7402 Mathematical
Methods 4 Notes

Based on the 2011-2012 lectures by Dr G Esler

The Author has made every effort to copy down all the content on the board during lectures. The
Author accepts no responsibility what so ever for mistakes on the notes or changes to the syllabus

for the current year. The Author highly recommends that reader attends all lectures, making his/her
own notes and to use this document as a reference only.



Tuesdaj IO*hJanuarj
1. Seiies solution of ODEs and special functions.

2"‘*- oOvder, Mno\ﬂenetm Unear OOE .
Consvder :

d? d
3%‘+ P(x)a-‘;ltaf ‘lmj =0 o (%)

The generol solution of (%) 15 a linear combination of 2 linearly indapendent
solutions 5‘(5‘) and Yy .

j g AS.(IH BS:[IJ.
Note 3‘(1) and jz(x) ot uniclue[j dgﬁned.
e.q. 3“-\4‘ =0, wecouduse y,:=€*, y=e-*
J ~ or J J
5. = cosh X, 3; = Sinh .
We have seen two special cases:

() px)=a q=b  a,b const.

Solution - H- m, and mz are the roots ?)F the m?+am+b :=0.

Ae™%, BeM¥ My, m, real roots
q(x) : { (Ax+B)e™* m=M; dovble roots.
al pMrx (Acos mix + Bsin mix) My,2 = Me2imi comglex co'l')ujafe

roots.



(i) pbo: Yo cl(x)= b2 a,be R
(Eu\er-ll.jpe)
Use substitukion ()= 3(e*) = yla) x:-et
Cra roe : 3 xd%lx d%% : fd‘%t“fld%(x
leadsto: oY , (a-) gy bY=O

dtt dt
and 3!\12& J
Ax™eBx™ M. M2 real mots
Jj"" = (Alogx+B) x™ ™M, double oot
XM (Acos(milosx)+ Bsxﬁ(m;icax)) My2¢ M £ mek
Quckmethad @ Use 3(30: X" (n eguation :
Bumple : xij"-zxj‘+6 = 0,
ye 3'= m(x™ j" = i) ™M
2 mim-)x™ 2mx™+ 21M: 0
mi-Im+2 =0
M2 m;=] #\‘j(x)sﬂx’-be
What i p&d) and (%) have a more generol fom 2
. b0 . X
23. Pm 1_92_5) cltx) 0

Jo Prprs @ Qe polynomials



Naive, " power sevies method.

(=

TS a power senes saonon ; B(I)= 74 Qe
f0k§ undetermined coefficients.
Example : 3"-\3 :0 'z %
Differentiate. - d'(x) s 2. G- k. X*!
=0

j"(x)= Z. ac- K.(k-1) ac!

Insert into etluohon .

o0 8o
Z Ok k (kDX ? - Z akX =0

k=0 iKk=0

Re-index Just rerm -

o= ]
3 Qek(k-Dx®? = 2 Owez (42)(k41) X
k=0 K#-2

V ol b oy

ECln: Z { Orez (K42)KH) - GK} x*=0

k=0

Power series 1h X = 2erD everyushere
= all coeffictents must be zerm.

Dedoce that : QOke2 = __a"__ - recomance relakion.
(kz0) (k+2)(K+1)

= Even coefficients can be found in terms of Qo

= Cdj . i 0 0" 0 “ o w Gy



Oo and @, are Undetermined ... thed will take the role of the arbitvany const.
n e SOin.

Bven coefficierds - ;= qyz-; Q4 = (%.3 > a°/q.s 2.1

Ty Oz : 09200 check: Gacrz s Qax 0o
(2e42)X2k8l)  (2c42)(2k)(2K)!

v’
Odd coefficients : Q3= B2 Gs= Vo4 = Vou32
Tﬂ N2k = QV(ZK-H)‘.

€0 o °°l oy
Solvhon - J(I) z Z.iatl'.k E Z Qae X* + Z, Qren X

Eso Kzo

u

(o Z.xyzt)'* G-Z'. /ZI:)'

iEso

Qo X + GSWNhX .

The Frobenix Metnod.

The Naive power series meted akove 1S not sufficientiy general -

= We do not know in general where the power sedes snoutd Yoegun . Coold
be a-ve or non-inteqer power.

- We Know hOH'\mq apout the natwe (o existence) of solufions.

- We May § find it he\pful to extend our thinking to € (complex plane)
~ Yo use power sevies recults.

To address these pownts

TB tosove  W'(2) + p(t)w‘(t) ¥ Cl(%) w@:=0 ()

[+ =]
With the ok ansafz « W)= 2. e 2%*

k=0

Qo#0 ..04,0-2,= O by asomp.



Power series starts ("ﬂ conshuckion) ok 2¢.
C 1s a consY. to be {oond.

