MATHOQO056 Mathematical
Methods 4 Notes

Based on the 2019 spring lectures by Dr [ Smears

The Author(s) has made every effort to copy down all the content on the board during lectures. The Author(s) accepts no responsibility for mistakes on the notes nor changes to
the syllabus for the current year. The Author(s) highly recommends that the reader attends all lectures, making their own notes and to use this document as a reference only.
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Proofs oF @) ard & 190214
@Orjrho%)nm\lw ot Qi(éuir)ﬂ/lmHOn(

Let Y, Y he Q'l@eyw?MHchfonS with rf?)pe&"f"\f@ Ql(@mmtww e Ay
MIN =) Lyt MYe=0, LY5+NY; =0 |
We want o show that <YK/\/J>W:O

b
1.e. Ja WOOY ()5 (0) dx =0

Consider s <Ly, Y¥;7w = =2 Vi, Y3 ow
i@ Yy 15 an Q,\C@EHF(,{O(HQD
Asorsing &€ 15 seH-adjoink w.rt <, Yy
CRYe 5w =k, Ky,
. - _ Y ‘fUln(f/or\
=N kg ow sind Ay IS an- Qigenting,

Togethar we gef:

(Ne-2) e, V5D =0

Sin@ A4 N =7 Ve, Vo w=0, m
Parhial prooF @

We shall admit here that d Yili.,, forms a complete basis
of "(aib),1e. avery Fel(ab) admits an axpansion of the

form.

'Hf)ﬁ'z CKYK(XJ

< <Y w
Eogo=—L1F

We show here that « Yoo,

Take, wner produck of f with v;:
f, Yy 7w = S Zle\/k,Yﬁw

) \Z(K<\/k,\/u>vv
S0@ <Y, Y7w=0 for K41 we then obtain:




CHYDW =G O3y

R

o <YW
<=1 ¢ =
: <\/j/\/j7vv ] v
Example: Consider the inferval (1,€™) ond the 5L problern,
XY~y +Y=0 , yn=y(E")=0
Find the SL form and axpress a general tunchon $0oO In +erms
ot 0 generalised GFS (Gengralised Fourrer Serres ) ‘ln\/o\vm(g

the digenfunchons of the problem,
We found previously that the SL form 5.

0 (L 44) ey <o

\We YC)QQ %@l\/e tho h;)\‘m%genﬁ@ljcQ wation with Trobenius
method however here 1t is 1 Yack simpler to perform a
qubshtution 7= et pler 10 periorm
Set yl&)=y(x)=y(Ing)

‘(1):‘1'(”}1) \0”:-1&0\’ 1>+-’;‘§“(\m¢>
(O X / h& X

The aquation thon becomes

YItE) =Y L) 1A ¥LE) =0
We leave 1t as ap exercse to check that for A<,
the only solution YlE) oF Y'-2Y'+ay =0 +hat also

satisfy the BCGs are triviol.
We now only cons ldgr the case A1

Tn +hs case, the cnaracteristic polynomial  v~zu+x =0

which has roats of the form 14VA-17, we :
gereral form of the solutton s we se¢ that the

YUY = Aetcos (AT )+ BebsinWTE)
ranforming back Lo x we obtain |

00 = Axcos( a0+ Bacsin (a1 Inac )




Consider now the BCs YD =0=Y(eT)
Yy(N=Aws)=A=0

Y(e™) = Besina-11)=0

This has non-trivial solutions when JA-1=k7,1

with K an integer (1.6, 2= K41 )

Thetefore the aigenvalues are A= K+a for ko1 integer
with assocrafed elgenfunchions vk = Bacsin (klnx)

(W.l.0.g We can Take B=1)
we hawe the GRS for avery Fe l*(1,€7)

(=5 ST0w (o
k=1 <Yr, Yk7 w <X

#
Here <FVeow= Q i—;,fy(x)-xm(klmc)dx
. |

) Xef’{(x)gm(klmc)dx r
1 )(mwm |

ﬂ———’—‘_/

-

S\‘n?mlur S| 9igenvalue problems

So tur we assumed that poo) was positive on fabJ
Mais s what we call a regular S L aigenvalug problem,

T# nstead poo) vanishes at one of both end points
=g or fand x=b,;Hen we call the SL gigenvaling
problem sm%m\ar.

