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for the current year. The Author highly recommends that reader attends all lectures, making his/her
own notes and to use this document as a reference only.



Chapler | & 0DEs

Conpeder M El Ffl = R () (il P g R L

3 4 4 A”:} ) ¥, A“"j
M»o PﬁDC %ﬂowmw ea[,",so %lig—{nwf./%!
#,7_,,, (G:C’Ff/’l' :Aef:

CF: sal™ ¢f gy +ly' 7 8g0 | e loliz tonsloat o
IOI 3«7{" fﬂ U“ + Ioﬁt'féa:/?
ki CF bee (he #ﬂ?ﬂ (:] :/‘43,(:() # g‘rj,_, (=) ( Zaol Ovellr)
phice g, and o solopy B e 4" Pyt o
P %WJ ted, Bas whte el G C, tul &

S.Lﬂ 6,3,1“(‘2\71:0 V.In

. Corprolls rj'+a3+a,,30 vwilh a,(x) aad a, G,
f(}w [ 2 Yyt e oo sed” ( e 5(;0:&(3)) lhin AL &
peabil &Mam%u %&%&zwoy%/}«mc]av
vl &7&% &N V).
b:av:) H.:hv}yu
= ”":Lfv“fbr'lfjfu'lfifh"v
Cav't2a'v tu''v
Sohatibiln vl gure
uv"+2u'v'r u'v F & lavin'y) F aslav)zo
and V(W3 A,y F AylH) Z0
20 Ou 4 bnln Sal”

=2uv" + v'(Zu'rta,ulzo

Lok Zey' wd'va's i ) Z.]w
= 2y H2%h ra, )y e 2 4 @LJJ oreles I,



@mhmzm(”%duwéw g

Z_:' oo do oo p §%h, dx'
Lt *ZJ‘ ad«
>, ¢, dx §7a ol .
Z (f/t e”” > ré (Zam € FoUla, €5m )=
[Z(MT Smdg)]
_:7 2([/\‘(65 ré{:t) 14
7 - /465 6/9( ‘V
u’t
A, T
___) < 45\,( / e S })dfdé 4 g
bti(é)
@o—/g S:CW? R i ;:ad(" "
_$€ &, 53 ol
y > Aug ésaf Sofé rBa
% 7[5) /
L ?’Le,w $ord © O’é‘/ sof ”

/eﬁuw[re's L, |

Cl—xT)U"’Zxd'fzyfé
WewWﬂ«zMij'l ,-,_,“04"
Use Z\t,,/Lm,L o ui—ﬁf'/ ‘? U T ot ry

\

.’__ 2 i
7 5’] X 0" 3 7y

(3-_—,43’[:() 7 gdz/’ﬂ

(ya-aé,f)
re vt o [yt



Q{C)&u Jron DE order

. mekled wott,

Example : Lﬁﬁud.red Q" sw!f ts #0
Loty aoif

L geo,

(l-xz>3" =2xy + 24y =Q

W-Q{ﬂo_t y =X ao a s

LGB{ZPB{AQW\AUjM?M :j::x\f‘

3‘2 A X
3“2 X" 4 x4 oxv" (L’u‘om'?)( ml.Q)

"
2v' + y\v

o (X)) (2! +x") = Zx(v+ x') + 2= O

i - W
> s xv" - x*26 -xv - 2x% = O

> 224+ x2 —Ux®2 - x*2' =0

2'(x=x%) ¢+ 2(2-4x®) = O
Bt )
‘ x (1~x%)

) de _ u4x?-2
” Zz dx ‘_'Xq__,(z)

= PART\AL FEACS
= 2( L)
> Jae = 2(-34.0-0) -~ ax) * C
o e - %(-;%m\



2 F:l qir \ | r’:lr Q:r:il
=r
> |
- C x4 P . | @
l [Xz 2(lx) * 2( (4%x)

: k2 3 |+
- \z C[;—+2b(—(?)j(
M{S{CMJ A" o j:)("", Dm‘rfvj cevo b,
g= -~ Fu ()

Voravion of frzamskea

\ji("’%j’-t— QﬂzQ RS
Su{;foae i cw;ljz cwz_.i.»\dftsof-“sd 3“-+Pj'*Q3= 0.

We lek fie apet? g e 241 (RF0) § dha frrm
ﬂ0=A®yu)+6&£j$ o

(4



NORerMchmAa we w%
A - A*&‘Sz{g,
bud well wee s loder .

j Aj1 - A31 . Hz + 632
Use the FM,QAA’M (re_olwdmcy) 'LB moisk Hhak

bAjtf@jl:O y. (j’?v:lé” o (J‘)

(Mg rAg' + By « By.") + PRy~ By,')
/

L =_ | B
“! tL,.t oe B.O
3 9
Mao{“ oy fﬂ"{ﬂ.ﬂ{-g?
=dp A 31 4= E jz ( = 'R ) 0

ond AYF BlYyy =0 fem our doie (D] @

0

_:Yu\oi" sim. 2q s
G (D T9@ K3y, -gige) = YR
g () Ty - B8'(Yau'-yy,') =-yY R



, : 4 / Y1 ) { 2

’mu.‘ormay\ 3!32 —323‘ = 9 31/ e [ 3{ 3 ‘
J2 Y. Yo Ye
/

The Wronskian wi(k)
§f The two fs y, ¢ ya

= A” "——5(:2
B( = ﬁ\(a_
w
X
A Ae - [ B0, L,
= ” 31(5) 2(33
8 w(3) ds 2
and the 2e(? o Ay )+ By (x) L frow tex)]
= Xtdl(s z( — K(X 2
Y = Aoyt Boye + J . :go 2050 R ds