Example 2.
Solie 2" +Yau +law=0

oo a0
W'e Z O (k+C) 251! W = Z Qe ()4 ) 244e?

k=o K=0

Insert W eqyo.ﬁon y

[ ] % .
Z. Qi) et C-1) 29 % Yo 37 g (kec) 244 + Yy 0e2c* .0

k=0 K=o ©s0

Conuention (S 1o reindex downuwoads :

- o] o0
D0k 2% = 2. Qeg 2%4C

k=0 K=9

quatim S
eD

Z { a (KO e + 2 o (k40 + Yy Qk-i} 2 .0

K=o

Cer toeff. fo 2eo -+ Qe (KaQ)kaC )+ 15 aeliete) + Yy Qu- = O
= e () ese-%) « Ygae4 =0 (kz0)

[k=0] _aé(c)(c-'/z)=0
= Cl(c-%2)=0 Indicial egu.

{L‘a 1] Ac = _= O«-! Recuantce relokion .
L (O (ic+c-2)




Two Unear}j lndﬂpendm} soluhions vaom =0 and c="2.

[c=0]
Qr = _—Qk- (Sei' Ooto be { withoor \oss:;fﬁem ! )
2k (2k-1) WH
Q=czl Oz -Q =0 _ |
2\ 4-3 4-3.2-1 .32
SED Y
Tf‘.\ O = (DF . Fisk solution=  wi(2) - EZ:O D foey 2.
N (2K}
[cs'h)
Ok = - Qk-l (Qo 3 w.\.o.j)
(2k4)(28)
AR Qpz =G = _!
3.2 sS4 Su43.1.
= ()% .
Ty Ge= (0 . W@ L e 2%
(2c4)! =e

General sdution:  W(2) = Awi + Bwz

= Acos(2") + Ban (™),



Frobenivs Method Theory
Under what conditions (in P(t). q}z)) does Hhis method worl 2

Definition -
A pount Z:2o 15 saud 1o e an ordinany pomfof tt) ¥ borh pl2) and
Cl(‘a o (1!\0.&111( ok Z2:=2o.

D@niﬁm
A ponk 2:20 5 sadtobe a reﬁu\cu smﬁukn pownt of (1) if both
(2-2)pl2) and (2-2)°Q(@) ase anatujh'c there .

1-2. pl2) has at worsy a simple pole av 2= 2o
q(%) “ i 0 F)le OG ovder 2.

In exampte 2 Zoz0 p(?:h l/2% q(%)z '/4-2

Zpla) = 2 } both anaufic
Bq): Yy 2

2 220 18 0 reSu\au smﬁ. pownt . but not an ordino% pownt w Ex2.



-_J
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Frobenius Methed .

Essertal .smjnaﬁﬁes + Z=2o 15 neither an ordinany powt or rejular singular

romt.

Rule of thumb.

\If =20 (& an 0.P use Naive pouer series method
lf Z=2, 15 an RSP use Frovenius.

}J: 220 1S Gn essential singularty ... Neither \

Theorem
The Senera\ Solution ?f (1) s otamable 133 the Frobenius method in the form
of a power series abouk 2=2,, provided thot 2o & a RSP (or 0.P) of (1)

(trj Fuch)

Com\\m}j
Further , when 25 is an ordinany pouk the salufions will be analyhic at 2o
and have radivs gf convergence ak feast 08 greak as the minimum oj. pl2)

and q(%).

Note : We canset Z=0 w.t.0.9 by making the transform Z:2-%mn ().

Rem\\ o0
K
The Radivs of Convergence. R of a compiex power series % Q(2-2Z) 1s
a reol numver jor whth the seres;
DERGES for oM |2-2017R
CoNVERGES w v |2-2o|<R.



Use. D'Alembert Rakio test to et R.

R= fim | Qe
K-0 Qe
-ﬁﬂﬁ(l;\j LParﬁolpmqquH\eoTEm) Assume Zo=0.
ﬁ: 2:z0 s an Rs.P oj- (D).... then Zp® and Z‘q(%) have chlor series.
[22] - N ) o6 .
2p@) = 2, pez 29« L ez
Insert n (1)

o0 o fLe: o0 W
Z. Ax(k+O)(k+C-1) et (; Pni“ )(‘/;\oax(uc) Z"“"’)

K=0

(B For) -

Use formula for MUIRplyIng powser series -
(L5 Eged)- LG ssa)e

K
Z ? O (K +O) ke 4c-1) + Z Pesy G (j*c) + G GJ} gkeet |
J=°

Kso

Set coefficients % 2ero -

Gnkhc)(luc-l) ¥ Po(uc)-\-q'o-_\ l § 03 (Pn-j (\'}1—0 +Quq =0

kzO
R~

K ferm moued 4o (eft.



k=0 Go(clc-+ PoC+Cio) :0  Qo#0
FlO) = 2+ (Po-l)c+ 0 =0 — Ino1oAL Equation. (1.E)
K-t
kz1 Qc = _ J}:g aj (peq (j#d+9xd) - Recurrence Retanon.
F (k+0)
i Gives Gk wr terms of previous coef.
?amau""! at'lg
We consider 3 possibilities

Cose {: LE has hwo distinck real mots which do not differ by an integer
(Cl—Cz ﬁ’ Z) E.S. examp\el C(C-'/z) =0

Case 2: \.€ has a dovble voot  (i.e. F(Q)= (c-c.)’)

