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L ) Poincaré waves in a cylindrical domain

The linearised shallow water momentum equations are
u — fv=—gna, (1)
v+ fu=—gmy, (2)

9,(1) + £(2) gives uy + f2u = —gnu — fomy-
O (2) f(1) gives vy + f2v = —gny + fgna-

n: + Ho(ug +vy) =0 (3)
(8 + ?)(3) gives
(8 + ) — 9HolBz (Mze + ) + Oy(mye — )] = 0,
Hence 7 satisfies
[(Bee + )1 — (e + Myy))e = O,
where ¢® = gHy.
Since govering equation has coefficients independent of & and ¢, look

for solutions of form 1 = R{R(r) exp[i(mf — ot)]}. Note since n must
be a single-valued function of position then m must be integral. Thus

( & 2)R__ 2[R"+R’/r—m2R/r2]=O.

Introduce a = (62 — f2)¥2/cso r’R" + R + (o®r® —m*)R = 0. Then
R(r) = Jmm(ar) (requiring R finite at 7 = 0).

At 7 = L we require u.A = 0, i.e. u.7 = 0 thus
Mrt — ff(ﬁ X VW) =0, ie. N+ (f/T)TJe = 0.

Hence —icarJ! (ar) +imfJ) (ar) =0, at r =L, ie.
o _ Ju(aL)
mf  aLJ,(aL)’

with a = (6% — f3)¥?/c and |o| > f.

If |o| < f then a is imaginary and J, must be replaced by the modified
Bessel function I,,,. This gives the Kelvin waves.
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| t From the rotating Shallow Water Equations to the Conservation
) of Potential Vorticity

The vector form of the shallow water momentum equation is

Du
'E*FZQX‘U.:—QVJL, (1)
where 2 = fZ is the constant rotation rate of the frame about the vertical
and
Du Ou
0
= S+ V(Y2 +w xy, (3)

is the usual advective derivative and w = V X u is the vorticity. Since u is
horizontal and independent of z,

w=Vxu=(2 (4)
Thus (1) is
%%+(w+29) x u = —V(u?/2+ gh). (5)
Then, since the curl of a gradient vanishes identically, taking the curl of (5)
gives "
3—‘:+Vx[(w+zn)xu]:o. (6)

Now use the identity
V x(Ax B)=A(V.B) - B(V.A)+(B.V)A—-(AV)B, (7)
with A = w + 20 = (( + f)Z and B = u. First note that
V(iw+20Q)=V.w=0, (8)

since 2 is constant and curl of a divergence is zero. Then note that

(w0 +20).Vju =+ N(ETIu =+ g =0, )



since u is independent of z. Thus (6) becomes

Jw

Fn + (u.V)(w +29Q) + (w +2Q)V.u = 0. (10)
which in fact has only the z component
a¢
@Y+ + V=0, (11)
ie. D¢
—_ au=0. 12
26 ¢+ V=0 (12)
Since f is a constant this can be written
D
DE+D ¢+ pvu=o. (13)
Dt
But the remaining shallow water equation can be written
DH
— 4+ HV.u=0. 14
D +HVu=0 (14)
Taking H times (13) and subtracting (¢ + f) times (14) gives
D¢+ f) DH
H—F, Lok flpr =0, (15)
e D (¢+7
+
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provided that [2 | f(t)| dt exists. This result is valid even when f(t) is not differen-
tiable and integration by parts or scaling do not work. We will cite the Riemann-
Lebesgue lemma repeatedly throughout this section; we could have used it to
justify neglecting the integrals on the right sides of (6.5.2) and (6.5.3).

We reserve a proof of the Riemann-Lebesgue lemma for Prob. 6.51. Although
the proof of (6.5.6) is messy, it is easy to understand the result heuristically. When
x becomes large, the integrand f(t)e™ oscillates rapidly and contributions from
adjacent subintervals nearly cancel.

The Riemann-Lebesgue lemma can be extended to cover generalized Fourier
integrals of the form (6.5.1). It states that /(x) —» 0 as x - +00 50 longas | f(t})] is
integrable, y(t) is continuously differentiable fora<t < b, and y(t) is not con-
stant on any subinterval of a <t < b {see Prob. 6.52). The lemma implies that
f4° tPei=*int gt — 0 (x — +c0), but it does not apply to [§° £e** dt.

Integration by parts gives the leading asymptotic behavior as x — + oo of
generalized Fourier integrals of the form (6.5.1), provided that f (t)/'(t) is smooth
for @ <t < b and nonvanishing at one of the endpoints a or b. Explicitly,

i f() R0 => 1 hd f) i gy

—— | ==e

N mkﬁ.:u t=a ix a dt .N\A&

The Riemann-Lebesgue lemma shows that the integral on the right vanishes more
rapidly than 1/x as x — + 0. Therefore, I(x) is asymptotic to the boundary terms
(assuming that they do not vanish):

I(x)

.\.TU ixg(1) =¥

I(x) ~ = —e” - ; 51
O e T 632
Observe that when integration by parts applies, I(x) vanishes like 1/x as x — +o0.

