3701 Theory of Numbers I
Notes

Based on the 2012 spring lectures by Dr I
Streuthos

The Author has made every effort to copy down all the content on the board during lectures. The
Author accepts no responsibility what so ever for mistakes on the notes nor changes to the syllabus
for the current year. The Author highly recommends that reader attends all lectures, making their
own notes and to use this document as a reference only
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”
Ow pasic abjeck of scudy wul e the set ok nakural nuoecs
ME?{aQ.;.-- 3
We wul often wnague this s lyung th the ser of untergers,
Hohmar g, =1, 0, 1o £ ..5%
and we Wl use the setb oOf fadaocnal nunbecs Q= Qo‘/bm.be?é, b+0%
cluxutu:s andl (ndireckly -
We st consickes M =f1,2.3.... %
There ane two kunds o€ basic of operations on M

ﬂ

Adduaon : a,beMN ,a+0 18 the 3un of a and b
3ome. properaes . A+b= bta
peChsc s (ot o
e coun generace N aclclitively uswng only the nunabec |,

Multpucalion * Guen a b el we can form the Produuck
o= b+o+...+b
Q CO(;tQS of b
Properties . Gb = ox
albe)= (able :
MM‘CLpllCOJClVQUd e oy generake M Usng L and prume
) nunoers.

o Bk

Some quanons inuoluung. pnmes
) How mauy prumes aine tiene £ infuadtely nmany

2) can we wrde down tuiny nakural number uniquely as a
products of panes T Basically yes.

S)How ane the pruvies gpread out ¢ ls wnere any formulaq
QuuIng  us e Nt poue .
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Chopter | - Review of Basic laeas

-
Guuen Nalrol numbes M.N where N>M sSay phrans
oluscy s possible to fend g€ M st n=m+q .
However e 18 not oluwadys pessuole to fcnal g € N sk
ﬂr(\qq\.
£ Ohene exlsSts such o nubec Qe Sy Unhakc
Mmodvieles N, 0f (L s a diviser ofin and (e wriee
M In
DonerLotse L does not duvide N ond e wortte M N
eq. 313, 316 , BA8 /546, 1ln For any n.

™

Nete * If min Yaen m SN

| rin then clka foc any ke M.
| Oreofirins= n= oL for Some e M
B Then kn =RKAC = Cea)€

86 oAb -

e it clpn and rin Uaen ©lmtn
Peeet . clpa sy Mm=ar
A CclLagsprn=0C
Ten mMmrn = ac+tbr
= (Qtb)r
8. ol )

\n enerak W clpa and cln then |l am+bn Por any albe N,

Note s e can extend unese (deas NG fesSults to bne sek of
mt'_Q(SGiS T

In for o numbers mn Lazm sa-«ﬂ\ L & not tue thakt la, we
Can L'rkj ko ‘uppfoxumate' cuvision
Thie \eads o eucticlean ﬂl%ofmm




Suppose daar MNeM and dhat N 2m . Then daLre exiscs Nakural
numpers q and £ suca gaae  N=gmtr foc O&Cson=|
(e numbers q and r ane ung ue une s Cagc_)_

root ¢ Subtract as Many. coples of M from n as pess dole.

%\j fepeatedly ustnq the proposttion wWe ol cLLLoCuSS Qe
0L Q computalion uddn 20t femeoundor

(\zC'LiWH-F‘c

M = Qe Ci4(z eg. N=38 na=79 ‘
D= afed Mg QR =5-7 48

: Ty 2 Drr Skl

fe=Qefesr 10 iz Ra%0

ThiS process must ternmunate widkh 2erc fepgundes , aftec a funue
number of steps. since  the remaunders aue qeting  siarctly
amaller and Snaaller

2 e amles - >,

Qﬁj- n=38 . .pa=8 Cfuua‘u;j he Huinol non-zel(o pemcwnder
AR =U 816 W ne process divides both o tne O
AL 3 e B ongu'\(u nLuunnBeoxs o bne feietyy, (a8
= 84240 thy grearest Nuumber onect Adivicles

them botih .

