.ICP_ ly= \V- C;
S Thus W= O on one of the boundaries
A~ Y:03 But - C2-Cy on the otner and this mtah’f hot be Zero.
ol il : :
( ) In fack G2-Gi & the amount of flux Fiowing befween

the obstacles and \n gen&raL \S_part of the solution
™ the problem .

Note : The dimensions of P are volume pex unit fime. per unit width

L3T-| L*l - L?. T-I




Example
An Isobropic. line_source

UMt The streamfunction 18 Y=m8.
r
NO"Q Ue = -Q_Y 20
or

e e tur) + Ve Opo (us) o
Ve 9or (m)+ Y 8%p =0

1<l
o

1=
1]

"

Take any cunve C cirewling the source at the origin. Take
any Pon Cand Q arbih'arj close 1o P in Uockwise
direction on C. Consider cone C taken (n anficlockwise
direction . Then the flux ovhwards acoss C (s V(Q)- w(P)
Rut B increases by 2T gong around C

Thus werease tin Y, . W= 2mm + Y,

Note. if C does not circle origin + Then change th 820 L
Hox acoss € (» 2Zero.

Sim'r.larq we can ghnnk C as small as we ke ot c.ir*:.ling oriar[n and flux
|rey Tl’_.l*J‘L_- 2mm
Hence the ofigin 1S a singuladhj where flwd 1§ created at a rate 2Mm.

A
Us= e C {sing. at r=0)

Sahsfies our equations euex\mjmue - RXCPt origun
Source %1- s\r%nth omm . L




Example 2.
An isofropic Source Of strenath 2w a uniform stveam of speed U
J U J

\H -,h]ﬂﬁﬂ"_. Stream :-\pid U: .’hﬂf‘.&{i X= jirt(,ﬁf_‘f\ ﬁ_h awrechon OF stream
Then u=U v=0

A_ﬂ' =4 :_)_i)j =) Take Y=\ 'l\*'.
0 i o OX J =
® (2) (sohopic source Strength 2 of orign VY2 = m8.

&) f * S 1 \ 1) !
.‘5) OmMbine 'ﬁltoti.;. ,+\= Ve Y2 = U | +mBP

\

O B s S A
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Consider he square ABCD with 0<h << 1.
Consider a time intersal 0< 8t <<1, so that

[ Taylor's thm = £(x)= £(0) + xf'(0) + R, e

L LY/ 212 f
Rzs 20T (5)h 0<¢%<h |
. T e 1and '. P~ . 1 xl
InUS within ABCD we can wnte
U= I'\_/' + olX + '.31
‘-.!': \J + ’f.\-l' 87
g ] s
Wit an eror of order W',
G ou, " o | N | ool
nere X £ x’.‘g){ln 5: ,a\’ lo \r: A% lo 8= "?Qy lo

C : e, Auy + - >

oy incompressible Tiow : X~ /3y = C

1 {1— 8§=C
. Ik 15 convenient o wntke
O:=Y%( . v o FoMga Lo N
Oz 2(p+¥) and P=3(p-2)=3\ /oy~ /ox)
’9+£§'=: '9*'?-'!“
This
( \ f \ 4 \
l \ & | \( :.. : X |
= & |
' < |
v ' / ' / . ¥ o R 7f




ln hw“? St; efl';h FX:)'\H{ HE\;D moves L-":,' an C,‘\\‘“(J'\_)nt -

Look at eachh ferm i order.

tatu

TemmIL : A dﬂpmds on ulm.c.'-ﬁ polni- you consider .

;:Q“-;’.-I ‘{u F‘ : i:\gO)

(i 0\{h\5t

4. [ L0)A)
y O =t/ 0/
[

= { ahot

0

O On

‘\
Consider C: (- h,0) PS

i& MOVesS l’ 'QX = - ahét 8\‘ =0.

Conesider B L O,—h)

g 7 7
&x| =z af | o)(o)gt=f 0 X
\ ~othSt /

\o-i h

Consder D: (0,-h)

8x+0 8y = ahSt




Sfre\'c,hxhg n the x-direction.and an equak and opposite confraciion n the

\i—.-_iuveuion So as o conserve area : area consenng dilakion .
- T
lerm AL

Consider A (h,0)

( o= ) - 8o 1 \[h)&=(0 \

\ Sy/ \1 o/\0/ ‘\ Ohst/
Constdes C (-h,0)
Sx= ( 87 = - Bh&t

Consider B (0,h)

[ (
(Sx\, =0(0 | \%\'-0\; St = | BHS!:\
Sy / 1\ | © /:k h/ l\ O
. Consider D
Ly = - OhSt Sy: 0.

Another dilakion : She{ch\:nq rlkonq y=X

Ccnhamnq ’1.10!1:1 1-.--x :




Term TU

Consider A

(Sx\F (25;”0 l){h\‘%&: . (0 \
\ 8y / \ - \ o/ -Qﬁ’nSt)

Constder €
8x=0 8= BhSt L

Consider B

(3"\:= r;é(o |)(o)8t - ( ;z)h&)
\ 8y / -1 0/\h o

Consides D

X = - Fhbt 8y=0

Kotahion about the C.0.M with angm Vﬁlz‘)uh{ ¢ /2 L /ax /c?y}
@ 7 C Clnh(.to..... J(S€ .

' Proved
Local motion = Sum of transiabon of C.O.M.
Dilekion
Fotakion okovt (C.0.M
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Local motion = sum of transiation Of the €.0.M
a ddohon
a Yokakion aloovt the C.0.M with anﬂumr uetociiy

Q;
<
'

Y

| = h

Ni= Ni-
i O
il

P |

>

We call curlu= YAy, the VorTiarTy of the flow . Lold name - ror u)
The vorticity = twice the anqular momentum of a fuid element aloouk €.0.M.

In 3D; curl u has 3 non - 2er0 components .

u v 0
A o o A A
= (oxv-3yulz = (%o~ u/ay)g = 52,
- Only one non - 2ero comp: L plane of motion .

n an h‘.\..li-:i-rj ’Fhﬁd no element exerts o shear Stress on any other element.

I we cannot apply a shear Stress we cannot apply a TORQUE, 1.¢- a fore witha moment.

Thus we cannct :hanﬁe e angukar momentvm of a fluad element by apﬂ\ixl;\ﬂ a
_movent or fc’rfiue.

This w20 flow the \Jorh‘c.ihf of a fuud element never changes .
Most m\poﬂnnh:,, elements that arg not Spinr{ug, can never start spinning 1.¢ 5a0,




Jor any t for any clement. 5=0 Vt.

In_parhaulae for a motion started from rest, where w0 ak £=0
then T = kurlu) -2 =0 ok £=0.
Hence S 20, Q‘J@’UME’!‘E,FW al hime .

MERSISTENCE Of IRROTATIONAL maohion.

In 2D fow :

2,> 12,

Strefching a flud lement, shanks n complementary
dimensions so ik .spms faster. Heve 2;> 0, 50 5,2 3,
Vecit \!Ofﬁ{,{t-j Can Change even wn wnuiscid Flows i 2D
due fovortex ahanm

Vorrex swmn;\ﬁ = Vorticihy ampirfier.

i B 1
L In 20, no mobon Lr to p‘ﬂﬂr’. L. N0 S“E'."CJ’IU'HJ .

However yrrotational motion i persistent n_ 3D also as there 4s no Vo'rh'cihi..
tC h_L\;i.[.

L.&. for motion started from rest Taus«0 forall X,y.t (+2 . 2D).
Le. U s a vedor field with Vanisimng curl.

Hence U 1§ dervable from a scakoe potential (4 s consenahive) .
. 3P st y=V2 (w2p/20).

e call © the ~Jaiocit\l porenhal .

But ovr Flow is Incompressible so, .

Y.u:0 (w 20/ap)




so V. (vg)=0 (« 2p/3p)
Vg0

In 2D,2D the (nvis ad, uvotakion h, fuud flow 18 denvable from o ve lo.-'_jt.j potenhal

satisfyng Laplace's equakion.
X ¥

The boon lary condihon on a soud b&md-u'1 s

L u-n=0

1L . E}q@:(

o :
.e- 50 = 0 on boundary

The normal denvahue of @ vanishes on a sold bous maf .
Example -

g the velocity potential for a uniform stream of speed U w the x- duwechon .

. !;l 2 lg 1.2 s ;dl = (
217%) 3,
BA* U= 7?3 SO 3 H ‘)’z}ax U= Q: ~)y

so Wox=U 55 @sUxrfly)
10. Foy=£'0y) Bt Foy=V-0 . £1y)-0

NS Take fk,‘}= 0

-
LNCY)

E Bl
.

