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A film is on a horizontal solid surface. A constant atmospheric pressure, py, and a
specified shear stress, udu/dy = 7(z, t) are applied to the free surface at y = h (z,t).
Derive an equation for A (z,t) in lubrication approximation.

Governing equations: % (/ /
ay* z’
g’g’ =-pg, / 2/

Ou &v /
oz "oy =" 4
Boundary conditions:

u=v=0at y =0 (no-slip at the wall), /%/
Vlyohizt) = %—? + ul;.:h(,,;)—gf—: (kinematic condition), / {/

Ply=h(z.t) = Do, pé—% = 7(z,t) (given stresses at the free surface). [6‘
Y ly=nz)

Answer:

?_’j 139 2y P90 a0k _
8t+2p3;(Th) 3;.:6a:(h33: =0.

Exercise. Consider the case 7 (z,t) = 7o = const and negligible gravity, g = 0. Verify
the general solution of the resulting equation,

9_}34. Eh_a_’i=

5 e =0

in the implicit form
h=hy (a:— T#Eh(z,t)t) .
where hy is an arbitrary function.
Consider the (t,z)-plane and observe that h remains constant on straight lines (i.e.
the characteristics of the governing equation are straight lines). Interpreting hy es an

initial shape of the film surface at time ¢ = 0, show that the film with a negative gradient
in the initial shape will overturn in a finite time.

Exercise. Consider the flow with 7 = 7 = const and non—zero gravity, The film
surface is perturbed slightly from it's equilibrium state,

h = ho+eh (z,t) + O (¢?),

where ho = const, ¢ is a small parameter and h, (z,¢) is the shape of the perturbation.
Derive an equation for ;.