Defntnon

A nobr ol nuober d (s the (jmatest cormmon divisoc of nuvuloe s
m and n If :
o d 1S a common civisor o€ m gndn  1e  dlm and dln
° For Gny conamo n duwvtsor €, 0f m and 0, r divedes a
e clm ., cln =0 cld
In sudh O Case we mmj euce o\j(j(d (hp). .

ln general AL 051\( aLbest comnnen olwiSo( e xSt and wwe can find




55 LLSLH(J (he fuchidcan cugercam .
Lok Us work btk up tne g or nnn

r\-‘"CL,m 7
M:CLQ(“|4l'z ‘—ﬂ;\Qi‘\ SLRCa r[-|=QK+1rt_, f\tlfla—\
1= qQafla 1 (3 fisan = Q wlicas Sl e | Ce-2

e el o
ex:

Ce=1 2 Qe Ce +O

e fe 1S Q. covanen. fakhkor divisol of n anol m.

In fact by sSwosnitwang  through  he algocdana pwe can
eXPMess ¢y as a coMmbunalion of nNa.n

f Thorne Gune Lhté,((ﬂe(s Q.o _such that re=am +bn
€q. WALy T =23+
b a® d 7l 3
VS dsad (88 S )
H | = 7 = Q+38 410 7
| = 1?2 38

in £face (¢ s e rj(\eaxest copamon davisol of m,a m_:gcd (m.n\
Lot ws show thac f s any oner common citvisSoe ef onan, then
¢ Mmust clevicke (e,
M lm so clam . mso rin So rln
Thewefore ©lam+bn e rlre
So (e =gcd (min)

Note: 18 there 18 no Non-zero 8w remmainder un the Eudidean
algordam  then gchmm)—‘m

n=g.mM+0

2. gcd(.;za,u-)'-“ur 122 @t 10

The nelaconship - between the tuclidean algorddan ana the
9(\Q(L'CQSt common divisor (s a Key idea thot may be used
Lo factor e nombess = (unto p;unm)




Detnhon -

A pruve numer 1s a Naoural nunnbe( qieL.LLe( than \, whose Gm% divisors

A \ aand selt.

This means thact & P 1S apprune oNd N 1s cu’L.Lj noabtural nuen bels thhen

%c_.d(?m\)-“; of C\(c_\(pft’l‘:fq}.

In genecal gff'!(r\\m)"‘l ,hea we souy that pand ace Coprune
lin oascase we can fiad a,b €Z st aantbn=1).

Prunne nuimbers  hauve O Codeial p(op(wuj.

£ moneM and p is a pruvie number ™ plmn =5 plm ot pin (of beth)
(Note : tne oppiSke dacedon s saisfed btj all nakural numnmbe(s, Not

JUST panmas )

Suppose  pimn: Ik p 0dse divides M, we are asne
f p does not dwide M, et us Show that P divedes N
‘el qmﬂhm\ =1 (& canaot be p, Sce pAm and & has Yo be 106f p)
So L‘\Sm(j oun ey deoa, wae cany Pibnck U\Leagjm.s Cui iSRG SONGE
|=ap tbm .
Mutiply througn DF_S Nn: n=0pn +bmn
B p\ (lpﬂ ond p lbnan  (Swunce p\n-\r\ ) =SOMD \CL{)O + bonn

10 p'iﬂ 0

US\‘{’\% LS pProposunon we caun factorise any Aunber Qs a ploduct of
Pu'ﬁ\(."j - eSsSenQ (QLLt_tj‘ niquely .
Start wun A num el N —eudher N 1S PIUVQ

\ o s, O\
ook o each Qi 0z & eunér Whoat we Naue 18 prume of (E can be £ ctor ik
Cu o vner,

Care Y on P el . Ths plocess ol end Wuh only. prnnes bemg g‘é&’ﬂi ‘

Lt US Show e untqueness o&f a faco saen dgepuned Gs QGloeve

&U‘DPOSL paak We hauve oo dittepent factonsanens, oF a numpers
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WO prumes. = Pri... Pr o Q. 9 m (WU possuole fepetrtlons )
Consider P+ Prlpi...pPc S0 P, \gs.-: Qm
L\Su\C‘j the € LCr Plo posSchon o ‘(Lj £0r some "13
The only diusors ok G4 0e L.and g§ Lt cannor be. 1) So (=g ;
Sum Uiy Qutn pc 15 one of tha g;'s

G 18 0ne ofF Qag P" 's
So fhe fuctorsanors & ane esseabally g the same , thefe 1S.a

WNLQUL  PuUMe facronsation  upto f@mcmcum)

The pustance and wnqueness of a prrme factornsatioN fol cng - patucal
nULVLDeX grecrer Than. \oas e Fundementod: Theoneoa offroudhenesn

Al 'Wﬂj Use s bheoneat LO Sheows Aax. thone QNQ mfuxueud mam.j prunes
L.L’,L,S‘ angw Inof. therne \S (,L? Panne L e ‘»i(‘f‘CLLU( than Cl('lld 8[U(lﬂ prume
nunuvpec .