Integration by parts may not work if Y'(t)=0 for some t in the interval
a <t < b. Such a point is called a stationary point of . When there are stationary
points in the intervala <t < b, 1{x) must still vanish as x - + 00 by the Riemann-
Lebesgue lemma, but [(x) usually vanishes less rapidly than 1/x because the
integrand f(t)e™*" oscillates less rapidly near a stationary point than it does near
a point where §'(t) # 0. Consequently, there is less cancellation between adjacent
subintervals near the stationary point.

The method of stationary phase gives the leading asymptotic behavior of
generalized Fourier integrals having stationary points. This method is very similar
to Laplace’s method in that the leading contribution to I(x) comes from a small
interval of width ¢ surrounding the stationary points of /(t). We will show thatif ¢
is a stationary point and iff (c) # 0, then I(x) goes to zero like x~ U2 asx — + o0 if
" (c) # 0, like x ™12 if "(c) = O but " (c) # 0, and so on; as i(t) becomes flatter
at t = ¢, I(x) vanishes less rapidly as x — +co.

Since any generalized Fourier integral can be written as a sum of integrals in
which ¢'(t) vanishes only at an endpoint, we can explain the method of stationary
phase for the special integral (6.5.1) in which y/(a) = 0 and v(t)#0fora<t<b.
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We decompose [(x) into two terms:

ate b
)= f@ede+ [ fle)e= d, (6.5.8)
“a Tate
where & is a small positive number to be chosen later. The second integral on the
right side of (6.5.8) vanishes like 1/x as x = +c0 because there are no stationary
points in the interval a+ e <t < b.

To obtain the leading behavior of the first integral on the right side of (6.5.8),
we replace f (t) by f(a) and /() by ¥(a) + ¢'"(a)(t — a)’/p! where " (a) # 0 but
Y(a)= =¥ a)=0:

I(x) ~ ._.3:.23 exp\ix |y(a) + mmc_.i?:ﬂ —a)P|jdt, x— +oo.

(6.5.9)

Next, we replace ¢ by oo, which introduces error terms that vanish like 1/x as
x — 400 and thus may be disregarded, and let s = (t - a):

ix

&mﬁu l.\‘.ﬁnvmmuﬁn_ .— exp ﬁ‘

WP (a)? |ds, x— +o0.  (65.10)

w
0
To evaluate the integral on the right, we rotate the contour of integration from the

real-s axis by an angle 7/2p if YP(a) > 0 and make the substitution

in plu |¥
§=gM2e W) (6.5.11a)

with u real or rotate the contour by an angle —n/2p il ¥'#(a) < 0 and make the
substitution

plu le

x|y (a)|

-inf2p

§s=e

(6.5.11b)

Thus,

ixpla)tin/2p |_ p! o .ﬁ.C.\E
x[y(a)| P’

where we use the factor ¢™2? if /'"(a) > 0 and the factor e™ ™7 if Y'P(a) < O.

The formula in (6.5.12) gives the leading behavior of I(x) if f(a) # 0 but
y’(a) = 0. If f (a) vanishes, it is necessary to decide whether the contribution from
the stationary point still dominates the leading behavior. When it does, the behav-
ior is slightly more complicated than (6.5.12) (see Prob. 6.53).

I{x) ~f(

x— 400, [(6512)

Example 3 Leading behavior of [§ #*' dt as x — + co. The function () = cos t has a sla-
tionary point at r=0. Since Y*(0)= —1, (6.5.12) with p =2 gives /{x)~ [nf2x gllx= "4
{x = +a).
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The Kelvin Wave

The linearised shallow water equations are

u = fu=—gn, (1)
v+ fu=—gny, (2)
m+ D(ug +vy) =0 - (3)

The roots a = +ifk/o give the solution
n = R{ngettv/oeike=ot} — (Ae~T*/7 4 Be™/7) cos(kz — at)  (4)
Now 0;(2) — f(1) gives
v + 20 = —gny + fgne = —2Bfgke™/7 sin(kz — at). (5)
Notice that the coefficient of A vanishes identically. For v to vanish for all
time, and so the left side of (5) to vanish for all ¢ (¢ # £f), at some fixed
point (z,%), e.g. even a single point on the wall ¥ = 0, equation (5) implies
B =0andsov = 0. A Kelvin wave has zero velocity normal to its supporting
wall.
Using v = 0 in (1) and (3) and then eliminating u gives
N = C2"7;1:x1 (6)
where ¢ = /gD, the non-rotating wave equation. For this to have solutions
of form (4), 0® = c*k?, i.e. 0 = *ck. (This is precisely the same result as
substituting for o in a = *ifk/o.)
If 0 = 4ck, then
n = Ae¥/% cos[k(z — ct)], (7)
u = (A/D)ce ¥ cos[k(z — ct)], (8)
where a = ¢/ f is the Rossby radius and the form of u comes from (2) with
v=_0

u = (gk/o) Ae= "%/ cos(kz — at). (9)
If 0 = —ck, then

n = Ae¥® cos[k(z + ct)], (10)

u = —(A/D)ce¥’® cosl[k(z + ct)). (11)

For both directions of propagation, the Kelvin wave propagates with it
supporting wall to its right and decays exponentially away from the wall on
the scale of the Rossby radius.
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