Ex ‘—"—‘fet‘o“ Solve v“ *y = sec(x)

The CF o A cas(x) + Bsia(x) and we Lok for
st [6 s %mv y= Ax) cos(x)+ B(X)aia (X) -

So ‘j\ = Me v Al-s)s BY(s) + Re
ond we e Ae « B's = O
(

SD 3 = A‘(—-S)-\-@Q_



od yley s ACs)e AL B + B(-s)
+ AE 4 Bs = see(X) .

A(-3) + BUD= sec(x) (0
Al) + RBi(s) = O 2)
)+ s(@) - Bf(flz‘f $%) = cosx secx = 1
e
= R= x+8
s() —e(2) : -—A‘(ciiiz) = SIAxSec X = taax
1
= A= nleosx) + Ao

and 3(\(): cos(x) B (cosw) + X swu(x)
+ Ao es(x) + &s|'4(x)

ij‘n/l/\w (L Ao W onskian

m Wmluow\ % \j‘ o 32 w»

W= Y -ylY, |9‘ 3"\
Y2 3(.'
VM \A(W\A ‘je W,,@

\3&“\‘ = ?1, + ©ﬁ|
‘ﬁl “ f gt ®32

) )
()

N
O



— N

—~—~——

Ge0-9,@ 99~ 3, * PEYe-yge') = ©
aund A ‘A/’

— Y —+ f — .

Iz~ T b 5fﬂz{'8\'lﬂa

.-e-au)____
:)\_; Pvd: O

and  W(X) = Ce"j‘wﬂg)oks

Obsene: His s newer 370
uw‘\&é.!s C=8.

_Genarelingd Toaoforns

We u\f\uwﬁ,mqs to

(a'x“'ao)j" + (lp x +Lo)3' “+ (C(K'FCc)j = O

T L

dﬁmﬁw _q (D Tlio makhed Wodbs m\_ﬂj l ’F

/‘scnebv@_, -"'t
of the fm y0)= [ €O at

F j(;() W Aig,/wl ' m wo, then
dJX- = éf}g[ eXtF({:)]Jﬁ- (Fm« Analygis Z)

- i e L f(b) dt



oad  dY Lot pe) ok
d\(z e
ek wo clueme, Fu(fﬂ«o_mxwh a,=b =¢,=0 ond
o
QoY * Loﬂ’ r QY = O
end yho = | POE 0 and? f
¢

S [aomgnuq O ke -

-

wew+dfwm€s+ ’d«w&awz_f\.o mA.%nn.Lau\hu 9
Silia © buk thok et Dﬂ(\&«'«kﬂnlﬁb J€ witlua C.

el
l{l—U«umda(éMmed% motmol(z Yo

NLC‘WNEO y diﬁ)

Qe j(t-x)((z—@{?&)exb dt = O
c

A—a
Lk v cheme () =0 © TR

Mt we PR QU R J’[A(l:*(})i\—&(Emw} exb ' o

wfuck v te ?bfcwt; cloned C.

New, 30{) = f( (ﬁa {”E-@[S—) et dt
.




(m N\ N

g , |
(e Coghge s s

| V e Cu: nomgero ) gek = park
el P8,
Q
Racall Qa.ud«,js I‘W o orand -
t)
S d = 2 g

e
({: 3(%) (> M\.&QADL\Q widla C av\.J E:o Y A il
lF C = Cx above, fhan we obtaun IZf e ”
LF C - C{s : ' - . = A@e_ﬁ* »
L Cop = = = = = v fe o fer

(b=)" 2" §(L) =

e o) 4k £+ ©

O — ﬁc_.———b

‘G K w o &rw avt, we MH&) to be

A . %

—= A ———

(& —x)z £«

oand Then
" f (£-x)* H(L)e™* dt
c
= f [A + ‘E(t-—x\] e dE = O
c



bk yle) = j Q—Kb[(e/i)‘ g ei ] de

mewo&r&k& mkm M"‘W“"’

A 3
< - | —
e xeK t [(t-p()‘ > o e ]

< xe*‘[1+x(&-«3+--.][-(§\;§ . Jc_i\l

and so e residie w

e*(1-8 + xA)
WLQMW\SM A + R wth a @Ldm(% £,
We o A

e (Ax « Q)

NO(‘e (F we hod o Elid r-af-ea.:'d rset, we'd ead walla
MXW(&M%WMO\MG‘\I&(\‘A{’
(a,x* Y UDaK”oo):ﬁ <. (Crx'{'c‘*)j = O
§= | e g de
e

Subskbion (2ods to

j [K(aqkz « bk +Q‘) - (aotz"' bk + Co)]@xt{‘&) dt -0
e



\f we con wite the cegrond an GI%( D> sou
ﬁ'(QXES(Q))' tlan MW-&’“\&M_TWW
O‘LJOfcpwl’ouf

Kk [6’& .9(6)] — -

stout o€ contours

i_.[ e_xtj(@] = xetty + exES(

So we can idealify (k) = (o7« bkt c) £6)
9€) = (g, * bobec) {’(’v)

ad gl o wlbrbbrl o (egabe b Rk g (0.
3 at?«b kg
To bd £ we howe
fo oo -9
a t*« bk e, Akt bk +

{

—_—

Md we can nsw cdusme T sk

Cg{’e"tdti—o buk [Se”kjc = ).