Constdec @ prme nwmber P . Multiply ald Bie panes vpto eund ncluduy
p-and.add. |, 1o considec . £2:.8 8.1

Tnis humber nas no- prume faciors wpto and mcLo\chn% P, SO kS PrLME
foCrorls must be largec than P le thee s phume lacgec th an A5

This Works for any p -

't&;i'_bfv\u_h(kphj Cul Oe  prumes U to P Lwuwn an exixra 2) ‘anc _Suplract |
R dioB B A, Qo)

This nwmnb ex (S of e form Wn-|

e ot e form Win—1)+3 B

Tor some Gy dannene progressians of  numoers Lice 4n+3, 6n+S. e cao

f\L,\Cl-.Liuc'f.\L5 (”Q.mhﬂ prove taat hey contakn U'\[ct’\u?lkd manLj prumes

In facc (U\Lj sensubuj adefunec) C,ULU(\.W\L[L.(. Sequonccs contins Chfen \ﬂl\j

;h(:uuﬁ P (Lnes .

e sequence ant+b Contans m(mueuj- me oy PLenes \£ G o coprune
In foct 1o s alse. krue thatr within e primes , We can GLnd

arvtmen c Rogressuens



(XTeltn — \a0 - IN0OACHV *

W uwWhea Dhe PN numbas we can fnd a ftnike scguence ot P runes »
an Greamenc  progeession  fof ang numbec of  preonas,

Sove PNeMar ks lcha((Lu'Lg the fTuclidean atqouuwm and (Preine fackocsanon!

NC can fund cercain Sers of nunabels wiene 'achL’uon’ and ‘rVLuLtLpll(a‘ﬂon'
aie deruned  and wwere heife Gile ‘pﬂmcs', but waehfe thene s no
untgue faconsalld) wmto  pfumnes

oq.consides - Z [{=5] “la+b (=5 ‘0.be v

W)Q can. add and nulaply ‘nuimbefs’ n Z (/=51 (nd even find 'ﬂumbr!’
mate do not propesty factonse Quconor wuwaen  Z LJ=5]

For exaumple. 2, 8, \+ 55, 1-6s5 0 ane prunves ! un & sl
Howevee  2-3:6 , (U+F3XI-{35)-6

So 6 can not be wnquely facawased nto Lpcunaes’ wn Z NS T

9
&
-]
g
H

M

Searcning for unique fucensanon wuhn 'systems of aumbpers ' e & 451
lead 10 concept o 1deal numbels Ceumamec ) and laxtec on the conceld

ok an 1deat  (Dedevind )

e can specalise the p(o@f Gl pnene u\(—{_.r\l.téluj W\a,ﬂa prnaes D S ALsers

& the PfUME AUMDETS  (nat sSausfy @ common. propeciy o

eq. Considec nuaiers of tne forna Y43 (fo¢ KEM).

Key pfoperay: For eacn ke Yx+3 15 o odd Numbee . Ss it has odd
prumec faanes.

Any such fuctor (i fad any Lo odd ﬂumbcr) N Ty
Uk+\ , Ud4k+r3,

(WAL 4K41) = 16K 2 +8K t ) = (UK24 Q) t of e formn Yot |
(LKA Uk H1) s foK 2+ 16K T3 HClLK244k)+3 U+3
(WK 4K t3) - 2

(K+3Y4Kk+3) " 16K?2 494K +9q = Y (yr*+BK +Q) t| 4 |

g

So @  Auwnbel of tne 4orpa SRt 3 must have a aisor of pae foron Y3

Then we can Showo |




TThere cue unfuactely pnany - Eaunes of the fbom Ut 3

fiook . Suppose that 3T 0., p e al e paume nunbess of e form

Wkt 3 (e20)
Conswdor. N =4 -8 7| | “¥hrevp — |

Thea Nis.6p tne foma Yk+3 fun fact N7 %37\, .7 p) -1)t3 )
gmvas None of the pluves 3,7, 1. p dwickes N

Bur N must hawe a prune faccoe of the formn B A3.