-~

p= U

1




Examp\e :

fnd the Shﬁad\, urotational How of o uniform stream of U iy the X-duechion
ast 0 cvculac cylindec of adivs a ak the ongun .
pa )| )

.T

]
|
|
1

Infroduce polos coords -
X= rcos © Y> rsin 8

Then as r-= 0, the How becomes a uniform stream.
So

@ —> Ux=Urcos® as r-a
The under r=a 1ssoudso 2B . o on r=a

on
1-£. 2@ on rs=a ( E\.,F on r-a).
— 3 r;; -
g ®
1.e. tk remawns to solve
2
VgZ-:0
D> UrcxB® as r-m
ad

N/
"J78c=0 on r:a

or/  With steeam function

av, oY
T-U=0 pigs 20 3 Y st u= %y y=-"Jox

. , BV ow
lvotakional (+2p) : “Vax =" /5,20

N2y, 2
“a)/y'ax’ -2 ‘%7“ )

e NEY SO




Ona soud boundasy Y- const. If only 4 boundany as w cyunder problem,
we can fake Y=0 on v:a.
The streamfunchion for a uniform sp Stream of speed U i x -dir. Y= Uy

' Thus the streamfunchon sahsfies

V?y:0
Y - ‘...l-f = Ursin® as r->m

I"P=-O on r=a

2D \otabional , tncomp. flow can use eirher For Y.

D botno Y : 3D.
Y bot no B : rotakional ,5 # 0

In our problems can always use both | either U= VP

us -2aV¢
N/ Ay,
Thus u= 2Py = 'fF)y
= d /DY s - a‘t”a)ﬁ

These are the Cauchy— Riemann equakions

ag/ax » afay 3%;‘9), 5o 3{;9)‘

Thus the function w(Z) where 2 (s the complex vanble X +iy s a differenhable

funchon of 2 when

w(2)= &(x 1Y) +{ P (xuy)

Thus @ and ¥ are the real and im parks of an analytical funchion w = B+ iV

We call wW(2) e complex velocity potentiak Rew = @
Im W= §.




Thus any differentioble complex fonction represents a 2D icompressible,
umtabional How.

eg.1.
w(z) = Uz
= U iih—i\,)
= Ux + L'--.Jy

SO B=Rew= UX

Po Im W= 'Jy 1.e. unvfoom shream - u: V@- Ux . .

_Srraxmtinc;;, \wnes ‘IJ.-. ConstT \.e. x-f e const.

9.33
wlz) = mlog&
= m (ogl2l + larg2)
m {103 r+ i0)

mliogr + im8

(]

¢= m\Ogr LP=m9

(sotropic Source of Strength 21tm .




U=Vp=29 ¢,13pa
[ A e T
:T_Y\_ F
=L
U=
= —21\ vy
. 1.¢. V@ and T¥ have same magnih:de 1981 =199 = lul and are v

(90 1s TY roraked b-f th)ic.iochuu(")-
Thus the level cunves of the real and imag inary _parts of an holomorphuc
funchion ase orthogonal . [ except where @ = T¥=0 1.e. a stagnakion poink].

Now
u= 990 A
A a - i / /
= a%r T+ JF g‘fae . gives Ur __.a%r and Uo = /r 9%‘_-)9
and Ur=13Y ond ug = - &Y
. r 28 or
B
Thys 2@. 1 oY |
r :
a_‘:!_’ VL) F_)_S_Z‘ W= @ (c,0)+iY(lr,0)
ar r a8 0
2aYe™.
Remember
dw ok g e
d_; O '“@'H'f")
. : 9;21,;)‘ *L‘F)géx = U-(v
U+iv = ;_E

dz




In exampie 1.
W= Uz

dw

U so U=\U wn:=0,
a-é'-

A Stagnahon pownt 18 @ pofn‘r where U=0 and V=0
Le. dw _ Q.

——

d2

In example 2
w=2*

dw _ 2% .

d—'_t-

du.ﬂ -0 a_i.‘ 20 o | S"Hg’\m pC:J\k
ol

[ Al problems are most succinet \wn complex Vanables ] .

Laurent's Theorem.

i
If we have a funchion £(2) analyhc |
Withn on :m&uiar rgion [Roc I2I¢R)] A T) ,
V \ (
then 4+ has the Unigue expansion of A *

the fom -
L+ Qo+ QT+ 1:{_{:2_'" dgz “'.'54" -----

oo+ 03 Q-2 4 Q-

i

— 4
23 2 z

We apply this to the complex velocity U-1V (beause we expect ts fo be bovnded)
Now we must mfegruka to get w:

e baebar blczqt+bo1r b2+ b2 ...

2 2 i

Where b are omplex constants -




Thus any W we wite down 18 a Wnear combination of im and 10q 2
1-2. we have proved that all soluhons for B and ¥ are linear combinakions
of Re ®and mw 1.e.

EZN ans + 11 .
rt'osnQ, r*" gwmnod, logr, 8
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Laurent’s Theorem .
Any fonction analyhic in an annvlus s smply a lineas
combuakion of the functions :

B 0,12, ...

225... .2

Used on complex veloaty  u-1v

® nfegrafed to get complex potential w(2)
Aly W(2) are inear comboinations of logz, 2*"

Yand @ are Wneas comownabions of -
logr, ©, r*cosn@ , r*Msinnd.

|motadional ncome. fHowy.
q”| = rsC.OS. L|,9 X
@,=r"cos1®0 vV

Example
Find the.1deal flwd ftow past o cyunder of radius q_given that the fiow
ak wfinthy 1s Uniform with speed V.

Ans : Take the x-oxis 1 the diechion of flow ok oo. Let cylnder be ak the




Can use either Yor @, but if you have a chowce use ¥ (since easy 4o draw
S'lines).
D velocity potential .

Y streamfunciion.
Vg0 9¥-0

And u=Y9D or u=-zA9Y

Use Y. L

|n the far-field , r > o0, fiow uniform n X -dir
le. Y- Uy

On the cyunder, r=a, no nomal How 1.e. Y= const on r=q
(on\\] one bouwiar\, so foke W=0 on r:a) .

Math proolem -
Sowe V*¥=-0 v ra
wiﬁ\""-”Uy as ¥ 2
and ¥=0 on r:q.

Polas coord.
The mhomogeneous part Of the. problem \s the far field
Here ¥ = Ursn® r-50.

Look for a solution of the form -
Y= Ursn@ + aurtcosi®

+ Qa¥'cos ®
s\
+ b—-l r'eexd .

Y= UrsmB + B sinH
r




On r:=q
Y= Uasin® + 74 sih6
This vanishes Y8 f Ba=-Ua 1e. B--uUd?

1e. Y= Ursn®© - Ua”* sin®
i

Vo o0t

= Uesn® | V- /2]
(1 0% .
= u’y \l- /I’z)

. Streamiines : Y- const
: SRS aY _
In part. Y=0 when Uy (1-%%2) = 0.

(. a2/
Hence Uy=0 or (1-%%2)=0

1-e. y=0 ot r=qQ

0
FB/US.& the velocity potenhal, @
Vd:0 ra U= Ux = Vg
D > Ux as r-a. Then @=VUx
2@ =0 on r=a. Onr=a U.N=0
= ... & N. 99 <0
Le: fa-0




Use polass
@ = Urcce® as roo

Ty D= UrcosO + A cos®
r

Onr=a
oF _ Ucos® - A cosh
or ra
o A/ _
Vanushes VO on r=a ¥ Ucos® = /2 cos »

le. A=qa*U

: (s a, f N2y
Hence: W= Urcos® ( 1+ %2) = ax (I +Y0)
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Fow past oyunder.

- Streamfunction Vs Uy ( l-aj’}’)

Velocity poteaial @ = Ux (1+ %)

Complex potenhial  wr= P+1¥ = Ux+ (Uy + Wi (Ux-iUy)
1.0, ur= U(Xtiy)+ u%_: U&-—iy)

= Uz + Ua®> 2
ra
. = Uz +Ua’Z = Uz+Ud (Thanks to Lourent )
ZZ z

Jor Y= Ursin® - Ua? sm@
¢
Ur = ‘Ir'_% - LLC.OSQ {l'a%")
Us = ‘“yﬁ"}r = - UsinG ': [+ 'az-z)

Onoiundﬁ.r, |2l:a or r=a

@ U0  y6o I.¢. 10 nomal velocity as expected.

On oylnder, Ulg: - 2Usm O




Us = Component. of u in B direction .
1.e. dwechon of O (ncreasing .

A N4 i

? Y,
A
f

m.spééd H o=

Sfuﬁnoﬁon pounts
When Ug:0 , B-0, -1
Streamlines cuk ok nght ang\es.
Streamiines wn the. naghbourhood of stagnakion ginks

At ;;.'f;H. poy U=0 1.e. V@20 and VY=0

—

Suppose. W hawe a stagnahion pont th a flow with compiex potential w(2).

Expand w(2) 0s a sey ies aloouk s pound : -
W)= Qo+ Q2+ Q2'+ as2’s. ..
Sinee @, Y, w are only defned to withu an addukive constant  take Qo= O

-0 jo .fl.=O .

But ot staq. poud  dur_
o a2

Lek the fint non-2zer coeff. be G (n22)

Now we an Fake Qn fo e Real .




Coraider . Az where A= xe”  Then Az"- xe'?2"

AZcap®  Az": w0 2"

= qg\g iﬁ,'q} n

- ‘(_r_‘.‘f eNe \On
AN Ain(98%)

- (/N
= \WA r)

f A L -t T - 5 i, f‘ - i . . [ 1 e - Y
.2 . We rotake axes by nm an 1114 N_and mammity by factor
J \ ! /
-F"-.’) 41 s I A 1 . b ". - -
JNE_UNAC 1 Whuda two streamines aoss s unchanged .

|
S0 Y= Imw = Ar"swnnd

S0 ¥=0 when O=0, and next, with (ncreasing 8 , whan ¥ 0=

! '.:‘_:
| .Il
/ \ Usual staq. pourt
T - ~._'\;;|’.-_ ir;..;i.u TDSS :\-.-‘,..
i
I
N3
- &
S <
T




If n_streamlines cross 1n erntational fiow aswell as incompressible , then they cmss ak
Trf
b«

The Line Vortex.

e olready have one spectal solution : he \ineg source of shength 2 ak the
origin :

Y-mo @ = mag v wr= ;25+i'~|’=m{l03f+i9) < mlog2
&

‘Consider the. related solution obrawned b‘f 'smapp{hq’ d+¥Y 1.0. make @Z-%O
and so Y= -Fkiogr.