Example : SL aigenvalue problem for Bessel's equatian.
Considey the St probem; ¥ fg%Y”(?w?T;L)y:o (x70)
(Bessel's aquation of index N with 3 @ paranoter )
o $ind the SL form,

P(?Q:{Qf%”%%ldx =L
Wwlx) = %:x ((2)=ROOW(xX) = L

0

1




So g L form 19
i—(%(mdx)-%ﬂﬂy:o
Since plO=X vanishes at ac=0, this SL Dioblem will be
Singular on dny Inferval of the form (0,R). (R70)
Forsingular SL problems,it1s nof always possible 1o find

non-trivial digenfunchions when com‘;o(mm% )
pCs at the andpaints where peo vanishes.

Example: Consider Bessels qquation with indsex 0

‘ 18 (xdY)+ay=0  (wl0) -yt =0)

Thon, the general solution 1s of the form
mﬂ:A%(\mc)* BYO(\WDQ)

Whaie Jo and Yo are Bessel's functions of first and

second Kind respectively . Then, the ondition Yeo)-o

\mp\)es Fhat B=0 because Yo (1) 19 S‘)n%v\lar wt =0

(as Yo contains log fmmterm) and alsy A=0 e Cause

T, l0)=1 50 There s only the frivial soln o this problem

For Smg\/\k{r SL problems, it Turns owl that no boundar y
conclitfons 1s {e%wwd) for Che self-adjointness of the
assoviated operalor £ at endpoinds where plo
vanishus (PYO\/)(U() only Chat the Ssolubion and its
Frest drhvative Gre botdnded at b end poiat ).
Tharefore, for singular SL problems, we replace any BC
by the_ condibion Phat the solution must be bounded

dF the endpoints where PO vanishas




Fourer Bessel seres:

(onsider the SL problem:
L (G- Ty ] +ny o
on the inferval (0/1) with the B,C. y() =0 and
must be bounded at o. \7
Thon the @&marcm solution 1s of the form
()= AT (VA )+ BYn (VA 1)
Whare T and Yo dre Pessel functions of the 15T and 2"
Kind of Index N -
Jnder the conditions that y@ must be bounded at x-o,
we teguire B=0.
Than, the BC Y(D=0=2 AJa((3)=0
This has nan-Crivial solutions whon 53 =Jn, , whare
{ Jnb o denates the roots of Jn 0.

Thaiefore tho QW”VQWZS A/\Ktr)h:/VV]th Q‘l%@m[mcﬁ@pg
Vi (0= 5, Gnex) (Take A=2)

The completennss oF the aigenfunctions shill holds and
a %wzmw funchron T satisfies:

B & <7E/\/K7m/
) ) %cl Ve, Y 2w e ()
Whare <4 Y7 = fo' x (19 Tn (e 2)d o

and <Y, Yo = o @ InGnet) dx
Exercise: Usmc@ the substitution s=Jn.x and

Fh 1dantiby Y:STm(sfds Jfﬁmﬁ—ﬁ,_, (1)JH+,(1)]
Show that §

et = § Jonlined phan f00- 2032 Gn2)
L

|
VV»\QYQ Uk 50— E’ X({(K):jm(thDL) d x
0

Ing Unk




Fourler L%ﬁndre XeYes

Tho SL form of lﬂ%&ﬂ@tf@b ayuatton is.

A% )y =o

whare A=V(v+1) 15 the dgenvalug.

Usually we consider Ehis gquation On the nterval (-1,1)
sopl) =1-xvanishes at “ooth andpoints.
Thaiefore we nsider this equation with the cond o

that %(éo should be bounded af x=+1

Tt @n e shown Hat the only non- trivial Seldien

digensunchions That satisky these condibons are the

ngmdre -POLWQM(&LS q ﬂ(r)(/)@fﬂWQ‘ with associaded

q’)(axhvmlvw are for V=hs9 with "sm‘egkr 1

(1.8 Ma=n(n+1))

Fvery Fel'(=01) admifs o Fourrer

Lec@;zndye Bigum sex 15 Lxpatnsion

oo -7 an Pn (1)
h=o0

whae dg = ST
{Pn, Pnw
7l

Cing W) =1, we caﬂn s:mphfy
<Pn,?n7wf [ Fn(l)dlf m

~1

| 2n+1 (L
SO/ {6{/\-: 1+ j' ‘,:(X)FH(X)C)DC1

-1

{
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