So 0nQMe MUST be & P Alber ©f tae focna Bka 3 Uhax s greales
than @ -

PQIY\&{)S On(s Nas (evealea o potiern n pfuv'u:'-;'.u neee. ane u’\(uut@\% (V\Cunj
of the folpn WKY3, bul onty funiely mainy of e forna bkt ”

s does NOT held |,

In fact tacce ane alse unfundtely Mmany pouves of the form U+l

E Quen thotgn we (aanot ove (L th tae. ame Uu(llj O k3.,
inoaencral s\ @ o ane copPrinae - NOLLLEal. AUNbel s - thaan heee ane

infuncbely Moy pame numbers of the focan aktb (cem)

Olrichie TS NEONLY )

ﬁ -
Gwv Lung wvexc
TAIAL/ Mol (Bl Apve We consdoledasequences of Natcal fuabecs
anc 1o txy to find pame Almbess
We can alse fna  'astthvetic Xguene paderns withun the pumes.
e & pume numbecs , 2 awaoy from each other 1 3.5, S, 7.
8 pf\ eSS numpers VOUOL\JU\% aan O\‘LLL\.C(V\_C'L.{C &?qu()n(e pa_LLe(m-.

2 e PR |
5 pruve ATTUINATAS {b\lowLn% an Q_n,t\f\rvw,tic sequence el ecn

Mt bads, 29

n (aeﬂﬁra.t Lk MI%V\L' not . easy Lo find exanpies  but .
For Qf\lj K, we can fund K preme nUM belS n‘acthmetic p(aﬂfESsnon_

/ﬁ




ol middd ey Medend

We may not Wnow of a suvple padeln i the prume ALMOCES., but wux
have a senge of how they e spread ouk .

On Querage the propcsnon of naaual numbess That afe prume. LP to and
N #5155 N noe - This 1S Gn Qpproxumake ansuel.

- s NS TORBEE Ol flot Qg CORSIAC D - piiikas less than a0,
nene Cl(.'lLL(.'LL'Lk:) Q5.

(n fornnally «elving Lohat § Enolon ds the Riemann  Nypothosts woud
que Us a betler ense & how s EpproXtmalion’ LooUKS

o

(MOt"\%{L,uances and Nmmeadtulal oo .

Rhasic \dea . \n tne Euchidedn process cF dchLUﬂCj 2 bLJ m , n:qm.pg'r
Fix m and divide Q\je{a notiuiedi Snyiuna oer Iy, bﬂ 872
In this case, the only P ysslle rernalndet ane @l ana=l

[g
&
d
2
g
2

Tren, (denfi€y nuun bers thod gLve the sane feaaindel winen duvidec

b\j N, of g same  Nemgunder Modurks M, of “\aod M
#9;. (we May Quen Supposc Ne U).

Tese lasses of modiuas nuiaers’  (nheret aaduasn ana \(\qu_L'LLpHCOL‘UOﬂ
from W Cor %)

Notalon - We nefer to tae class (set of AWM pefsS) contaunung N as .*

nmedm 6. N

¢q. 3= 8medS |, 32 13mod S, OF S nMod s
ol i T ke B0 B Aoy SIS
Ao
Adduacn and Mmuld plicoion. Gne oo Lue W MJL{\Pd as operaens here
ca - In 'Z;?ﬁr—{? in‘r:a:-; —@:73';3
3 24+ G270 2-G =928*=3
\n coneral - For any meM and a,n€ L , a = bmodm 1§ a, b have e

. 5 | & 1 ) :
same | Euchidean remaunder oo hen dvided oy
2 s chrr e c.L’rvw r ‘

G = brmod m ED M divides G-




loxs enocx ek _qc\c’\u&cn awne u\:\uulpucnuor\ ane well de SLned %ar\g aX

Suppose  NGX a=pmod n 1@ nmia-b

C =dunod 0 1e. M \crd
lek S Show Oaal QXxC =(p~ dlnod o - le M \ (G4 c) = (@*cﬂ
gur . (are)=Co o) 0= (a-o) +(c-d)
Froovagia ~eoand My Lo =S woe ckoduteesl ra | (A - (btd) GS cequind
Lok cekion. @Gl ak.E..bd modor e _mliac- pd
¢ -bd F ac-'oc -pd <(a-b)ct+(c-d )b

guxr - Q
0+ by e d s di et N e dILE thakt tila-ble, m(c-alb

From o)
and SO m\(&‘b)C’rCC“Cﬂb

%0 oddiaon and mudphicanon s el agined L Zna.