Examp\ X'j“ . L\'S‘ —xy =0, x> O

Lerte @rmﬂﬁ%‘mﬂk?ﬁw Y x) = gexhp([c)dk-

Sdosh ey Hutmoo,o
[ [x@e)eae] 2w & =0
e

\«F'HMDLO jf@[e*bgj dt) Mwew
=

= (£2-) F = -
33‘: 4 35 £\
= 72 Qn (£%-1
S (£2-0)°
od f(b) = -1

e we must chere C st

no si.'\ﬁs Sc we

yoo- [ ¥ (1) db £ S 4 it Kaea closed
=

contowy

S*‘O\A’b{-C r
" R
?)mwﬁt i( 3% N >
il . 3
and ok —=o ’K 1 |
Sl so voke Conlon
Prom oag zem o b M

One st io go= [ e*(8-0) & ——
Second. is y, = :‘b e *& (Lz'l) e .

-



and oo y(x) = Ay (x) + @y-c. (x) -
Whod L\ax(fw(m j\(x) and 3?(3() apr X—0,0 7
5 (0) = [\ (@) 4k, Pute, w0 x-D, %51 futell]

\'Jz 1< s\'/\Sul.N d x=0Q .



LAY

f

X wv 76\/ 0 L >0
7239_, ORS

¢lB= £ i
[&ik(k't_—Dll -0 - T _iy

gi Jﬁ (" ')3& _

=

h

7 |

-~
(J
H

gr{ Q.OL-E C%’L"B ik

a

11 (1) F\i ?\ﬂ'\&p pe

X ‘56_- (0) f-‘lr\d‘e_ 2
— \'ZL(C) M‘MI(‘QX %
{

s
|

Examns ree Ccuﬁfuﬂ7
\71 (J() < S‘, Qjﬂ (tt— D &t

— 0

. F\ AR Q_,'\s'\\o\e, Vo (.‘L\Q far ﬂ\l ) J\W\E)YL_UU‘-’"'\\ M oo ol ch
NU) jfi" GF N oML [,ﬂf\w\ x - 0 A8 < = —t



o . 5
B o
@e Yo (S ks
» oL %
XL
= -/—-= ‘Siﬂz_ &3 a1 0
‘,15
¢
o ]
j}a

L= eo |
Fov 7 b n& MQNZ& EC; I] oy bﬂ\{(;k e

;-p&%jﬂ:k‘l e 50'% te  got @(}ODWA*‘&ly )W
- e % 7, ! S A
T R (AID FTEER N R (e P

' domwanl Contalpki o

..] 6(«@)’ ]G}',’:‘n i o~ t_':l
| P /' < F W 4 )

* S o (t-N 4

1)
‘< —
&=
&
~
N X
F
[
Y
.
(el

S 0 ”\‘ \
“ i N
| -‘ mbS\CC-}J-‘---, i te Ml{j;‘r( LN
=3 A
2 . l_
mg = W% _ s= W |
X
W’L - W A, '\ 1}. ) |
- (LL ) dut o (DM
c e " |



.
To  ded  onth szeand fom \ fet = -V
j’ :
l ~ " 1 -
o e g
. (Jf" £ (*' o
Q 0 :
~ N 2D -
. S ~0h < | -V ;
2 (E}i ~.]) . + ¢ ry (’:_\_‘i_)(l )@\1}
. e B x /v dx
% ( \ /J \
0 | "'\ T
moker et of 2R PN DEL Q, )
\'\ (Saus TROLDN 0» onay
\\‘09 ».\\ ”\m Y:r)\\ ///
* (

o C  R2e 1.
e if\*ﬁbﬂw\ v W@W\\u\ky '?(Y‘LM

L'tmuo»&- 0[ e

' , =k
SG W 15 O‘F gnzt e,

AV /Lg, (ﬂ%’f fem s Of Size, 1) so '}-}\Q}{.{j Mo
1} R
e e 0‘( We Reon(\  hkedn.

oo “‘\I s o~ 7 -’\)
~ - 0e ve v 4+ o \ve v
G O, ': o SRV j
Vo | L.
Y- L
A /1.\ ’/1 V l_\\j
L s poe (“}i\(ﬁ' N W=, F‘fS‘m (_,#\ i
- | xJ\ A,



’ﬂ\wt énwmi,v) an e {:(NJ"L\ p_)cPliu"r‘}7
‘7 g (t°- ) cosh (o0)dE
0

" %@ _(_'st.lw_ x oL aeski)