Check: Wr=g+(Y
= kO-iklogr
= -k (t03r+i9) = -k Icgi.

For ths flow : &
U= Vg Ug = e £+ % %0 8

-k Qg
i ®

1.L. ;’Llu.la.Hs n the B dueclion but decreasing with distance from the origin .

Streamlines Y= const (2. r-const

A spining flow - 4 line vorkex. : #Lf"’ Wm

[Nond : 15 Hhis fow mrational T
No- individual elements do not mrate about their

C.OM].
. ®




D= Urcos®+ A cosO + Clogr.
r

VP - U% i 1) V(l(}jr}—-"o as r-300.
U = UX 6 rsm. .- (2)

Use boandm:j condikion (1) when surfaces or vorhces.

We define the sivength of a line Vortex by "t circulabion .
I §c Q'd»l

around Q S'Ne.n dosed contour C, taken anhclockwise .

S Lek A be the area enclosed bd 5

i)
fl [

1

- Then;, rI:: ﬁ u.dl = J'L ?_\_-(VAL_!)AA

[ 2.58d8. in 2 fiom.

=Uﬂ S dA

.e. The Circulahion adds up oll the rotation of the indanidual elements enclosed .
Bk i utational flow 5=0. Hence circwlahion about any closed contoye, it within
v




Which U @ differentiable , Is 2ero.

| W= ¥ @ Line vortex.

7 ,}

The crcukahon about any aunve that does not curde the ongin, Vasushes. Consides

. now path Consishng of old _pakth G connected to a smoll curde of radus €, call this
Ca. Conbved ok the Origin.

Then the area endlosed by Cz plus C3 contans NO sinqulaaty 12 .
J ! J
7 U-a
t-l‘lj

The fwo / lines cancel so

r

1 (

j’ u.dl + O U.de - 0

GQ " _IJCS ,

-dl= €408
r ( el
Gl S | LY.

0 Ut == = -§ X
1¢ : Jey = J Ed@(-g))

k9" 4o - 2k ®




Q2 G

i
(——--—5
=
™|
o>
™
o
@
©>
p—

Thus we have shown that the curculahion abouk any contour f:.ychh\g the origin \S
ok

and any (onfoor nok cﬂdinﬂ Origs i 2erm.

cf. line source : flux acmss any ine eycling e ogwn 13 27Tm ( for wemiog 2) and
- 0y nok ok tycking brigua is Zero.

Remnemblr the omﬂ member of our Set of soluhons thak has Curculakion 13 the line

Jortex ¢ ul’:-ikl(gi

The only soloion that has mass flux 1s the line source, wr= rnlo(g 2,

How post o cylnder with circulation

This has complex potental, :

wr(2) = Uz (149%2) - ikioy 2.

Ths has circulahion 2TK abouk the thndu.

—

f.'/ b ") -
dw/

-1V = Ydz = ‘Jrk';q?’;i“)-“?&

—>U o 2

le. U=>U v=0 o Unifow siveam at 0.




Can we check Ues 0 on r=a With complex vadables f
Yes.

Consider o pont P = Fo'"®

T L | fo (1)}
e Ueotllga S5 a . S5
g do  dz d@

|1Z2l= (2] , g 2= 0@ 240 = Ze ze %

Polar component from complex w (2)

| 4 r .q “n_rf;
de -(Up = 2" 1;':1}_1
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Consider a oflmder of radivs a, n a uniform stream of speed U (in the X-di )
With Clreulabion K about the u,tmder.

The complex velocity potential for this Fiow 16 :

w() = Uz + Ua? _ (k
& 2N s

[or @ = Ux (14 %) + % ©
or ¥=uy (1-%) - Kaw log ¢

Check
dw _ U-Ua*_ 1k
d2 22 Mz

dwy :
. As 2 560 /de s U-tv > 1 1. yu=2\ v 0

C"\ =0 o, I-a-i.':'] 2. 2= ’lﬂlg ‘Lfﬁii\ﬂdﬁV)
Must check Ur=0O on 2=0e®
Bt Ur-{lUg = dw ¢'®
de
On i:ae_i'eJ

. Ua? 5
Ue -LUBS = [ U- a2ei® 'zﬁiefi e

© Ueib_ (le-0_ ik
Zra




U ieie_e-—'le) ¥ LE
Zna

1]

2(UsnB - _1__5_
2

So Ur=0 (no nommal relocity on cyl as expected)

and U = - 2UsinO + %'flﬂrq-

Where ate the stagnation pounts?
If K=C

s’rag. powt ak 8:0,1T

Nohce dw = u-i1v

dz
« Yo M 1K
i

aw when Uz’ Ua®- (kz -0

?ﬁso 2T

Thus there are twso stagnahion pounts tn genaral .
~t \

It is sufficient to find ponts on cyl where Uo=0. 1.2.
Ie{{ s ZL‘:i.ﬂ{ﬂ = k/ma




Thus for 0< Yamua < 1
there are two stagnakion pouts ak Y= asn®

i {k/4rr U

g Nm)'s{l K/irav = 4
The two .‘-;tagnahor; pounts merge at =1%,m1 =q

K
I Yqmal > 1 .
No stagnakion powts on the cylinder .

. _: \ S One stag [;)f:;_f'nt ues on X=0
.fj_\,\ ; wside cylinder and other lies
\\‘ .\'.I ‘..1 OU‘-S \ dﬂ

Solve ths for 2
& 0. wnte E=iy
Ua¥
|

& c}&_/’.

O= U+

b T e fae
.i / a-uL{ QDI j-_,‘f ’4_ >
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The method of images.

Def = If amotion of a fuud 1 the X-y plane 1s due to q distibution of smﬂu.lan'ﬁe:i_,
(sources, sink, Vortices 1.e. 2™) and there 1s a curue C drawn 1 that plane #én
Suth thak there » no flow acoss C, then the system of smg'kdm'ﬁe.s on onhe side
of C  called the IMAGE of the system of singulanifies on the other side.

2k ¢

4
%

Here system A b the wmage of system B and system B°is the image of system A,

EK il 's‘..‘;‘-iﬁ a

A source near a sold straight wall.

Suppose we. have a woll along X=0 and sovree of men\q’m M ak X=a . What IS the
Flow feld .




System A : Source of stengthm ak 2=0
Wi = M log (2-a)
2T

System B - Source of stength m ok 2--Q
J3 = M log (2+a)
z-rr S

Sa.';,rem 1 Whole plane , Whole system, S\.‘S\'&m A and system 81s

W= W, «Wp=mM | (2-a) + m | (2+a) = m | (2202
21 e, an 9 2m 9

Il ., | { . o ? s U= =
Me jost gquessed the image . Are we aght ¢ 1e. does U=0 on X=O

Check : dar o L r,

dz =~ o #at 2%
On x= O
(2=iy) dwr, m _1_ 2y _ -imy

dt 2T -y*-q? IT(\/"-}G’)

t
Rk dor . .. ;
dz U=-rv




Example 2 .
A sourte in o quafer plane.

(onsider a source of strength m ak 2= a+ib \n
the qualtu Plane, X20,420,
What s the fow field.

Original system

e 52
5’ . A2 @ W, = m log [2-(a+ib)]
“m " 2n

. r , Y |
¥4 Wz=m loq LZ-(-a+b)]
e : .~

r ¢ v v 1]
+ M jog L2-(-a-ib)]
)

. .M log .’:&-{a-fb)j
>

full complex potentiak for the fow

m log [2-(asib)] + m log [2-(-a+ib)] «. ... .

W= f}.’;fﬁf; =
I = 2n
m log [2% (aib)¥]
=



Example 3.

Sovurce |

ek 8e¥se (n wedge of angle T (n mteiqer).

Exampte N
Vortex of sivength 'K at 2:ib above plane y=0

A #
Original system .
D) W, =-iK log (2-ib)

n
I _ Image system - Vortex ok the ophical \mage
D powt Zib of skrength -k

w, = LK log (2+ib)
21
Thus the fHow field 15
wsur+wWz = =(X log [ Z-1b |
s L Z2+1bJ .
Check
ws= @+ ¥ V= Imw

On *.I:C , 2= X
r‘_- Y, -D i |
Y= Im L ”5/2‘[[ fﬂj 4 . '/x+&'n)_,

| X-ib/ ) 3 N
2 'k/zrr 109 | = /x+ibl = - "/2m f*—’-‘j" =0

jo 8 Y= O v a Shreamline- .




E ]
EmmP\E 5.

hind the fiow outside a cylinder of radws a due to a source of strength m at Z«ib
bra.

We need +he \mage system inside C of the sigulanties outside C.