Whok (S tae Qddive  Saucune ok numpers modulom ?
ASSOCACH VLT > +(B -*%_3 :(_,5:___‘_%3_‘,1
5 40 = 0rx. Fol any.

= +lm-5=) =0 pood m P any >

B So coavtvely, Zm Kotons O Qroup LL.AS a de(;,'\'lc group Loudn | generola

Y

Whok 18 the mullpl calve spuctune, - of nuUaABCes ool 6.2

Sesoci AR+ 55 (i B - (x:5)-2Z
- \denkacy | v 53 28 ducloecany ="
lAwecs e doe not: Necessas iy . noNe LANE(SCS .
V,Q). Does j houwse nwerse, Mockule £ ”,
If ol Lnuorse of 9 Q¢ = \vod6 =V 6)da - |
oo, Gaataiw |, Bur 212a-6a =\ . conrodLeon .
n general Consides neldm. 0 has G rY\LpLL\p'\\CCUOUQ Faliaea (ca Zm)
PN’C‘S“\ﬂ LWhon. N N _Qaie” Co@ CLON-0.
oot = Suppose T Zen X P i T 3 na =l neom
"’ Then Aa | 4N 351e an-bm=\ (for soe e )
() \Fmen 000 Copne  then USuNo) Rezoul's \o\&ﬂh’ﬂj, 9 a,0€Z

e 00+ Dm = geed (hay )=\
Then an = lmodm




W f men ane pet wpame Yaon geploncn)=d >1 and  foc any Gt &,
dldn-bom .
80 (L 1S NOL posstoe nan-bm=1| e . hene |5 no nuerse foe n n Zm.

for

(Newe. The Congruence Gass ot B0 does NOE NAWE G NAUUBLPUCARIVE. LNVE(SE
modudie any memﬁeg. 0 s e Same oNgruLnd ckass as o and m
(S NOC eoprume o ). |

uSm%Emwooue psULL, and tha fact that GCO (o p) =) Ffoe P, Prune
ane aefi.Z.---,pﬂf We dedaice thak W modp QMQ{H nen=-eao
Aass Nas N wvese.

’
eq. In Ze - 3-adiQed Tohanh ol |

tven for o CompEESUR NUUVbZl Lue Coun coucct the wnueraole elements
togetnec. and form A glowp
LOst ame we onecked thae o ang M, the set Zm was assouatwe

—

WL To Muopuan and 0aere (uts an  tdontilyy flement ;|

[SIGE MICUELRILS

| *
I m (S Qprune ewy element W Zm T2, o m=1§ s Lueole
le 'Z{’;w A8 <@ gr'cu_p under MUl pliceon ,

i m IS NAC puve  then e wnes able eloments form g eroup. '
lets chock Onatr Ge ser of Lnues@ple ecmnents , 18 closed undeor
MuLEICGDoN

Susppese 5—:,% ace wnueite . N Zm

Then o 1S Alse tnuedable Lol Lnuelse 8_, o, > W

In-gereral ik 1S Sl knoLs e number of nunakers (ess than m,
winith ane LOPMMEe to . na. ,
Ths (s Ewer's tohent funciaen 2@ @ N—N

M > nompesr of elenenss 2 L2, - - m=|J
LoV Qe copt e jo '

Examples P
N ol 3. U & & 3 % 9 140, leogs
Hm) B IR NS T R O L




o AF pas pume ﬁ(p):p*I

° 1k p 8 pame ¢(p{):‘)7—p
g(p’)= p— p*
Q((P")-‘ B e

o pokaaa @ 8 amuikplcabe fundhon i o ertawn KOse

2 (ran) = Zlon) @ln)  pre asely when m and n are copeene
ln ONC WAy 0NS. AOWS US TO calculase  Blm) for Qay M. by Sepeiahing
and different prume facrors.