ﬂ'ﬂf\gfimk’s e s a0 .P"’H'R 1 Dl

72(5\} ~ gm (Et-f)Q
| Y
N S— ‘
) & . ( ]+1>
OL%
hd s aly by mwy 20 osolhes ol

o L,IF S el r(e) b

.
% [i(.fl~i')%éff]e,ﬂp(f)d% -0

B (fifffl)fﬂ) i(e-ﬁ) At 7 j 4¢ F@@?ﬂ e =9
o kk , = e

Fepeac ] o e - A1 M
_ I )
s Wore bbe nm dwbonnti.. T



£t f w Q,l.\ew’\- so

] -

> g o= X
F x“"!,

PRGN
RN G 17N [(t Oiofk]c: ¢
A}’\OH’LOI @/ﬂ_

:Ly“ +(5§L~’)7I " ‘iy -0 , >0
= S i ) s |

 Suginion gt & (e 3) - (149D -0

USN_\g m{»ejpaw\ 197 W@

T o

_\ e /1



xt
Couix )&joz.a'\ﬁ? WL f S o oM - &6— Ip("@ At
' c

be ey c@JQ,;.\;J\ ” \’1\5,‘}"\‘ i §5ﬂ5 lo
N wgure A (3D ¢ (B d) )=
e L) 0y

(1&1%? + t({:%B)Fi %({"Jr‘?)’p.f_-@

‘ = o 3(7*’()\,
f (HH%}

S
T
e (643
s
o Yo solkion s 7(30 22 (E+3) ij_(f
t‘#
C T
Wit C o such hed [@lb (6%3)] = ()
£l
| @05@\&4-& e
Al KT\_'- S o e o
> : - ;
g . SN g R - S-" Cﬁ»%)&" ok
o a— t4

oo (E’Lg)_m ho o ondn abs | [ QJ@L] -0
C

£ L3
| ¢}



Lo yw= e (h&) e # 0 debpk a0

fw I vikices s

anelits < J\H\ "o

'f_"{:u) i

{n UAl QU-Q. (AP i’G , , . 2 <t "
aw\hf)(a\fﬁ\’“{' — e e :_,,_’_. X e _Cf% 3>7L gﬂ- .4 )
NS Jdv{') "ﬂf{%‘\ . s , o

TLL’-\E Yo be Mice

A’S x C’ CD Msi*s GA & [ o O au 95‘3'5 00 '“*@fvfm&
ook o ‘S‘ﬂau\aﬁtm st O £



gy = - [T LB w ¢ o

3 L3
g (D) = gp (3-t) de wtuda o(.wu-a,eo ;
3 t*
New exowny o
XH“ + (l")()kj| A QH = )

l/\.m 6(’! = = tab‘
st -8 j ic e dk

. tdeﬂ:
‘G [}T{_[)Ad‘]c = O

£ a3z, y-= [d_l;i_'o\h

ond [ﬁ‘m e“‘-l 0

C

J?’("‘“‘ branch cu hore insisky
s hao Posﬂiw eal fa.(E

§ - lW o~ 1% a
Whare me '\'L\&j-uou? <f s o
('7'\ .
« HPrRITTITIYI T Lo T RIIIT 7T 7
-l 5 ]

Pouamiberse by nuung almg Mee inkenal [0\ ia &
juw* ahorve Ahe bamdh k.




(== At

a,\,u) - t l"'l‘: (+L)
P cL'\ t )
JP(‘ Towe ang alowve ol o .
(9 ({: below, we wiwd have () e

ond e (;o(rmTumabAa (e A61? s

1 &xt
— dk
fo JI:J_(—:F

A i(j's €3M @Ltm

Jioxy S

f x<O, -erfeo\' oscla css
X >O/ u_e-ed" LL(?O‘V\Q/\((\ re(ls
(fmfe(X) Derer o9l

/&m [{xr. decaying |
ST

4

Ty y= fF(Q < de
ol pudbsWKiulhion gnves ((EZ-K)F(Q) Bgt & 0

c



(Whaere are ‘ftu,j? At iafirilhies (AUP/)UB&*QI.

C ot SH{J(1¢'U\A ak (/\%‘M\:J in a ddcechion (A
Wik @7 b afwhaﬂ% sveol .

Wate 4= Ke® L4 la expovanbiad
xRet® _ -é R’-‘(c,osge + c;m%@\

wuda v wmomﬂ smald for K= hue w3970 .
cos(®)




L7

Nede g ry.+ 42=0

(
A(_ (X‘) = -ET_TT ldn(.X\

gl (.)0 = ‘5_’%1__ (ldz(’q —33(")\

N

t--e4x 4

o
e o - grteest .y =
2l _ﬁe ¢ dt = cds
3
. 'L(Xs r 5/3) e—Hs kgl dowpnt
d& (_['wk 2xst bod gF W
We s -3, M €67 Eame

I

el cat ond, Maky 11.441 (4 K

U

il
gcowr Csif\)‘ which dresn € dﬂ(’.mj 3

—_—
W

- 2
- _r—:_-go ws(xs + ) ds

/\/\/r\
YAV,

A\




b 4= ___

b — C—
- J— ——]




PUASE (LANE ANALMSIS OF ODE:

(b © wet rnnm\nlg lo G«A .u.lob'u{' »A%s o dU G\%-W

ODEs. Our wlledion \rj *Mandosd 104:" v s biﬁw"(k "
Also alJ(A-c'wXL\ P’(Ju..,mn.ﬂdh u]f‘_c. e ML P"“’l T
‘e 6 I'A)-e_i,mh, we dent by (rew s belave .

P(/\DVLQ‘OW ms  allaos wo LOB"/(AM‘@\?A\MM
oot M c{wﬂi(m'ug WM%%\Q/MT‘ o Prs/(—wa(_nf 0D&Es .