Odgmal system

Image .sa/shem
Wy » M log (2-ib) Wi =
5 S

Ophcak \mage pount 1 ok : Z = L%

Use the curcle theorem : The Imagine system 1 a cucle |2l=a of the complex potential
; : = : : —_ 2,
W, = $(2) that has no sinquianties w |zka v - wi= f (%)
® Where for any complex funchon 9(2) Cj(i) = 5(_5

NUhCEh‘ (3) = L e 0RE .
qié)= R P ) R a,z+ .
ji_is = i ¢ .Fi_._s 2+ §n+ ';ﬂi 4 - O power sevies in 2, 0n anat-.ih;-.
fn of 2.
Froof .

Origunal system : w,

L1}
i S
4

Image System @ W,




To prove @ W= Wi+wz has no flow acoss |#H:=q

Nohce  wr, has no smgauar{h'ea n 12lca.,

Va LT " S .
When |21<A , ‘a;i.)’.l S0 W3 has no sinqulanties n (zl>a

1.0. om, S\nqs M Wy ot ™ 1I<a

Le. Wi b a candidati for on \mage system
3
E s Ear = e
On-Co 1s- I8sq Lo 2e/)f

jmf Wy + Wy ]

i : |y
'P = im LW

f

Ir f ’ — f aZ,’ . \_]
Im L £(ae®) + £ ( /ae)]

n

-~

r ' — :
= Im [ f(ae'®) + £ (0e'®)] = O

2. ¥20 on I2[-a as requued  Ie. rea » a streamiine .

Refum 1o our example

W, =M I‘i:j (2-ib) = f[?;)
21

™
i
M

C} 104 (f"f'll.,}

- Gy
== 1;_ m ) A2 A
Wz = f\ /x) = Jar 199 ( [2%1D)

3.4 | P P f / 4 f "y ‘.
F= W, +W, = 't_‘ 109 _[Z-|b) + _b_-_f !r\" (SR i 4 - A

. \ :

21 2

- : a »
The (mage System (s : Wy = m lag (%72 +ib) [
an




”m 2o, : - ay
wz = D jog (b) - M Jog (2) + mlog (2-("/b)
& = 1, Sk i A
1
/ ;
nofhmg, no flow Sink of strength sovrce Shength m
v U
constant in ¥ m of 0-*':;4;.}1 at ophtak pont.

9 25

W =M [og (2-6) + M log (2-( qfv) -Mjog 2+ M jog (¢8)
S v, — i ) e -

w 2m 2 2n. an

ra——
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EQuaﬁOﬂ of motion
[ =d(my
dt

Portide : force = rate of change of momenturm.

Rate of change foliowng a parhicle 1 a flud.

AY
. . | Whak is #he fime r.0.ch of a general quan’r'\h.]
T(t.£) foliowwng a parhcle ?

1: + Tlxiyizt)

l S G Let the parhicle path be (k)

(Note 772t 1 the hme r.o.ch ot a fixed pout)

e ve the notaion DT as time r.0.ch follomfﬂﬂ a_parhcle .
Dt

Lot odl |
St” & LTu:j, rtt))

& Ot
fi_\ 8de+?3jci\l+§_'r_fj__v‘_t_
211

= 3T a_r. oT L 1yl
r} o +V 3-\-, + W 32
= o1 ( ‘-‘ aT« QT"
- + L+\g+;3k) Usx C+ 3¢9 h)
= T
—_ )
T2 VT
=[d
C
ORI 2hotd
Alhere the operator: 9 U2 ¢ W3
T ax" ay o2




Emmples.
Example 1 .
Jax DX _ 9%, Udx  N3x ., wdx
Dt at x 3y o
= Uu
EXQm[ € £
T'-'L D_'r‘= E‘.[_.pu:—).{-!'\jé{*]i{
Dt P = o oy s
:)—'-_' + (- V)f,

]

) ~ A A
bt CXUHy)+2k)

= Dxa Dt
X =+ __Y.“
Di: Dt oY Dt%

Of S , . :
= UL+ V]+wk =W 1e. fimer.o.ch 0f posihon s velocity.

cxample 3

-

(1]
[ o=

8

Dt

1=

lime Yrate of Cha \ge OF Véio N\ ' rotlong the Alud . 1.0. accelerahon.




0. Thate: ~ Dy [ - 1
MEREIL
r %f + (4 Du
Newton laws
f- d/’dt (my) We wish to write down an equakion thak says
i "The time r.0.¢h of the momentum of Vhe
. ( y N = kotal force achng on V i
__1

Note : we w:[uue \ to be olways composed of the same Huld. We need a
Moknemahical expression for the fine r.0.ch of a quantity follawing a volome
<mu:u15. composed of the flud parhdles.

This \s given by : The Reynolds Transport Theorem (RTT)

©e- [
0: Ik | £ee,x)dx

Ja
.__I: =1 __,A,E {_E‘,X‘) _-_{X Pm\“de Ao CONSY.
e J, ot

If a=zale) bsblt)

®]C) Bl
L rr ’ H 1 Ll .

1 1' j-x':.k) dx -‘i——f.

J aly ale) bl

+hen
ar _ [ of
T 1 5 0+ £o)b(e) = £(a¥a'le)
Jd. 7"




RTT 15 this wn 2D,

Consider a quankity A (r.k) assocoted wikh a fuud . Consider a volume
v(k) always made up of the same parhdes. Lek surface of (k) be S(E) .

Lek the velotvy field be U ([, b) . Consider the hme- dependant nreqrad -

I\t) = : o ;Y, k) :W
\J v(E)

dl _ Lun  T(k+86)-T(b)
dt k=0 St

= Um LH . E ]
o Ttressedv s | at(rie)dv

O TR 1
= L actr-Eseidn [ § )d | dv|
; AL E+SE)dV 4 | alrb+8E)dV - | ollrit)dV )
#20 t N J8v N I

We are 80‘J\q to take 8t 20, so expand o th a Taylor senes
W

oL r, be8k) = o (r,e) « 83T (e, 4 O ((s0)
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RTT

V(l:+8t) =\ +8V

V(e)

L
Ik = | o(xy,2.4) dxdydt = | «dV
m——

BT i T(t+80)-T(V)

Dt &-0 &
e [J‘ ol(tf&)d\f-‘[ o) dV}
ftoo St L Jyssy v

Because. we take imit 8t =0, expand « in 8t

) o (£48E) = (D) + o (O -k + }/2317&: (E)(8E)+ . . ..

DL _L“ (o2 56 ov - | Mw} e all o' oval.
St ot v .
VeV ok timet.

sv

PR ot
z im — {j oAV + Stj -’-}'Edv.r 0 {51;‘) +J ok dV + SbJ i—%d\HO( {9)
v \f\ N

..Ld dv}




1.

DT Ok el - | M
e Zavs Im | = xdv + Im | = dv
Dt J'l‘li ot av'y SHOL?: K+ St20 L‘Dt

Now consider the final kerm . Suppose | %kl wn 8V I1s bdd by K

r

Then tim | [ a’,{& du‘ﬁ <lm | o dv = Kk lm |sv| = 0 since 8V vanshes
i

ot 820 J. 5440
B0 # Jgy Jsv . .
The \ast term:
Qikad"ﬁ I ‘.
s S——T Consider a small element dS with outword
\ - | nomal H of the surface S bmndmg the
l ’ dl volome V. As the ru-\d parties \qmg on this
Y element move ust un fime Sk, they map
5 ouk an element.
dV =(u.d) sk ds [

of the volume 8V

-

L bhe volume element B a wyunder

S0 s volome
= Ovea 0 bose X heyght
£ S "1.£)5b ]

This 1s smply 4he flux of volume Hrough ds in time St .




Thus

lim —j
&t X dV
%20 = I

. r
=hm L | (yAydids «
8k=0 8k Jgo © e =

dv
J  (U-n) dS
S

2. the flux of « through the surface S.

|.e.
. 2/ ﬂuxofﬂ ok OFV

9{ o&dV*J o s

De Jgv S Jy qu u-0) &S (RT7)
l’.o.ﬁi‘af PN f
fuilommﬁ N lacal r.0.¢h

inside N
& e L (at)- 11 s - j(v To(xu) dV by Gaus.

S0 we hawe RRT2

Now V-(aw) = aVeu & ueVa (s0 @%fvotau)f%wu-vuawa)

:D.g N eV
Dl:+ Tou

SO We have RTT3:

® ( b g
- X’-ﬂ:‘ —:+D(Vog_:lldv

oy ¥ L




Emmple
Conseniation of Mass (for possible compressible flud) .

Consider a fuud of density p(xy.2.b) that occupies a

: regtén D. Take an arbivary SUbregtér\ Vof D.

| follow +he parhcles composing Hs region forwasd wn time.
Use the RTTZ on the quantily o (x.y,2.8) .

Then ¥

D [ J [ _ 1

-~ av = P 3 ’

x |y P ¢ L 7+ Yelew) [dv
Toval mass of

Po.rf}c \€s Compnsing
of

Buk mass 1 consenved sods r.o.th followwng same  parhicle s 2er0.
1-0. we have shown for alk 52&;:{1110:\5 (swmce V 1 "Hbﬂ'mf\.l) \V of D.
r
| [ o -8 )ﬂ %
| | "" + Ve(pw) |dV =0
Jy |2 ) [
The on\\i way this can be frue 1S ¢ the \ntegrand vanshes a\m\,mhm \.Q.