Case 3: (Nok on s:jllobus. see handou\')

ILE hos 2 distinct roots . Flo) = (C-G)(C-C2) and Ci-C2 € Z.
R.R fails Flkec)=0
if- (<Cz and Ca-G=m>0 mreger

Solotion for € =€) will fasl becavse F (¢ em):= FlG) =0
(C=Ca2 shlt work.s) .



)

)

)
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Frobenius Method - the three cases.

To soe app\\j the method more Se“em"fi it tums out to be useju\ Yo constder
the Frobenivs Ansatz :

W(z,0) = Z Ak Z*¢  osa fonction of fwo Vanables %cC.

K20

Here the ¢ axl(c)? soh‘sfﬂ the recurrance relation bur ce R 15 allowed to vory

Insert W(2,¢) mto (1)

( 3__:.2+ P(*)'dd'i* q2) ) W(2ic)

i [ Ok (k+C)(kat-1) + Po (K+O)+ Qo + ZaJ (P“J(J*C)"'Cl"\})] ZK#C-2

Kso Jso

afi (E_z»f (P,-nc 4 le) g

ﬁFr(c)
( Recurrance relation ensures all terms vanish for k1) .

Case 1.
We can make W(2,c) a solution of (1 by setting C=Cy and C=Cz. (rools of FO:0
Since Ci2C2 and Cz-G £ Z both Satisfy that they are well-behaved .

E.g. n example 2 1 G Y2 c;:0
hwo solkions were Wi(2) = W(z 0)
Nz(%) = N(Z:l/.l)



In Senerol
wh(2) = Wiz,0) - };. aw(C) 2%,

Wal2) = TW(2Z,¢2) = 2o G (C2) 244

k=0

CageTL
In s cas we have -

Flc) 22

(Q.z 4 P(%)d 1'51\%)) W{z<)

(c-¢)?*2%? - G double oot

Fusk solorion * WL(@) = WIZ,Q) as before
Di\fferenh'o.\'e Wikh respeckio ¢ "

(Eﬁzf P(Z‘)%+qi2)) %‘i’- = 2(c-0) 2% 4 (c-0)*loge- 242

where 9 22 . 9 dwegElcd h:)\c]z-9_(""32)“'2)= 2% log .
oc ac

Evaluate at C=¢y

( dz x P(%)d ¥ cil%)) — (2,0)

= possible second solubion l.S

Whle) = 20 (2:0) =[3% (é ax(c)z"*‘)]

ox C=C



K=y

do a0
- (Z e e 2+ ) awle) 24 log 2 )
K=0

c=q

= 37 224+ Y aule) 24 log 2

ksl Ke ©

f

Q@:O as 0051
ac

o0
g Z: g-s"‘(c) 250 (2 log 2.
K=

Know that Wa(2) 18 linearly wdopendent. of wi

> W 1s second solution -

Example 3 ( Bessel's equah'on , Index 2er0) .
ZW'+ W't 2w = 0.

&9
Insert W= 2, Qe Z*

k=0
= -]
Z ae(k+O)(ksc) 247+ 20 Qe (k) 2+
st K=0

Re-index final term :

a0

=0

Ser coefficients o 2ero.

Z[ GK(K+C)1+ Ak-2 :\ s L

...~ due bo lﬁ 2 terms.

[
+ Z Qi:. zk‘fC'ﬂ - O
kK=o



1
K=0 ()é,1 =0 InDICIAL EquaTion C=0,0 ; double root

K71 Ok = - Ok-2 RECURRENCE ReLATiON
(k+c)

Grenerates even coefficients onU . ?ao.a.,aq,....i non ero
?0”05;--- g 2er.

Even Coej-ﬁ'de.n’rs Smen bj 202¢3.

RR: Q= -Qaka2 _ -0z
(2k+c ) P (k+%:)*

Subshitute b = Qzk ;

be = Seb bo=1 m.l.o.j.

"bk-l

2:(k+% )

TIB",
bK(C.) = ('l)K -
2% (k%) (k-1 +%) .. .. (24%)(1+ %)

Confirm hJ Checking with recurrance felakion.

Wi(z0) = 2 be (¢) 22*¢ (Recall even terms only i the series ).

K20

Firct solution , insert¢:0

oo

Wiz ), belo)2®*= T "'%zs(mr 23K

[ 214

= 3.2}
Bestel funckion of furst kind of ndex Zero



Second so\hion

Nz(z)-'- aw— (210)
oC

o 00
__ -~ .a_b_r () sz*c-g- Z by (¢) Z2#¢ ‘03 z
K= K=0

, o¢C

Néed obelc) . ... 1 Use & Icﬁan'thmfc. differentiation
pld

l0g {bu() = log (~)*-10g 2%~ 2 > l0g {j +%)

J*!