N o #(120)= #(23:5) = F@Q*)F(3)g(S)
| ffaieasy-2. 8
= 4-2-4
Fousid ;

Noce . (onauence. crasses o G alse. Known s nesaduls tod m .
3 E J _
E f_uc—,i\) "'.SC«SW\'\,QQQ(G.N])zl

—'/\’\Q S\Ze o Yas sex s cdonote & b\ﬂ CZ‘CW\\

Note © Thie 1s Glso e size of e set fgedy: I€agm, G&blam) = f.
2
Then uswg the followung celfespondence
For ae™ : GBOCam) = | =P Z{x,%ez -'O:)Cer%:I
&> FceZ i ax = loiedm
e 4 1S (nverabe nmodm
a 1S (nvecable nn Zm.
Then bae set of classes Mod M . cor(es ponds ko
W(Zm) = £d €Z0n : G nvertible A “Pea]
This (s e set of UntS modm , of LNLES Of Zana
The fact that unverses exist tn U(Zm)  leads to cancellancn
law mod
-

“’I ."-i'_;(‘ SO LS

If i,ge—Zm and F\E'U(Zm),tlﬂcf\

|



C) E:;:.-”?\% :b.l:\j wn Zm
| iﬁ:g‘ﬂ m=p 2=y i 2.

Proof : ) Since REU(Zn), tene 18 an elemaenkt peVU(Zn) s
np=l=pn. Then f A =Ry =r dn)=dh ) =2 (Fen ) o= Enly
=D _‘)E_:g N Zmn.

Sidaty -
uSung thus cancellednon laus  woe May prove the 4‘ouowur\8 A

\NL.O NN e

- 5 : —_ @ en G
\F Q€ U(Zm) " e rn Q ") = '

(This result knowon as e Feconat ~Ewloc Thf;or\@m)

Proot: Lot UZm) = B1 Uz, Ugcom 3 glm)= 1UCZin)) H
T’:O_r - _a 6 U(&f“z' multply  U(Zm) throughn by a' to elotan E
B 0.0 i 0O Ln 0 = 8
m‘*‘*“()lﬂmg A und by wndt leads ro a vntit.
S Comc‘{ms F(m) dustiact tecms. c o lf aQ; = a&d" , thea by cancellalon
law g c=uj
30, S contawns Zlm) gushack wnds, 1o S = U Zren) ?
Then sunce i b e kel Sobisainathie 1o . 4 SENSRECH.  saiasndalic

Uss Uz n Ugean = (00 XA T2) .. (G Qga)) dn L P16
TR TR s PR LW e O i sy N N T
By cancellaon dauuwes @S ™= 1 Zen.
Exampie s I Zia U(Zi2) = §1,5,3,713

b daed B

Note! When p is  prume 1 CVelY non=-2efo congruence dass 18
thveradle mocl p = #lp) = p- |

In. S sSpecial Case (e ebtawn :

i lmcdp 1€ _ged(a,p)=

-

AL ) INC Y . O

.
i O e A e R i e e R B i e e an o S S

B h B B E R ERER OB B B




*’h
Note - e have ror Proved dnax UCZm) contains celemoits Of ordee ()
. e tncoheaa . Goes N Shows. tnat. . thene exsis. de V(Zm) .Sk
e onallesc pt'-bt\’]ué nunibes K SCL(“LS\’BLnS aK;I_ = ﬁ(m)
This oy 01 Moy Nt be. T -
eq. () = AT:5, NS
TH = BeafBthsha., o tlina e
Mondeuara B Aeeh g, $7F £ i Lriley
30 no_element w  U(Ziz) has order Fl2)= 4.
ey - UCZAs): ébl.:z;h‘_,ﬂﬁj
T4-9%= 3teats )
:217, S has ercec Q un &s
™ 3:&, 282800
22 = T B 5o B Kk

Qo n  Ls Ynece exist lements ©F ocdu« gCs )=,
wlZs) s G Ctj(.klc_ group
Se  U(Zs) hnay be  tandiges 05 Lassactoc ice S L et =2 araes 2
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and ocalamibn, n ) =\
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