((consenvahon of mass)

—E“"Q \Pul).-ﬂ U\D

This s ¢

g*’ kaV)p +pVe\._i_ =0

0 %E Felww) =0

 Flow 15 incompressible parficles do nok change thelr Volume.. Tney don't change Mass




So parhicles w incomp . flow maurtain Hheir density p.
0. Dp_ o S0 ovr equahon guwes Vou = 0.
Dt "/

[ nohice His 1s more general than oor previovs result as & does not requué P= const J

RTT)
G der : D = RTTZ .
i fiL (p$)dv L L;% (p¥)+§e(pfu)] s
=J Pg{*rf%c;*-{-vo(pghpe-qf av
N
=S :F(%"Z*v-[f‘:'_))+f>{%%*u'q£) av
'}
e Df L Df
p = aV ~g — pdV
‘L bt v PP mass of small
elemant .
1.0.

R1T4.,




Bxample = Newton (Euler)

Consider a fuud of density PIX.y,2t) with velocity field ulxy,z.b

OCLLWL;'\% a domawn D. Take an ArgITRARY subreg{on \l of D with surface S.
The +otol momentom of - all parhcles compnsing \' R

. |
L g
By RTTH : .
Dm p | . f
St = DtJvUPdV'J BIPM

Newkon = R.0.ch of momentum = fotal force acting on parhcles comprising V.
Let theve e an extemal force £ per untt mass achng on each flud parhele .

»

e-ﬂ.
qra\i'thf Fa- 5% for 2 \ievhmll.tf upﬁdcuda. .
electnc ferd., magneh'c field

Invisad ¢ no tangenhal force on surface . But there & 1s a nommal force, the
pressure , (force per unit area),
_pﬁ ds on an element dS of the sudace of \.




Totol force achng on \S

L Epd\iﬁ-js -pnds = L f pdv - S\l Te dV

¢ jv (PE-Vp) dV
Usmg - L Va =L GNDdS : vector div. Ham.
L R.0.ch = Fore athng

[ Du
Jy ot

(

|-@.- jv \fut @P fF\CW ®)

:
paV = j (- Tp+ pF)av

\}

But Vs arbifr:xq 50 this 15 frue for all V.,
Hence \r.r.{\md MUSt vansh ¢\'f_r\‘ wnere in D

f%yg +Vp- pF=0 wn D,

1e. Du _ - Euler's equanhons.
?Dk -P x# 'E Momentum eq'n. for the flud -
A(IQL pressure E;*:‘T‘M
gr-l'iltnl‘




Together with conservakion of mass :
%k 4 o (pu) = O
we have 4 scalac equahons (or 1 vector + 1 scakor) in 5 unknowns ¥, 9, p
(1) Gas dynam‘\c.s : p=4(p)

(2) Here \n GFD - lncompre.s:sib\e A3 cons. of. mass. splits . (), Dp

ot °© #*

(2), v_' U= 0
(3) Or even more s\wply, take p=const.
P= const. [}__2_}_“’ F
o R P
Yu:=0 L equakions W I unknowns.




Example

Find the shape of the free surface of a parhally filled cyundar wn solid body
rotahon .

. s " e .
boundary condihion on ne surface 1s : " 4 o pressure i +he fuud ak

the surface most balance the constant akmosphenc pressore , P s
L 1. P=pa, const on surface.

The fuud 15 W soud body rotahon

U= DAr with N=03

e Wy S Z
9:. \0 o L = —Y.ﬂ-g-&-x-ﬂ.&.
o, g e, U=-dly
Ve ) X
Check = 5 ’
(')
Veu - ;/9X+ /:9\f+u/3t
= 0 + 0+ O = 0 \/
Buler: D _ 3 q
ek S
. ul . u2
a_;.;, Jax-r \‘a\’-l-mé&
3/ 7,
= -.Q_\I 79X +_,-Lx/ay
Euler -. Du _ _1 3p v__L!op W oL Fx-q2
B P ax Dt P o Dt P J




o4 - i
-_£1.Y aufax +AX /oy =~ /p /X

. (5 L S

N AV _ 3V 1
- _u.y /ax + L)X /ay wenlnl a’%;,

1, op :
i [ "/P /92 -9
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Dt a3k = ox 22
r ( r
g?} S =1 a—“d\!ﬂ & (ued) dS Rt
d V(t) J‘J S
ot
v
.
: J 2% o (Yoy) dV RTT3.
')
Mass: Z. Upw) =0
ot
CoNns. G; mass + RT12 = 2_ o Pd\( = g"_ PdV RTTL'-
ol v Pt

momenfum+ RTTh :  Fuler: Dy _ I

= ¥ £ extemal force per unit mass,
o ~p ek

In this course Jus% take p= const.
Then 5 V"\}_ =0

and Du __ |

i A
Example
U=dLAr
.a%ti-(u-V)y :—%VmF =-%Vp-3% F=-g2 for gravity.

[-lea/ax +~Qx§’ay) U=- ‘_I';Vp-gi .

A e




In components :
3 o | o 2 (_ L Sl )
) \- 2y 7ox + X /9y)k.n_y) -5 55
I 9/ Y ¢ -.-...la
y : \-—Qy 18X +-fl)way)k-ﬂ-x)— .’55!;
Z . ey
£: \ ) (@) P-E;E-E, o)
lnreﬁrate to gek PAXy, 2).
Put P = Patm o get shape of surtace Plx.y,&) = Patm. .
E)(’l';'t'q-ai; 5
u=0

HYdm:-mhc equulbriom -

Take 2-0 ak the swface, where P=pamm, the constank akmosphenc. pressure

and measure Z Increasing upwards So Zs verheally vpwasds and gravitational
acceleration s F=-q2

Then QP = -pg%
. ps= 'PS*;- + const

But Pz Pam ok 220 , 50 Pu=P,-pg2.

Here Py N hydmskahc pressure -

P = Pa - PI2 (1.2 pressure = weight (per. unit area) of walex above .,'w).




— e
A

Weight of colomn = gpz ds
At pressure = |1y Vbs /(1>

= 1 bar

= |000 millibar.

Example 3.
A submerged body .

1 Whak force s experenced by a bodli of volome V surface S
l ) | submerged. tn a fud ak rest ok density p.
1 |

p=
2 Pa - Pgi
[ [
Toral force on body = J (‘Pﬁ)ds =_Jv {VP) 4V ='IVV{P"_P32) n
&
:_J —Pa_é dv = RSELPCN = g%x mass of wakes dl.spltl(ﬂd
v
= welight wafer displaced actng upwards. ARCHIMEDES .
Without makhs.

The fuud 1s at resk

The fuud wowld also be ak rest with the Flud parhcles v the same posthon were the

body o be. replaced by water . Hence forces around the surface must precisely cancel
the weight of the walr.




Since. hydrostahic pressure S large k can be useful o elimunate &

!I" . . " - N ™~ 1
e : D= Py+Pd

then Vp = ‘?:@n% Vpa
= _!.".‘k’t% +* qu

Ed{,r . %___L&? A
e P AP C UF
Pl SR 1
=-—1_092 + VP |- g2
P L b

[.2. When rlf;n:;ﬂ”-'-; LS const, then ;1r.-1=-!irij does not accelerate the fiow, ik in SImply

dccomodated by hydrostahc pressore
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Goveming equations. ( p = constant)
Euler equations
M/ + (4D = -'/p Py
Continutty
s Ty =0
[ Hove solued for p i sold body romh'on]
Bemaulk equakion
Opseve  (U. DY = waw + T(iu?) w= Yau
If ) also the exteral force s devived from a potential

le.

. E=~V_f\’e

Q.a |§' E: -9%
then Ve =+3-i."

(oHners 1 Cexrh'\{usul force, eledmc fed, magnd{c ete)
Then Buler becomes :

Mo + @au+ TG = -5 9 - W,

5 Mpr wru = - {57ps The)s T = -F oM




Where H= p+ -'iprf PVe
 Steady flow, Ny = O
I we dot with u we get ;
O= U.(way) = —-'ﬁ(u.VH)
Thus wn steady fow :
U.YH=0

Stui-.’ , S0 a%t =0, guing *

DH ©2H

"4 R v

St Yor + u.YH
= 0

l.e. H Is constant on parhicle paths.
Buk s-%eady, SO pariicie paths are streamlines. .

Thus H 1s constant along Streamlines.
Bemoulli's theorem ;
In steady flow (ncompressible , constant density) with consewvative extemal

forces,
H-= P+ lipgz-}- p\{e

1S constant along streamiines .




Trus s hothing more tnan conservasion of energy :-

/P + —%Pg‘ + PVe
¥ v &

Ressure K.E per P.E per
enugx; unit Vol, unit vol,
Example

A laxge deep contawmer with surface area A open 10 otmosphere and depth
Is punchored at the bottom by a hole of size §.A where §<<A.
How fost does the fluid fAlow out ?




et the exisk velocity e .
Mass flux leaving = USA
Let surface fal at ot speed w

Then flux across any horizontal line S UA

Thus uA = SUA
lLe. W=38U Le. u<«<U
No parhcle path jo(ns fop o bbtom, .

But Streamlines do}o(n the surface to the exit.

We can apply Bemoulll on any of these streamlines.