Reonl] |o\3(ﬁ;c .-2};\03% erc).
J=

Pifferenhiare w.r.t C.

4
9 DL 0. _ 5 L
ac i belc) oc % J*%

Evaluore at € =0

_g_és ‘-0) -be (0\ (
oc J=

_'-) = - (-1)*Sk (k21)
J (22)(K)?

™M~

Wal2) = W (2,0) = — (%8 2% 4 W@ g2
f ¢ z:. 2% (k!)? 3

Second solohion.

Linear combwnakion oj- wWh() and Wa(2) gwes Yo (2)
(Bessel fune. of second kind , \ndex 2ero ).



Gamma Funchon .

F(’I) x J tx-l e-l’ dt

l"(l)=J et dt = [-C“E]: -1

()

[--]
[ e tx-‘e-t]o ¥ ('K;l) Jw EX.-Ze-!: dt

o

(x0T 0eA) (x#£1)
neN  T(n)= (a-NT(n-1)

= (n-1)(n-2)Mn-2)

= (n-n-2) ... 18(1) = (n-1)!
(k+)(kec-D){kec-2)(k+C-3) ... (140

M(2+0) = Q) ['(1wc)
M (2+¢) = (241 T{1+0)

l;'(\uf.ﬂ) = (k+Q)k-14C) ... C+e)M(140)

D (KOKA+C) ... (1+0) = [(k+c+1)
(49

Mxe) = x! for X non -integer
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Special fundions
- Defined primarily 1h terms of thew complex power series.

-Can be. jound using Frobenivs method and aliow us to Write down Solutions
J%r lots Cj- new ODEs.

Exampie. Bessel junc.tions

Soluhons 45— Ressel's equaﬁm

g i

(Z’N" + 2W + (224-\)")@

In full Seneralﬂj Je €. but we will be concered with JeR..
1) 15 the index cj the eq’uat‘m.(l\lo\-e V=0 recovers Ex.3)

Important R.$.P; 2-0 (whj’. p =z, q(@= Zz’%}, zpand Zg
amld\'jc).
Solution 15 :
AJu(@+ Bl (@ JgZ

W) = Ado (B + BX(® V=0
Adn(2) + BYm (2) U=m

Iy Ju(@) Bessel function Of the fursk kind , index 1)
Ym(2) o " w 1 Secord kind , Index m70 (\nkeser).

Properties : 1) As x=a0, Ja(x) ~ X sin (xr)
( Exercise ; write wi(®)- 3y, , differentiate repeatedly , show B.E



becomes j"(2)+(|+ /9—— )j—(z) 0.

When 2= 900 = ‘f"+\f=0 =>Jf~ ASth(1+€).)

Sin (Ifﬁ)/x

Hene Jn ~ Y2 mﬁneﬂj many s .

Label : The 2eros of Im(x) (x real) as ?Jms ,Jm,Jm, b

(D (from power series)

Ju(z)~2¥ as 290
70(2)'\’ ‘(3 b i "
Ym(Z) A~ 2 v

Genercuins Funchion
The Rescel junch'ons have a Sanemﬁnﬂ junc.h'on .

G0 = exp(Blt-%) = 2 Tl

fi= -dD

Differentiake w.r.t t.

/rg‘?‘ﬁ “wl’\y

%
e 10 = T (1) exp (6 ) « I mtodnt

rendex df'* i P adix vp 1

1/2 EJn(I)E + % E S Jntn) g2 o Z',”Jn(x)n gn-!

P { Jorle)-+-& J'nu (x) - n)'n(‘x.)] L =0 | Single power seses ™,
e oll coeff. must = 0.

2 X (J'n-l(l’.)-rjnﬂtl)) = 2nJn(x). <« Recvvonce relobion .

D;Fferen’cia\'e w.et X o Pm\le : DiGFerenﬁaﬁm ‘dehh'i‘\j \Tm'llh '/2 ('5\1\-\ (1) - T 44 [IJ)
Jalt) 2-3(X) nence Jo'(0) =-F,(x).



Metheds

L% Jcmua&j 2012.

Speda\ Functions .
Have met Bessel's equation
Z'W" 2W'+ (220w =0
Arises \h applied maths/ phUsio:s applications, especially where there 1§ Axis\xjmmeh\\j.
Lejendre's equation
(1-2w"- 2w’z + LL+IW =0

tends fo arise i probiems With Spherical symmetny

Z2=0 1san ordinarH poin\' P(%)= '7""“'//1—5:'1
q(2) = L
Use naive powser senes method O both anaUh'c ok 2:0.

look jor soluHons .