Ao ODE i dy | Fley) = Q)
dx Py)

The so? curven dumn ia fhe Xy F(.w\.q (“,olf\am plw\a”)
e newn an N‘szmi s o Tpyedonieo .

i( Q ol P N MA.jLQ—VM (&MM‘PL&@VIUMLU) 'H/q,‘
"H/-‘L iﬂ{'{ﬂ'\’ﬁi IAARO const cvy (wﬂk’ss Q=f=0) .

4
‘F Q(K‘ﬂzo : \ \; © 2 _
@ N y @U«;j)"o < hg(‘]gw‘v* \‘)t.(,(a(‘l\(‘
. i i
}Z/ & \\
£ L ‘ velhead sacline
&

P(X:j): O/

Poinky whee P U @ ore bkl oo are callad erikical
Pm'/\b“ ond at s ‘od/\b -.'MLQT«J D Can Lrtdd .

ot
Fueqy Wiawe ot on isockng, 42 = 2 cluanges siga [“::]

Q=\, =X

g“{’fc’”‘ S".AT@ AN NLSa\L(vo_ ' ‘h)f% T

&lf\‘-i
fault



YW o ba live o 5 of
() dy_ 32 _ Q@ RIETER
de X P P(x9) = 2x
%9'23‘(%‘1 > Ay = ShaxsC
==L

On\\f) two gfpeu'aﬂ hailpdmﬁeo o



3) dy _ -
AxX

N

\/\U{mm.

Padetamn whuck X
have x and -t G {'95 fj a Alud vanable,

Qauj t ‘/\{KUL G}{ W(Q
dt ot

dy
= - Q (x, v)
a’; P(\(‘{j)

Cowrnder bev Ao second -ovihar -Qa\MLim

dx - Q
at? x A,(,k)

& °x
Qe 45

’ﬁ_ - P (X(J()’ 3&_)) Ol}} —3 Q L?((Jc)t 3&))

Han Moo <48 v called  aukonomous  and dhe




subshh wlisn dx a.UMS w Yo wnk

Y7 AL
n )2:3
N
Attt x
=11
dy _ Qluy)
at
d
T ey = Py
= g_l_Q’ Q—: ,.Q-
Ax f 9
U@k all (eevi g0 W\‘c,nsnf\’]r\g -0z \azing vethical
(d3ldx *—ﬁgﬁ wiks @ = O 3

Examinaon of Al rojechovien seac cahcad P‘Mb

Y9 (Yo, \51-,) be. o cnlhical Fm’.xk,. (V3 P(iju) = Q(Ku,&..)r 0 .

dy - Q&)
kX F(X,j)



Clone o Hoze cabical peinks, we Ihawe

P(X".‘D: P(XM\JJ = r%%L ' CX—‘ﬁb) : %?g\ (3—30) i

Yo 0‘1;. 3&)

Q(w% Q(xc,ga) *'?T% (X=X} 4 ra—%\ (5-31.,) ok s

(Xer40) (a (fary)
Y Y
Nn"‘z‘ b.k X: K-Xo [ é‘*)(
\/: \j_\d'" 1 -
Than P(Xo,\gb) = Qxe,y) = O -
Thex (45). Y QX+ QY Q.- 2%
“l K Px . P
_ ex+ DY
AX + RY

ws e (A’ g - Px Pa) - Jacchian QF e
<D Q. Qs 5'5’\45\4\\0\,{" FDV\,{'\

ond A AV QY
at

AY | x4+ DY

-

@K \(ft. Ys)



Bruta foce silly omabosd

WLWQ \/= d*’Dy _
= C(AX+BY) ~ DY

@\Ak X: \/—(‘?_\l ((Mrm%rr%j %g: CK—*DY)

> Y= (A+D)Y + (C6-AD)Y

e (A+D)\/*(AD CE)‘f O
- o~

E “tAT) i_—d,v&u")

Lo’lﬂ'ﬁﬂ-(rnrb% A CUK&XA\MV:) Qq 4.9 A £y,

ol aliiy
?\ +Fﬂ+¢{/-

A //\_:-—E_“Z,,/'pz—q'qv

v

- YUC) = D(e_%k -~ (Se—qak

Gt X = AX+RY
K-AX = BY = RBue™" s RRe™"

dg[ -At ] (;\, -A @(g 2.=A)

= X = 6 Ak - E e’r\g + X‘Q-A



Nonlinear differential equations - phase plane analysis
We consider the general first order differential equation for y(z)

_ Qz,y)
"~ P(z,y)’ (1)

<

=
1 Revision

Curves in the (z,y)-plane which satisfy this equation are called integral curves or trajectories. There is a family
of such curves, paremterised by the constant of integration associated with solving the equation. The slope of an
integral curve that passes through the point (zo,%0) is f(zo, %) = P(zo,%0)/Q(%0,yo) and hence is a unique slope,
except perhaps where f(zo,%0) is undetermined, i.e. P(Zo,%) = Q(zo,%0) = 0. Hence the only place that the
trajectories can intersect is at points where P = @ = 0. These are called singular points, or equilibrium points.
We will investigate the trajectories in the vicinity of such points below.

Example
dy Y 2dy dz 2
—_ = = _— = —_ 1 = 4 2 = .
e 2$:>/ . f:r =Iny*=hr+C" =y =Cx
1l trajectories cross at (0,0) where f(z,y) = y/2z is undetermined.