AR I
"_ | | €. pq--'ipg‘-;- pgz = const
I"m\ ‘
;i NN = |fa *"z‘P Wepgh o top
Pa*%PU’«-O ak boHom
{ s 2, .
Thus zpu s %pu +Pgh

Pressure cancels 1h this problem to gue us precisely accelerafion of parhcle under

gccuihf ; [lnr.rease w KE = decrense wn P_r;_}

Le. U(1-(A)) = agh

U*(1-§%) = 2gh
for §«1 uw »\Eg_ﬂ exactly speed of parhcie Faumg vnder Sriwih, .




Emmp\e 2.

Complex potenﬁul . ws(@)- U(i+q7z)-% log

\

\—

)

Consider a cylinder of radivs A in a stream Which ak large distances

has speed U in +he X-direckion. Let the cylunder be spinning ak a rake such
that the curculakion about the cyunder s K

The pressure force on the cyunder is ;

. j _Pﬁ 48 = O® -p?\ dt per unit distance 1+ %o board .
S i { o
T
= -pﬁ ad® | unit width.
J0=-T
\‘\, o ﬁ:E - 0501+ sm@j.
P
Bete—\

1.2. Yotol force (per unit width) on cylinder 1s -




n L
(-GJ pcos® dg) t+ (-aS psin® d9) 3
£ T

Mot}

Here Y. 1s the Uift(per unit wictin)
and ) (s the drag ( — —)

Now we can obtaw p On the cytnder (uhere ko a function of 8) using
B{_!\"f:.‘lu .

for upstream, X —» - oo
u—=>Ul and p—>po, const.

Thous on all streamlines,

\ - GRS ! 2
P+ipy’=po+zpU
(S\hca all streamlines start ak 00 where i conditions are vaiform )
1-e. Can call ths the Bermoulli constant .
Hence ey *.f.t'fu}heit :
p=(po+! ,oU’) 1oy
Thus on the c_qlmdet :
0 1of" :
y & Z'J' U2cos O dO on r=a Since J w0s6df:-0
-1

sn@db=0
=M

J“ *

L= 24P 'gl sing d9 o =0
M




Az 22
oo o o0 dwr_ el -2i0\ _ K ,-i0 ey
Ur-iUs = €° G5 = e [\_l(\-e )-me 1 z=0e'®
= U(ei0-e0) _ 1k
2ha
. = 2iUsin®- 1k
Zna
Thus;, VUr:=0 dw ;
. o N
Us= -2UsmnB + X
21a
SO U= Ue+Ug
= 4LU*sin®® - WK +k*
ma  4nta’
T T 4 M
il J S0 cosO =0 (Il cos ® dé =0
- J-n

|
J

T
smBcos® =0




Inteqrals appeanng ntf -

il

I sn0do =0

J-T

rm

ff snd dé=0

J-T

rm

| Sin®® do =T

J-m i

Ths 1= $pa.T (-?¥/m)
=—pUk

force per untt width on a spinnung Cylnder 1S duecy proportional to

(1) the speed ofr oncomung flow.
2) the fuud dmsit\f :
(2) the Grcwlahon alboouk oylnder.




Open Channel Flow

Fu\\q non-linear $low .
Open = open fo aur.
appucakion of Beroulli.

Consider flow with a free surface along 0 channel whose geometry vanes on\y stowly
destaree With distance CGOnS the channel . lniﬁau\f assume thak the channel has
Constant Width .

Suppose thak the fuud speed 15 independent of depta and position across Hhe

Channe, and so v Simply a scalar, U.
Let the locak flwd depth be h.

-

¥
£

Constder two stations Aand 8, with (u,h) = (U, h) and (Uz,h2) respectively
Then conservakion of mass gwes :

Flux A = Flux B
Wh = Uzhs

fov this flow  uh = @ = const.

\f the fwd surface is Smooth behween A and B, parhdes on surface Shl\i on surface so
surface \s Q strearaline o we can apply Bemoullt there.

P+ 3pu’spgh = const.
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Fresj uré | 1

utﬁ-ﬁif hesic,

ppe > i

Cper Lhannel Flow
Coné éané W {4{ [A

5P¢¢J mJlfc.no(ML(? p(e/o%f cqnxémé acrgss CAa/mc/f

"’-, u’q/aé:/(_ «,

Con:w‘J;. 7, /v'a..fsl uh= &
Rl iy s i)
QR constanl Voloma Flox pes Unit Widd

Jur , aLe remanns J’madC{ L"/m f{( Sur pace (5

55/‘?0#1(/1& [’f\v.s wé can a/a/\oﬁ 8unpa//;

P+ -—Dw +/Djz= Camnds

_———’\s

i

L reERRbeE

Tﬂa!t Hu alméum f’la éc H-l- éa.dc CILQ CAM/’J&Z wiere
2= 0 5@ Suf/"acg’. (3 23‘4.

TAus on 5.,/%.4_6 Kbccwe fuﬁu@ (5 5/’30“/"'“6),
/Da - 2%'/-7(&2‘ 1“/:7A=63"'55,
s /Da +/0j H (J?)

HCAELuZ*Az H!A[O"d'éznj
i,



]H 15 A\' 5% 4“_ }AW wou(&/ (,Za-kc uA(fc ,'é ¥ f, éf’
! _Afat_:jjaé‘ LZ:

1
i
' H
|
!
4

("e_sé‘d/

'S kaown as & ‘FreJSL’//'e Adﬁo(.’
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3

/3 /7m + -—Am
R
i,
U = _C_Q_
h
Ry o - 0avta
- J
f// )
= Q4 /5
-
Eli"ﬂ{naéc G Lgf‘wew /\m a/,a( Um
P& _2
Am = & = (A.mz 9 73 = (Ai‘\

In Lﬁfaa(uéﬂ ﬂnc /)Qfameéw
= &« . /‘( ‘//:."oua(( /l/f/m éf./‘:




2/1Z/)o

L{

,_.,F';’
’ TLM e Lo b & /965 7 féw - Mg

VZ‘"e Fé/ﬁ-nﬁ[ Cia.je u/ée./-c F)/.

The fosteat._infiniesinad wave o Llordd of dep@ b _fos
-’/"Lea{ \(jT (fd Zc/ofaveo/ N wWa C/v wWaves 4’63.50/9!()

_J-‘_F:_.)\_L : fﬂ"’{ ?’ dLé“‘ femfc/ ﬂm %e%ﬂfﬁf

wave .,

joa;ﬂéagm/;g ?a Dr'sLZaf&mde ot 5we/of

Called ‘5u/w Lechicad: Flw:

C e 4 Jh
e e e —

g o T

r F L | - I%/Magr.m Can /;D/Jjwée U/z.s/rm‘

e

TAe /«éw‘ 'S j/écmércw(

PPCC:‘J( cma.[iz] w*'ﬂ MG\J /vvrnécf.

M » 3 j«fy.rom'c, ) _,—ff_u( d,_, > .r/ca(Z Jraunj

M </: \§U£J’on:'t: soeed Ap {9"" < 5/!¢o(




z/’l/:d

os & oor _ra,,..//
Exo.meé" C;n..ﬁ'al/ a Czamne/ uA // \j

{m'ﬂ. dislance do sn chana e()

rises L PP é
o

Doo:, Hx /[m'a( ng%-«t rige of'/wa 7
i, /\—,t:——»~ f-“f«
Zso * ot .

D?-‘nc He Rise r sz He suyjﬁue

s })1*'1("/1,

Where  h, is He J/.,,, DEPTH and A, 5l
Im'ft’w( JL/GW DEPLTH .

2P R —

| U b, = 4y by

Berow i ~on S face:

(,_Li_é/ii;ézf' e ta sty (k)
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Z=ha+k
Z:hy _ hz
T s
U, t k 2:0
New depth: ha

Od haght free surface « b,

new o » whisl SRl
ua"’l; = Q- Uzhz consenaxion of mass
Can use Bemoulli because surface is a streamline..
h,freesurFace

P+ 3 pu*+ pgz = const

PQ +”—3Pu11+p5h| = Pa -k "IEPUzz-P PS{hz-l-K)

e I
3 + hy 2 + ha+k
2
fn) = f(ha)+k Co fln) = _@_..2 +h
29h




$(ha) 15 less than £0n) by an_amount K.
Thus ha<h, . Flow gets shallower.

Rise; M= new surface haght - old surface heyght

- hz+K'h1
2
= E‘_z_ g_; Talqng h1+% from both sides.
3 23
= 9 !/._l. .|._|_)
25 \hlz "'\21

|
Now h2 <h = e RAw
so r<0O

e. Surface falls, 1e. drop (n depth is greater than nse \ base .

F<i
7 & SURFACE FAULS. If the upstream
‘_ SRRDY. s flow 1s sobertheal -
&N TR |
hz+ K <hy
TR Er
o ha?hi. Flow gets deeper
"._surface nses




F>1.

hz+k >h|

Surface rises I the upstream flow \s supercrihical, Le. has F>1

We conclude -

Both flows move fowards crtical as the floor rises.

Fa it F. W
A9 ah
Pah

P.E

. SUPERCRITICAL ; F>1

Flow has more K.E than PE (fast and shallow)
To get over bump fiow converts some k.E to PE ( raus\ng surface) to get over

SUBCRITICAL ; F<1.

Flow has more P.E than k.€ (deep and siow)
gek over bump (k gwes up P.E (e sucface falls) o get K.E.