[ ]
W = ZO&"

K=0

( don't enforce Go#0 1h naive method compared 1o

frobenivs ).

<] o0 (-4 &
> X aek(k-)252- T ack(k-D2*- 7 20kk 2%+ 3 ulw+Dae 2= O

k=0 K=o Kszo kKso

Re-index fust term upwards (in frobenius re-index downwasds, doesn't matter
here wether remdex up or dawn ) -

[ 2]

2 K Gz (eai)(k42) + O (00 -xmn)] 2k =0

K=0



Set coefficients o zero
o Toots k=D ,-V-l

Oks2 = QK{ K(K-H)-U(U-H)‘%
(K+N(K+2)

i} ex{(x-uka.)}
(k+N(k+2)

Wil Senemfe two seperafe seres czf ceefficients :

?ao,02,04,....3 ond ?ﬂ;,a.g,as,...-g note - NOTSE\ﬁnS do .
even odd

Fven 2 Qa?

Oakt2 = Oax (ZK-U)(2I<+U+I))
(2k+1)(2k+2)

Wnte bk = Qax

bes = Dk (sz—u)(2k+u+|))
(2k+1)(2k¢2)

first solstion s gnen by

)

(2) = I i i ¢
Wh(2) ébni With bn%a\\r&nty

Odd % Q2w 3

Wal2) = 7 be 231 Wity by = Ozksr  (exercise ¥o find R.R)
K=0



Methods 4

The tabulated Legendre Funchions
Pu(2) and Qul2) are lineax combinarions ‘f{ w and W2,

In Seneml. theur power Sees have radivs cj— convergence eclual to i,

Use D'Alempert's ratio test on wy(2)

im |{ben 2" 51 diveres
il br 2% <1 COWEBGS.
Dieraes it : 12128 fim | %oeal
erges (‘J' \ Km Kt
= fim | (k) (2¢+2) 1
K30 1 (2k-)(2k+u+1)

= Radivs 3C conenence =1
7]

Also (almost almds) dNefSe ot 2= t1.
- unless in app\imﬁons....!

s there ever a situation wheve Pu or Qu converge af 2= 147
Lesawdre polynamials.
Recall RR for wi(2)

bxsi = bk ( (QK—U)(lki-U-H)) K2 O.
@&+ +2)

!fone ‘5 the ¢bxd 15 zero J‘u some. k:";‘;' mreﬂer all Subsecluen{- ohes will be
Zero._



m
We will have  Wi#) = 23 bx 2™ (poynomial ordec gm).
KzQ
: if
This happens wdken U = 2m,
Then winen k=M,

Dmti = bm ((2"\'2"\)( 2m+Uﬂ)\ - 0
(2m+D(Zme2)

Leaves panom]al order 2m

M
Wid): 2 bk2* X Pam(2)

k=0

where Pm(2) 3 the Legendre pojgnomial of index m.

Wy (2) generafes even LPs P2
Wa(2) Genarates odd LP P .

R odrigue’s Formula -

Pa()= 1 4" ( (xz_,)n)

2'n! dx" :
{ \ degree 2h
d8reen diffeventiate
ensures N fHimes

an =|

Progmf va\idifj ;

Dgﬁne h(x) = (x:)"



Methods 4

3(1) = h™@  will be a solution of Legendres equakion If It satisfies :

/

d*h (1-%3)y" - 2xu'+ ninsdy = O
dx" VN J
U=n m\'eaer

h(x) = 2nx (x2-nN"
(o1 h(x) = 2nx (X-1)"

2 (x21)h'()2nX h(x)
(-x) ' (0+ 2nxh(x) =0 - - - ¥).

Now differentiate (%) n+l Himes .

4!

Using Lefonite rule : (j-s)"‘“’: b2 o) j(ﬂs(n-ﬂ-k)
K=o

N

with f=1-x* and g=h' | _/
j(3)=jlu)= e O

+ ( ”*‘) 2nxh®*) (“*‘) mh = 0
0 |

el

= (-3 h™P (0 - 20h™ () + (M V@) = 0.

proves hM(z) satisfies L.E ®



Can use to ca\wlare L.Ps

eg. Pww= 1 d° (a2 d? (xt-2x2)
2%2' dx? dx?
I = |24
g (122% )
= = (3x*-1)
Generah'ns juncﬁon.
G = L o $mp ()

(2-2xt+¢2)% m=o
Differentiation w.rt x (exercise) gues differentiohion tdenﬁla
Pt (1) = Pt 00 = (2me)Pmld) M2 L.
Differentiation war:t

dq . _X-t - Y e
. = t ().
ot (j-2xk+ O %TL il

b, (X) (x-t)%_jtmvmtx) : (I-tht‘);[::mt“‘" Pm (1)

60

l' X Pm[x)" Pm-\['l) = (mﬂ)Pm-t-l + Im%x Pm - (M—I)Pm-,] Em =

M=o

Set c.oeff. to Zero



Mehods

X (2m+\)Pm (1) - (m+1Y Pt (0 - mPrmas (1) = O Bonnet's Recurrsion

jnmula .