VectorPlot [{2x,y},{x,-2,2},{y.-2,2},5treamScale->None,
StreamPoints->Fine,StreamStyle->Red,VectorStyle->Arrowheads[0]]
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Example

dy

do:=§=>/ydy=/mdmjy2/2=m2/2+0’=>y2*w2=C-

Only two trajectories cross at (0,0) where f(r,y) = z/y is undetermined. These are given
by C = 0.

VectorPlot [{y,x},{x,-2,2},{y,-2,2},StreamScale->None,
StreamPoints->Fine,StreamStyle->Red,VectorStyle->Arrowheads[0]]

2 Second-order equations

The most general form is for a second order equation for x(t) is %;3’- = Q(x, %%,t). However such an equation is called
wtonomous if the coefficients do not depend explicitly on ¢ so that

a2z dz
az =9 (-’” a) - @
For these equations we may introduce

_dz_ dy _d% da da dy dy/dt  Qz,y) @
&l - T - =

= = e— = _ = d s = ivi _— = = — e
VER T a T @ Q(m’dt) Q(w,y) and T =y = P(z,9) gving 57 = 375 = Pz,y) ~ ¥

So (2) can be written as a special case of (1). In this case the (z,y)-plane is an (z,%)-plane, known as a phase-plane
and the integral curve/trajectory may also be called a phase-trajectory. The trajectories are solutions of the
equations & = y, & = Q(x,y), with ¢ as an effective parameter taking us along a trajectory. The trajectories are
therefore traversed in a particular direction as t increases. This direction is easy to identify as it is in the direction of
increasing z (¢ > 0) in the upper-half plane y = & > 0. Singular points are more often called equilibrium points in
this context since at such a point, T = zo, y = 0,say, P = Q = & = § = & = 0 and, if z represents the displacement
of a particle, for example, in some physical system, a particle placed exactly at z = x¢ so that y = 0 will stay there,
in equilibrium.



Example
d?z . .
=% % y=-z Q=-g i=y P=y
dy _ -z o " 20 _ .2 / 2, .2 _

Here no trajectories cross at (0,0) where f(z,y) = —z/y is undetermined.

VectorPlot [{y,-x},{x,-2,2},{y,-2,2},StreamScale->{Full, All, 0.03},
StreamPoints->Fine,StreamStyle~>Directive[Red] ,VectorStyle->Arrowheads[0]]

We have seen that the time-dependent system (2) can be rewritten as (1). Similarly (1) can be written as a pair of
first order equations for z(t) and y(t), with ¢ as a parameter in describing the solution trajectories. If

= P(a(t),y(t)), i—i’ = Q(a(t), y(®)), j—i -3- —%Eii? &

dz
dt

A direction of travel along the trajectories can then be assigned, moving to the right, in the direction of increasing
z in regions of the (z,y)-plane where P > 0 and up, in the direction of increasing y in regions where @ > 0.
3 Solution near singular points

We examine the solutions to (1) in the vicinity of critical points (zo,yo) where P(zo,%0) = Q(xo,%0) = 0. We have
seen above that there are several different forms for the trajectories. Expanding about these points we find

aP oP

P(z,y) = P(zo,y0) + -7y |(:co‘y0) (x —m0) + B_y |(m,y0) (y—yo) = X + R)Y
03] a

Q) % QE0,0) + 2 a0 (7= 20) + T L (1= 90) = Qe X + QY.

where X = (z — z0), Y = (y — yo), giving

¥  COX ¢+DY (A B) B (Pm Py)

e e == 4
dX “AX+BY' \C D)T \Q: @ 4 (4)

(xo,¥0)

where J is called the Jacobian of the equilibrium point.

Equation (4) is straightforward enough to solve in individual cases, by putting Y (X) = XZ(X).

( see http://www.ucl.ac.uk/Mathematics/geomath/level2/deqn/MHde.html and
http://en.wikipedia.org/wiki/Homogeneous_differential_equation.)

However it is difficult to undertake a general analysis of the solutions this way. Instead we introduce a time ¢ and
use (3) to write

dX dY d /X A B /[(X i

with u = (X,Y)T. We will present two analyses of this system.
As a single second order equation, using brute force

Eliminating X (t) from (5) in favour of Y (t) gives

Y =CX + DY = C(AX + BY) + DY = A(Y — DY) + CBY + DY

= Y —-(A4+D)Y 4+ (AD-BC)Y =0. (6)

The same equation is derived for X upon eliminating Y in a similar fashion. Note that A + D = trJ = —p, say and
AD — BC = detJ = q, the trace and determinant of J. The auxiliary equation for (6) is

M4pr+g=0, p=—(A+D), ¢g=AD—BC = A=MAp=(-pt+p?—4g)/2 (7)