SUPERCRITICAL: F>1

S _f..__?.__ =TSR

hzat kK> hy E'S' Fast , shallow river ouer rock .

SUBCRITICAL : F<1 .

Deep and &low river
: . : 3/
Note that ‘¢ K 1s sufficiently \ar\c]e 1. K+72hm> £(hy), then we have moved
below) the muimum of £(h). Hence there (s no smooth soluhion . ®

Whak happens

Transition from SUB to SUPER . ak a lower Valve of Q. Bump has thanged flow. Bump
defernunes Q. .. Upstream 13 subcrncal  (info. fravels ygstream) .




‘/‘-l_e'lrs .

Raise Wetr
ke Waves change upstream boundary condutions.
Flow deepens and slows o remaun cnhcol at wew
Now hm - /Qz\_lf"‘
|9
ThUS Qx = }E}mz’
= Sh“?

Thus Volume fuux over wetr 15 kaown S\mp\v by measuring hm.
Example 2: A thange ! width.

Consider a flat boHomed channel, whose dggx width d varies Slowly along the
Chanre\.

Side view Top view

Speed U
’J‘u{’ﬂ N
width A&




Consider mass flux -

Q= uhd , a constant.
Surface smooth. .. streamiine .. Bernoulli applies here.

elevahion of Surface.
P+ 'zpu‘u pgh = const.
Pas %Puﬁpgh = poH + a

L A |
=—+h=H
“
2
"Q +h=H
2gh'd*

Solve this graphically os (n example 4 .

Call tws £(n) = h* (H-h)
0

v\
£n) 4

Like h%near h*0
| \anishes when h=H.

Ithas a single Max. where £'(hm) = O

|.L. kaH'gh: =0 = hm:%H




F(hm) = 1{?‘21 H3

Wwhen hms 28H = %+hm=H
Umz__l_
23"
Um? = %SH

so Um' r2 M
. ghm 2/33H=

// \\
s \
® 2
F<1
Channel widens: d increases
RS decreases
. dephh Increases.

Channel deceases : d decreases

RHS wncreases
", depkh decreases .

F




Important appucakion : Consider a fHow down a flok - bottomed channel that
Slowly widens uo an fnitely Wide reservoir (ot rest)

In TESQFJé\r : Pa+ .‘\?_.Pu’+ Pgh s Pa+ ng

h=H
I.4. reservowr has depth H.
J } O A { )
\ 0
Y
y
e T
@ decreases fo zero :
29d° L) f.
But, If the upstream flow s superenfical , F>1.
2
Q/23d2 decreases smoothly fo zero as d-co.

e. flwd dnes out.

1.0. Coannok -}0"\!\ s’mooﬂny fo a s’ragnan*
Yeseruolr.
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Hydmuh‘c Jump.
7 g
Y B.
!l“‘)l | | /f_,r " 'J‘;."’?
— " ~am
g | '&': / }‘-p
Szl - Fe (¢ue’ = P- fr_‘.l'rlf‘:‘- Z)
F-r:ﬂ“\ ,} | ‘
J A, 2_0 ‘PJ

Take surface to e zero.
Zevo on surface , Increasing nearly with depth. 1.2. hydrostatic

Constank width channel , d, fixed.
Conservation of mass flux : @ = Uhi=Uaih,
Rate of change of downstream momentum = force 1 downsiream direction [ Mewton]

At A8 pressure Opp\ies a force downstream

hy
. f P3 (h-2)d2 = %Pﬂh'l per unit width

(]

At A.8; pressure acts upstream on the Aluid Volome AiBi 282 . It ques a
downstream fovce : = /2PN per unit width .

.. Total downstream force on reguon is

3 pghid - Lpghad

= r.0.ch of momentomn t A8 B2Az.




Flujd enters the regxén with volome flux Wh,d
Trus flwid has momentom Pl per unit volume

Thus the amount of momentom enter{ng pex onit e 1s pu.‘h.d
The amount tﬁa.ud\g ak A28z 1s- pui‘hzd.
The (ncrease. th momertum per unit me 1S :
amount e get ouk - amount we puk \n
pU:hzd - Puilhld .
Bolanang force with rate of increase of fuid momentom

= Inghtld - -!Z—Pghzzd = prh:d —Pulzhu,d

P9d o s PR pQ (..:‘_.._) Where Qu: \LE;—

h'd?

\
2

One possibility wn these problem 1s often nothing happens.”.
Le. hi=h, (atmmis. be aware of this as ik reduces a hard cubic o an .
easy quodruti; + with perhaps only a single +ue rook )
€.q. Channel fat - thuin -fat
hannel  deep -shallow - deep.

Simiar L-i here there could be ho Jump .
Then hi=hz
3
Nore we have. L pad hyha (hi-ha)(hisha) = p & (hi-ha)

Either hizha nothing happen
o Lpgahunz (huena) - pG* W

2
= hha(h+hs) = 2_9;; [
gd




Surface waker waves.

Take waves to be 2D with y vertical . Take ehe equilibium surface |evel as y=0

. and the bottom boundary ak y=-h
Take fluid 4o be incompressible and inuiscid and wrotationdl.

Then we hove a velocity potental U = V'@
Bt V-u:=0 so V- (V) =0 1e. U'B=0
Loiuf,t boundary conditions :
Ue =0 on y=-h
|-2. @E_‘:O on Y:'h

on

3% . ¢, on ys-h

L B

Let the surface be giuen by :

3 - Q(X;t)

Then we have, So far,

Vo-0 ~hey<n,
a9
s:/": =-h




On the surface Ys Q0ut) wehave 2 b.c's

kinematicx b.c

"A particle on the surface stays on the surface’
for a particle on surface :

&'-' ﬂLU&(\:) Ht on

3 =1
~ i
Fih.‘f-nmg a_parhde .
Dy D4 0n Ys=1
Dt~ Dt J

p A~ B{L on
N AR At 2 ¥ et O =
e i LR

or Q@:iﬂ.f)lg?’_ﬂt
oy

on 3:1“‘
ot ox o9X

v

lhe second b.c on the surface b"fﬂjs un gﬁtrditkl (the restonng force for these .
waves) We Lse Bemoulli (but modified )

Remember, Dy

|
Dt pr*f

<]
e

P - g

|-

M, wau+ (3w
ok

L before we said “ /5t =0 and dotted with Y => traditional Bemoulli




Here w=0 (\rotational ﬁom) and u =3 so a%t =\ \a;‘é%t)

I.2. V\F’_ EU‘ +3§ Bt) )

Thos P . 1luzegm-20 15 a funchion of time alone .
e e I

Suppose. this equalled b(t)

A t
Redefine Pas G| ble)dk

@_@ 20 _ bit) But U=Y0 =@
ot
Thus w.l.o.q
R <2§
This 18 true everyuwhnere . \n parkiculac, on the surface y=0q

%«—;—_\V’ﬁliz"fgrl,“%% B B o v

Slm\\atk’ asorb fa wio o9
P 3t

.Summr\f ,

Gov.eqn. V=0 -h<yeq
Lower b.c ég =0 U=-h
oy ”

Sufaceb.c  On 8 9n _ 3D
% X ox oy




The full problem 1s akmost intractable analyhcally. Thus we. confine aktension
o Infitesimal waves

We consider woues where n (and so & is of order & where E <« .

On .20 9q _ 29
X oOx 9x o

For infatesimal waves, the middie termis neﬂtdﬂibte.

..M .20 on usn.
2t oy = g

Sm\i\arly for nfitesimal woves the d«fnam(c bs becomes

e #

£(€) = £(0) + € £'(0) + L £2£"(0)

thus With env ordes €, we can veplace £(€) by £(o)
1.¢. e can place the surface b.c's on y=0

Linear summay

Gow. eqn. U@ =0 -—hs.'.J_s.O
Lower. b.c Qh O . Ut—-h
Surface b.c a‘;: 3_2' I .
3¢ = qﬂ } 0N 420
|
4




13t December 2010.
SR Mass
i o o IR Momentum
. e Mass
Bemowll. (because surface is a streamiine)
o Momentum 1 not conseryed .
Gov.
Lower b.c
D«,namic b.c = unsteady Bemoulli (u = V6)
. Kwnemahc b.c = parhicle on surface stay %t (jerL‘h 0 on 4 1
Transfer b.c from y=n,
o y=0 ¥ y~E
Linear wdfee waves.
Grov.. eqn V=0 -h<y<o
Lower b.c aﬁ/ayo 3=-h
Upper b.c
®

Dynamic a%ugvo} yeo

kinemahc 3%E : 3%5




It is sufficient to consider sinusoidal solutions ( because every sdution can be expressed
as an \nteqgral of snusoided)

Consider the surface elevation
nxt) = € sin 12%\ Lx-ct)]

Notice this of the form F (x-ct). (a solution propagating o the nght with speed c)

At £i0 ®

Le. 1 s a s1nusold. wivh wavelength A (the distance between successive peaks). We aalk
%(x-ct) the phase of the wave 1.e. the agument of sine. Hene A 15 the distance
between any two pownts of the same phase .

The wave has radian frequency T =00, L
Sothe period T= e = N

[ it takes hme Ve for the next peak 1o amve at speed c).