Allows calculation Er Prme1 () ghen Pm (1) and
Pm-| ()

m=0; P, (x)= X Polx)

P (I) s m_a_i ( (2ms D2 PnlX) = M Py {n) m21.



O

Ui
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Recall the definition of the Fourier Series of a function j[x) dcﬂ-.’ned on
(—“'“]

j(x) = % + ; Ak COSkX + bk S kX

]
Ok = ‘E\\ fcoskx dx

T
= | 3
b e j i $00 sin kx dx

New 1dea -

Consider the sek \ of functions defined on (-mul G fooev )
The Fourier Seres jormula Sugaests Enat we can think of V asa}jinire
dimensional Vegtor space with the fonctions § ¥ ()} with

SACARI Nk cos yx ‘sz (X) = sm\'}x Jﬂ
ClCh'nS as a mplete basis for V.

A natural nner product con 'oe associared. with V,
m
<a>=§ (yalx) dx ¢ f9e\N
=g Jr 53

Bercse;  Confim that <V}, ¥>=0  j#k
A\So <W”W|>=2‘T
WP =T fujaz



The basis 2¥j(0) 15 therefore orthogonal (but not orthonomal as <j,¥> #1)

An altemalive waj czf mrih‘na e fowier Senes jormula S -

o0

j('[) = <f.%> “P;(I)
; K= <VK|\|)K.>

1]
Compare this with: Q= sz (a.€j) €
ﬁrma ae K" whnere 7€1,€2,....,2n3 1S an orthonomal basis.

Care. must be taken with the cholce of vetor space V. A suitable choice IS
L2(-w,1)

D@f L.;E:\::) IS the set of funchions 5: lapl > C Jor whign | : | feoltdx

15a,b) 1sa Hibert SPace undey \nner p;oducl's

<Ei9Y,, - Jb

Wi £ dx
P i ¢

Here wilx) i o conhinuous fonciton saisfyng wix}>0 on Law] (othenuse avbihmﬂ)

E%emg_uggnb_\_em-

Exampie 1.
Consider the ﬁa\lowina e\aemzmue. proplenm o (0,T)

agj z —7\3 jto)zo :jmho



d? - ;
where p{ z /d‘JLz 13 & lwear differential opevator .

dl
adT 0

Cx+D A0
EcosdAx+ FsnaAx A>0

AcoshAA x + Bsmh{ax <O
J(I) =
On\:j soluhons saﬁsfﬂ\ng bcondouB condifions ( 3(0)=0, 3(m =0) ave Jfor
Etaen\la\ues A = K2

Elsen\iedom \jntxh SN KX

Jw FandAx  (sansfies be)

ShAATT=0 = ﬂ= K
AK=K1//.
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Differential equations as ewgenvalve provlems.

A differential equation, muo\uin3 oan undetermined coefficient A, can fom an
e\sen\la\ue proiem under sSuitable boundav\\j condifvons .

Example 1

dx dz/dx’ o@ﬁ = —9\3 J(O) =ij =0
Resuttedwn = eigenvalves A= Kk? eigenvectors Jgtxh SInKX.
Exampie 2

£ = Yy {3 = —')\j 3(0\ =j'(€) 20
G Ay =0

g(x) = ACOSH‘If BsindAX A0
Cx+ D 7\7-0 <~ Dor'! agwe eloenualies |
EcoshA-A % + sthhﬁx A0 ¢ S
j(o) =0 > A=0
3(1)= BsﬁnJ_?\x
x={
djj/dac = BAcosddx —> B cosdal =0

J-’IQ = (2k+)T K-integer
2



A = (k412 elgenvalues
40*

Yt = SN ((mcu)vx) aigenfunctions
20

Analogy with \inear algebra

Linear operator (9x2 nere) and b.c fogether take the role of the
mainx Wi these problems.

Oﬂhggonalig + Both examples 1 and 2 generate an orthogonal basis  with respeck
to inner produck

T
Example 4 <figd = (x)q(x) dx
© §3

n-T ‘
< 5.3*30 = S\hJI. sinkx dx  When \j# K

JO

. Let N e an inner produck space , with <.,.> ¢ VaV = €, s mner
produck . I A & a linear operator defined on \ then s Ad\jouh‘c
A’ 1sa lnear operator satisfyng <X, Aly>= <Ax,g> forall iy e V.

Dg—n. \j A=A thaA s said to e self-aa}juh\:
Consider the wner product in Ex 1.

G- [ G gae[dg] [ 44

0 0 dx dx



AW T
L3554 -, s
> <,,{J£ EUE <JC,£5> + [df/dxg -jdg/dﬂg

o'Z 1S Sdf -adjomt undex the dej-n. Ohl:j'{f We can OPPH some b.c to J( ; S
ko make the beut’de term Vanish .