This gives
Y (t) = ae™t + Bt

This contains two arbitrary constants, which is all we would expect as our original system is a pair of first-order
equations. The solution for X(t) can be found corresponding to this ¥'(t). From (5)

s aeht ﬁe/\zt
—AX = X(t) = Pt
X BY = X() B(AI—A+A2—A)+7€ ,

but this solution must be consistent with

. At Azt
Y _ DY = a(A — D)t + B(hg — D)t =X = 0B [ 2 4 P ) | o,
AM—A M- A

which requires, firstly,
= 0,

and also
(A2 —A) (A2 — D)=CB ie. ,\ig —(A+D)\2+(AD-CB) =0,

which we know is true. Hence we have expressions for X(¢), Y (t) which we can use the arbitrainess in a and 3 to

write as
A - A C 592 )\2 —A C
XU = et Mt Y (4) = sttt At 51 _ A _ 52 _ - )
(t) = rie™* +ree™’, (t) = s1e™" + 527", " B =D ¥ B A2—D (®)

There are two arbitrary constants since, for example choosing r; and ry fixes s; and s. These constants determine
which trajectory the solution (8) describes in the vicinity of the critical point - we can pick a particular point that
the trajectory passes through by, for example evaluating (8) at t = 0. We also have an expression for g—f(,

dY _ Y _ /\1318)‘”' +/\2826'\2t (9)
dX X - Aﬂ“le)‘lt + )\zTge)‘?t.

The behaviour of the solution depends on the values of Ay » and hence on p and gq.

1. If ¢ > 0, so that, if real, \/p? —4g <p
(a) g >0, p* > 4g. Here A; and Az are both real. Since A; > Ay, as t — 00 eMt >> M2t whereas as
t = —o0, eMt << et2t,

i. g>0,p°>4q,p>0. Here A2 < A; <0
Ast— oo, X =0, Y20, Y=(s/mX

Ast— —00, X =00, Y00, Y=(s2/r2)X.
There are special trajectories that are straight lines in the vicinity of the critical point. These are
generated by the choices
ri=8=0, Y=_(s2fra)X, r2=s2=0, Y=_(s1/m)X
P - Eigenvectors:
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All the trajectories pass through (0,0) and such a point is called a stable node. Note that the
straight lines (not shown) ¥ = —2X and Y = 0 delineate regions of increasing/decreasing X and

increasing/decreasing Y respectively. The straight lines shown are the special trajectories which are
exactly straight lines.

ii. ¢ >0, p? > 4q, p<0. Here 0 < Ay < A;. The qualitative solution is as above, but with the effects of
the limits ¢ — oo and t = —oo interchanged as the values of A have changed sign.
X
Y

P 3 . . Eigenvectors:
Y-2.x °. ] Eigenvalues: (-1.62. 1.00)

=1 : -2.62, -0.38
X-1Y {-2.62 ) 10,62, 1.00)

o
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This is known as an unstable node. Again look for the change of direction of the trajectories along
Y =2X and ¥ = X, again not shown.
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(b) g >0, p? < 4q, p > 0. In this case the roots are complex, with negative real part. If we write
A2 = —p1 £ ipe, p12 > 0. Instead of the exponential solutions given in (8) we have the solutions

X(t) = kye ™t cos(pgt + €1), Y (t) = kae™#'* cos(pat + €2).
As before, only two of the constants k1 2 and €; 2 can be independently chosen. It is clear that the

trajectories are spiral, spiraling in towards the origin (0,0) - as ¢ is increased by a value 27/u2, both X
and Y are multiplied by the same factor e=27#1/#2,

[}

2r-1.X%
-1.X

3 Eigenvectors:
Eigenvalues: i

p
g: y L [0.50-1.32i, 1.00)
g 7 10501320, ~0S0-13211 oo a4 100}

~-
Il

P

-10f %

All trajectories approach the origin. The singular point is known as a stable spiral point or focus.

(c) q¢ >0, p? < 4q, p < 0. This case again has imaginary roots, but with a positive real part.



2 Eigenvectors:
Eigenvalues: ~0.50-0.874, 1.00}

0.50+0.874, 050087 | 0200874 L.
{-0.50 +0.87 i, 1.00}

X+7Y
-1.Xx

nou

p.

;T4q.' -3 :
\{7Z

N

I

=

[

/

y
77
;/

y
17
s
/
/
{
A
s

All trajectories depart from the origin. The singular point is known as a unstable spiral point or

Jocus.
(d) ¢ >0, p=0. This case again has purely imaginary roots, u; = 0 and the trajectories are circles/ellipses.

No trajectories pass through (0,0) except for the trajectory consisting of a single point at (0, 0)

X = X4¥ B ) 0 Bigenvalues: Elgenveclorst.
I 2 41141y V0330474100
; v . g R {-0.33+0.474, 1.00)

1S

w

=10 =5 0 5 10

The critical point is called a centre. Again it is illustrative to pick out the lines ¥ = —3X and ¥ = - X
and note that the individual trajectories have turning points on these lines.

(e) g >0, p* =4q, p > 0. This corresponds to two equal negative roots for A. The trajectories still form an
stable node. However this can be of two types known as a firstly a star and secondly an improper

node. They are indistinguishable simply using the values of p and ¢

g P -2 A Eigenvectors: - X+ p: -2 T Eigenvectors:
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(f) ¢ >0, p? = 4q, p < 0. This corresponds to two equal positive roots for A\. The trajectories form an
unstable node, which may be of star type.

2. ¢ <0 so that \/p? — 4q is real but \/p? — 4qg > p and the roots differ in sign. Here Ay < 0 < ),

Ast— —o00, X = ree™ = 00 (in modulus), Y = se*?** - oo (in modulus), Y = (sg/r2)X.