[k ( convenient to the wavenumber - the number of wavelengths in distance 2.

|- .
k= [k1=1" [xl-L

v [ 2V,
Then = £&Sin (KI-—L&)\:) /\’HE"K T /W

on/
Now we sove @ we know a%g s rl/at on 3:0 NIt
= —egwecos(kx-wk). ¥xt .




Try %) (I;ﬂ.t) = =EW Yij) cos (kx-wt) o the sowtion. aqfa\uy Y. [-ew cos (ex-..].
Then s b.c requires Y'(3)=1 at y=O
B (xY8) = - Ew cos (kkx-wk) - Y(Y)
kKinemahc @+ Y'(0)=1
Lower b.c 9¢/33= 1 ok 3=-h a%ﬂ - -Echos(lcx-wt)‘f'(j) =0
Y'(<h)=0 Yx.k il Y(=h:=0.
Gouernmg eqruaﬁon :

Dxx + Byy = O

Dxx = € k?cos Clex-we) Y(Y)
@uy = - €w cos (iex -wk ) YY)

Thus, adding 0 = -gwcos (kx-wk) (Y'-k2y)  Vaxit , 02y>-h
& Thws Y'-k*Y=0 0>y>-h
So far : D = - ewycos (Ex-wt) Yig)
Wwhere
Grov. Y'-k2¥:0 -h<y< o

L. R.C Y'(-h) =0
K.B.C Y'(o):= 1

Solufions to gov. eqn €, e, sinh ky, cosh ky, sinh kiy+h), cosh K (ysh).

. Try \r‘l'j]: A cosh k'uyh).




Ths satisfy : Y'-k*y=0
Y(-h) =0
Now need y'(0)= 1
1.e. [A k sinh k (3+h)]5‘0 |

|
L2. A= /Icsmhkh

Thus Y({ﬁ cosh Kly+h)
kk sinh kKh

Thus Q{I.g.t) = <~ ew cos(kx-wt)cosh k{3+h)
lcsinh ich

What about the surface dynamic b.c. @ = Velodity potential
¥=N9.

(:'T\ U= @
i 3@*’ o B = : 2
78t = - €W?2 sih (KX -wk) cash kh / ksmh kh

..3!‘1

"

- €9 S (Kx-wt)
These are the same N,k thus
W* = gkh:unh kh
lwl=12 [gd=L12"-T2 [khl-L0L

The dgnam{c bc has provided a celationship between the frequency of a wave

ana s t.kn\st“:len&th .

C*k*= gk tanh kh W= ck

c® = Yk tanh kh ke A




l.e. C*= 2 tanh —2*25
Pall

28 .
- the speed of wave depends on Us wavelength .

NOT waves on a smng

NOT sound

NOT Ught (\n a vaccuum) | speed llght 1 const.
NoT radio waues

w Suppose N >>X 1.2 veny deep flow

tanha 21 asa->60 ¢
N :
s Vo e c249m as o .

1.0 largera ship the larger the waves'k genevates the larger the A, the faster ik

qoes.
.2 Speed of shipis proportional o the square foot of length.

5 o s Rt
S =

Now consider h<cA 1.e. veny shallow flow (1.2. as th open channel flowy whare
A-=00, h fixed 50 Y > )

Rut tanho 2@ 2 as a =3 0.




As V5 =0
A/
::’—:»3/ /X = gh

1.8. C = \@— , the speed of the longest wave
(long waves are not dispersive) .

/;;depl-h
In fixed fow , lonq waues travel fastest.
, : i W — _ flow speed/ i
Premsa-\, as (n ouy de{-. O§ the fude numoer F= 7Jdgh °© f i / Speead ot 1‘;&2 .
v waves

amhen F¥4, no wfitesimal wave & fast enough fo travel upstream : all (infitesimal)
disturbances are swept dowmsiream .

The relafionship behween speed and wavelength of a wove 1s called a dispersion

el 11'\(\:\ ‘




Parficle Patns .

dx wix y,t) = %—?( £Xiyit)

dt

a 0
aﬂt - V(.x-i‘:]:l')= %(I'S‘t)

D= -gucos (KX -ak) cosh k(y+h)
Ksinh kh

Then %{- = £k sin (Kx-wt) cosh t(3+h)/
/ ksinh kh

d
jdt = - Ekw coslicx-wk) sinh K (3+h)f
/K sinh kKh .

Write = Xo + EXLL) .
Yz Yot eY(E). (nov previousY).

dX :
€ 5% = Elwsin (kXe-wk) cosh Woth) /) o ooo o

lrep\a'unj v 8 bfj Xo 3 bg Yo makes an enor of order €% on RHS and s nes\ecked
In e limit £-0).

e, dx . lwsn (KXa-wst) . kwcosh (Yo+h)
ar k sinh (ich)

absorb it Xo-

><
i

K cosh (Soﬂ'\) —COs {kXo=tat) [1' C.O\'\SQE-
K strh(kh)

d"f/ - (
E-/dk = - gkw cos (£Xe -wk) sivh k V"’*“)/tsmh Kh.

RHS 0 funchion of- Hima .




Y= -4& sinh Uy},m) sin (kKXo =),

sinh kh
X=XNo+ EX
37— 30‘!‘ &Y.
(X-Xeo) = EX o 3
= (X-X
(§-Yo) = EY i e
S c (Uo4h) / ;
Buk X= a cos (k)Xo -wk) o = O Eleth)/ e h. &
S N S I h)/
Y= b sy (KXo-wt) be SNh kGthl/ vk
2ot
2 P L

(X-Xo) + (Y-yo)*_ g2

a? p
Now as>h .
1.0 ellipse with sem;\—mcaor oxish and semi-minor axis a
(horizontal) (Veticad) .

When Yoz -h , b=0  no y-displacement . particies move back + forth along bottom.

When Y=0 , b=1 Y= sin(kxe - wt)
{ F oy " s 8. i
é = Z5Ih LKXe~-WE) = ’L LAl ﬂ)\{)f....l"’_d) ;

from

Since. cosh 1 monotonically mcreas{ng',as Yo =2 =h, a decreases ¥y tanhkh ak
o cosech ak ye-h. K

0
\¢ h—o0 . mhinela detp. a

A

Fanlsiie -
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Woater waves.

LOub) = € st (kax-twk)

DXy, 2.b) = - EW cos (- wt) cosh [K(gmﬂ / lcsinh ich
C lw X [ 2Th S T
()= o, TN ()

Waves un sh'it}g with tension T. : e

T
C*Uxx = Uee ond” '\I P

CUWC?{\"E. . /—;\
. & \.-_x’\ J - surface +ension.

S e - tries to shorten surface .

—

- increases pressure n flwid

- pportional to surface tension & 4o curvature .




Dgnam_ic. was *
pﬂt +pgZ+P = const.
On surface Y= 1 (xit)

pBe + pgz + Ya - Bllxx = const.,

1-2. Wwe have dﬂmm{c cendifion .
De #+ gn_- % i 20 (Pa absorbed into velocity potenhal).

Get @ as before

Subshitute wn

Pe + £gsin (kx-wt) - %’ (- & sin (kx-ut) =0

g L 2
-e. Qe+ € sm(tx-wt)[3+%—] (A0

As before bot g has becomes

ok [ . 8kH

9+ == gll+ 53]

Thus €2 _ 4o tahkh [ 0k? |
gh Eh kR

nly wnportoat fox small f

surface fension only affects
C

Shert waves.




Refected waves .

nb| = £38In (kKX -wk)

= en same wave, opp. direchon.
N, = €5 (kKX+wk) b

Toral surface displacement 18
N =ru+ns = 2€ snkxcoswt

L

a standu 1()}1 WaNe .

7 ik

N_— Y -~

N
7 |
N | \
. R e = e \‘." ____‘___" v
Ny .
“ o - _/ \\_\
B

Solve for 1, et
e
D= - Ewcos (kx -wk) cosh [Kigfﬁ)j / ks kh

(]

EY a2 Cﬂaﬂf\e %] 'fﬂ ={A)

r 4 1 A
(. = €wcos (ex+wt) cash L kUen) ]/ ksinh kh.




Toll B s : B+ D2

Le. @ =-2ewsin kx sm we ash [k i‘j*‘n)] [kswh kh -

:jl 3Q u - M . r - ..-’
== ==" = =2gwcas kx sinwt csh LK (§+h)J/snh K
dt Ox LIty )_}. Sinh Kh

dy .20 _ -2ewsikx sibak SinhLkly+n)] /
- s / Sinkh Kh .

Al | e
% g_i B %i{': ban—kx tani'v\k:{g+h)\)-

Con ﬂ‘l‘ﬁ:‘:f}rltl Ww.o approx to get
cos KX Swh E_L' {'j«-h).l = const
However we can use our previous lineaasaion

X=Xo + EX(XeY.k)

Y S
kl}'-' C."Io+ ‘..S \-‘-ljlt)

Then dY - 4an kKXo m»-m-xki-_mn)) \Wat b find qradiesd
Ax Y g
il Y
|
i d
é 0




o "’)}:}- ong X = M i by So M boundanes

9

Thus wWe can replale

Lowesrt mocl & r"_;vq-’_h\},.:;q wave w0 ntanes

0 A

B.C v wfact Qx=0 w souwd boundaney

-2. surface b flak
whae ends ac nodes

i r i 2 -~
S\OW) O AANNOOLS  LOpp. Of SMns