The b.c 1 exampies | and 2 both achieve this.

U— this holds, £ & said to be se\f - ocﬁoml: under bcundag condifions.
The Stum- Licuville Differential Operatnr.

Inirested wn linear operators that are seif - adjount under b.C

What 15 the most general second - order operator for which this hads ?

( .
\ i = 0 [ x(Pu') dx) r(x)] {\\’ iouville opevator

/

-

ac,\'inS on fonctions i L2(a.b)

tbsefher With b.c d.j(a)+ {5;3'(:1) =0 Shum- Liowville b.c
O(z\lj(b\-tﬁzj'(bh 0

W) 1S the same weight funch'on that appears W theinner produck (wbo>e
on (Otb))

i |

b
wx) F0x) 5 (x) dx

a



P(x) Is real, differentiable ond p(x0) >0 on La,b)
r(x) 13 reak and continuows on (Gb)

| « ldent
(oﬂj)g—j(oﬁa) 2 Yl (_E%i’u:f] 3 = l'/uu [(Pg')'ﬂglj
= I/m[(ﬁgh%l Fq- (pgf+ pfg'+ raf]

> — —
() £U4g) = u G p(fig-910) |
Next consider the inner producks

G gpu-fidgyu = [ o ( (43 - § (47)) d

W/

~b 4 .
" |, ax (p(f5-53)) dx

<hgu-<fdgda = Lp5-130)

|j3 we now apply the Strum- Liouville b.c both fond g, the b.c term disappenrs
and <if|3>13= <f:o€37m ]

> o£ 1S SEIJC-adBdmt Under b.c B

80undm3 Yerms disappear ... Assume & , 3 non-zero, and consider only x=q

Aoply & Fal+fB fla) =0 :
x gla)+f 3'(0] =0 o pl (f'(a)gfa)-f(a)g(a\)



> pa (%, f@)gla) + (Y, 5@ f) = O

Eigenvalve prodlens involuing self- adiount operators have many properties .
the S-L egewa\ue propiem

wo{ij = —Q\wj

witn K, y(a)+ By y(a) =0
% Y(b) + B2y'()=0
has the foliowing properties -

(1) The ergenvalues A3 are real and form an wfinite unbounded sek
MNeheSoo. = Ao

(2) The eigenvector (eisenfunctfons\ ore orthogonol under the Wnner produck
<, 2w e <3J‘,3u>w= 0O ((j#k

(2) Eiaenvectors associated with a parﬁcular egenva\oe are un(c[ue up to a
multiplicafive const.

(4) The sex of foncrions 705 forma complere odthogonal basis foe L(aib)
Wi #he sense that §00 n L*(ab) conbe expressed as a generalised
puer sefies.

= § YW
f ; <dw..3x)w 3 *

Wik eq’ua\\"rﬂ olmost ever}jwhere.



Q) E\vaa\oes real -

Follouus _from rd se\f acijomt. Lek Sxtx) be the exsemec’mr associoted
With Ak

(i) <£3;,3n>m = &Agayedw = - M Yed
(i) <£3x.5x>m = <3.<.£3.<) = Yk -AeYe) = - A CUer Yo
> Ac=h > real.
(2) Egenuecmrs onnogpnal
Let yj00. Yx 0 be e egenvecrors Jor Ay, A respectively
(i) <o€3j.jn)w= <-9\J'35,3x>w ==\ <3j.ju>m
(i) <aﬂ33,30w 2 <45 Lyxdw = <Yio=ReYeru = = M < U5, Yeduw
Equating (i) and (i)
=X <P - A <Yy,
(Ae-2)<Y540,2 O
> <35.3x7w=0

b -
=>J w(x)yj(x)dxtx) dx =0
a

(3) See lecture notes



(4)() Greneralised fourier Series

\j'v the ?\‘jx(lﬁ are compiere then we can expand any funckion f(x)e I*(aib)
as a linear combination .

;f[x) = 2, Qe 31(1) 70k - underermined coeff.
K=l
Take wner product with Y; (X)

<j: 5j>w = < gakjmjj dw

Z Ok <3l133>"4 A

Gj <3i03j>w
= 0y = < Ydw and so () = i <Eiyeds, Yelx)

<33!3J>N k = <3"-'3K>w



-
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A SmerollSEd Fourier Sevies.

Ex 3.
Consider the elgenvalue praslem on OsX<|, xeR, x>0

"+ Auz0O (0)=0 SL egn with pLx)=
J \‘j i%tm uj'(l)=0 QCL rix)=0
w(x) =\

Use it to expand {0x):1 in a generalised Fourier Seres.

Get (c:ja\n)

j&) = | AcosdAx+ stuhﬂx A0

J(o)=0 > A-0
J(|)+u3'(\) =0 = BsindA+adABoedA =0
tondA + xdA =0, .- ... (%)
Eigenvalues will be roots of (%), 1.e. roots of tanq+eq <0.