Ast— 00, X ~reMt = oo (in modulus), Y = ser?

n p: -1 . Eigenvectors:
= X-2 E
X X=-2.Y . 8 igenvalues; (=2.00, 1.00)

;o= -l ] 00, 1.0
4 il 2R 0. =100V ) 00, 1.00)
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Only the two special straight line trajectories pass through (0,0). The others approach the critical point, from
the direction of one of these straight lines and leave the critical point in the direction of the other. The critical

10

Y = (Si/Tl)X.

point is known as a saddle point. A change in the sign of p interchanges the roles of A; and A; as before.

The figures above have all been generated with the following Mathematica commands, varying the coefficients of

the matrix m.

m = {{1,1},{0,1}};{{a,b},{c,d}}=m;p=-(a+d) ;q=ad-bc ;disc=p~2-4q;

Show[VectorPlot [m.{x,y},{x,-10,10},{y,-10,10} ,StreamPoints->Fine,StreamStyle->{Red, Thick},

ImageSize->{460,310}] ,Graphics [{Thick,Orange,Map [Line[{-100 #, 100 #}]%&,
Select[Eigenvectors[m], (Im[#[([1]]]1==0%&In[#[[2]]]==0)&]]}],

PlotLabel->Row [{Column [{Row [{Column [{Style["\!\(\*OverscriptBox [\"X\",\".\"]\)",Italic],

Style["\!\(\*OverscriptBox[\"Y\", \".\"]\)", Italic]}],Column[{" = ", " = "}],
TableForm([m.{Style["X", Italic], Style["Y", Italic]}]//N}1}1," *,

Column[{Style["p:",Italic],Style["q:",Italic],Style["\!\(\xSuperscriptBox[\"p\", \"2\"J\)-4q:", Italic]}], "

Column[{"Eigenvalues:",NumberForm[Chop@N@Eigenvalues(m],{4, 2}1}]," ", .

*,Column({p, q, disc}], "

Column[{"Eigenvectors:" ,NumberForm [Chop@N@Eigenvectors [m] [[1]11,{4, 2}], NumberForm[Chop@NOEigenvectors(m][[2]], {4, 2}] }1}]]

We can summarise what we have found with this diagram

p=—(A+D)

STABLE
NODES

SADDLE
ROINTS STABLE SPIRALS
g=AD - BC
CENTRES
SADDLE UNSTABLE SPIRALS
POINTS

UNSTABLE
NODES

As a first order matriz/vector equation

Equation (5) is 1 = Ju for u(t) with J a constant matrix. Comparison with a differential equation of the form

i = az, with solution z(t) = Ae, with A and a constant, suggests we try the solution u = ve**. Direct
substitution leads to Ave* = Jve* or Av = Jv so that ) is an eigenvalue of J and v the corresponding
eigenvector. The general solution is a sum over the possible eigenvalue/eigenvector pairs. The matrix J is 2 x 2 so
there are a maximum of two and, if they are real, distinct and non-zero, Ay 2 say,

u(t) = AyvieMt + Agvaetsh.

As above we have two degrees of freedom in this solution and A; 2 can be found to specify a particular trajectory
uniquely. As the eigenvalues are real, distinct and non-zero, then we know the eigenvectors are independent. If we
form the matrix P = (v1,v2) with the eigenvectors as columns then the transformation to the new variables (X,Y')

"

3



rather than (X,Y) through the definition u = P&, & = P~'u, with @ = (X,¥)”. Also, as P has columns made of
the eigenvectors of J, JP = (A1vy, Aava) = A(vy,va) = AP, where A is a diagonal matrix diag(A1, Aa) with the
eigenvalues of J along its diagonal. We therefore have J = PAP-! or A = P~1JP. (These are standard results on
the diagonalisation of matrices.) Therefore

i=Ju=PAP'u, = P la=AP 'y, = fd=Ad = X=M%K, Y=XF =
X(t) = XoeMt, Y(t) = Yoe*? and, eliminating t, Y =CX?% a=X/M (10)

1. Real, positive eigenvalues. Here, a in (10) is positive. All trajectories pass through (X,Y) = (0,0) (and so the
critical point (X,Y) = (0,0). We have an unstable node as Ay 2 are positive so X and Y (and so (X,Y))
tend to infinity as t — co. If @ > 1, i.e. Az > Aj, then the trajectories have the character of ¥ = £X?, but if
a <1, Ay < A, the roles of X and Y are interchanged with the trajectories looking more like +Y = \/r}'(_| ;
This is in terms of the new coordinates. The trajectories in the original (X,Y) coordinates are similar in

character but "skewed” so that the X and ¥ axes correspond to lines in the (X,Y) plane that point along the
eigenvectors of J.

1 2 0 2y 71 s % 1 —1 2 -1
Choose A\12=2,1, a=-, A= ( ) Choose vy o = ( ) ( ) giving P = ( ) P = ( 3 o3
’ 2 0 1 /42" 1 2 -5

T _2
J=PAP™'= (g 23> (11)
3 3
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2. Real, negative eigenvalues. This is the same situation as above, but with the direction of ¢ reversed - a stable
node.

3. Real eigenvalues, one positive and one negative. Here a is negative and the trajectories generally do not pass

through (X,Y) = (0,0). Also as t = oo only one of X or Y approaches zero. The other approaches co. As
t— — —oo the roles are reversed. We have a saddle point.
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