Need 1o consider (PO‘



e
t
—f

|

|




There are Infinitely many roors (see graph) 3 G, k=1,2,3,.....
Eaenvq\ues are A, = (1:'
E@emec’cors jtx) = Sin ﬂ“x
f-1= 7 S92 yn) G.F.S
<3\:,3K>l
Yl)*
V'~
< jk. Jo. = _L sm’cl,.,x dax
= j:: I/z (I-(Os2q'n1)d1

= [ax-ljg, sin2gex],

'/z - l/q.qk SN 2‘1&
<f,5.<), = L', sin ci.((x) dx = ‘/Cl" (I—cosqg)
Hence the G.FS 1e

o0
| = 4Q1-cos9e)  gng.x ok evey xe (o)1)
KZ_' 2‘1;( - S\hQC"k q'K J

Connection to Seperation of Voviavles Provlems .
S.0.V proviems cften have the fo«m
seperation const .

+ P04+ Qg + ROy 9\3/(1) .0

with S.L boundar:‘) condifions - 0<|3(a) +§;3'(a) =0
&z 3(b) +32 3‘(\0) =0



Can + be converted to Stum-Liowville form ... 2

Use \nfe\cjraﬁns factor (just as w 1% order ODE)

px) = exp (J" QL) dt)

Ple)
d ! = " (_D_Lf_-)_ !
7 (P(x)atx)) = P00 Y00 + plx) P00 y
d
=
= (1) 1) {
-%(—;) (_E(x)\\j + Q(’L)‘j )
Use 10 rewnte +

E_f%)) i-c (p(x)%i‘i) + R[x)jtx) = - ’)\Stx)

or L | d dy o
il [ i (po) di) + r(x)ﬂtx)] 23(1)

J%r w(x) = r(x)= pL0 R(x)
(x) P(x)

Conclusion:  + can cx\uoa\\js be converted to S.L form provided thak P(x)>0

on the \ntenal [a.b] : /

pL>0 safisfied avtomatically (or <O 1.e. no roots

U
would create R.5P).



Ex 4.
1‘3“— 13'+95 =0 3(0 =0

M.
3(6 )=0
Solve using Y(t) = d(x) x=e*-'

dY . & .dx _ ,d
ol

ay . d 2 dy
—_— = ai(x%%): x dg 'ﬁxdﬁ.

de? dx? dx
Equation becomes ;  d%Y _odY AY=0. Aux. eq.
de2 dar Mz 2m+
(m-N2-1+A -0
Soluhion 1§ - o m=itidA-

(real rooks otherwise)

YO = et (AcosdA-Tk + Bsindhit )
\\j(x) = x (Acos (JFlo\c]x)«- Bsin (A2 togx))

Check S-L t\jpe :
%
s 't = - =
|F exp (g_t_i dl-) exp( logx) ";1

SL ;d_(;_tcl_g) - 2\3 -0 wix)= Yx3  p): Yx () -0
1



F

AppB b 3(\)=O = A:-0
5(6“):0 2B (a1 m=0
Al =k \nteger
e = [vk? elgenvalues

3\4(1)= Sin (K\ng) 3\38““30'06 :
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EXﬂmp\eL,.
LU=y + Ay =0 =0
d J \lj %(e“hO
Sijrm

d
SACT TR

£J+9\j= 0 & Xsd/dx ('/xd/dx)

General Solotion
4= Ax coskDeTtog 20+ Bx sin (A2 legx)
App\j boundany conditions
Jm=o > A=0
U(e‘%o > AA-1 =k
Enﬁewa\ues M= K4
Eigenfunchions Yet0) = xsin(mog x)

Orthogonah <UL Uwdw: O = ¢ xsin (jlogx) xswn (kleax) 4.



: rﬂ Sih (\}logx)s“ﬁ (K\ogx) ol
[ X

Wrte O=logx
do = '(/)gdx

0 \)q‘-k’

T
=J SthJGS\ﬁKG a6 = {“/2
‘—

0
(eneralised founer Sevies

ftwe L2(1,em

£ = Z <Frgeow 3 e ()

A K=\ <\1k| K)N
=)
= Z Gx X SN (klog x)
K={

where

Qk = _g_je" F0x) x sw (kiog x) dx
WU T &
f 1
e \ (]c,gx)w



S\n&:\ar SL s\\jstems.

The SL operator satisfies

<&f. ghn-<fidgdw = [P(jg'-\f‘g)]i
l__._r_—-'

Prmo\;S\j. choose S.L boundaﬂ condifions
%o fofce. =0.

However, we could have pla) or F('o) =0 wstead.
Such o problem IS known as a S1n3ular Stum- Liouville problem.
( Prewously had play>0 on as X<b)
Now need p(X)>0 on acx<b ond pla)=0 and for P(b)=0
P(a)=0 makes X0 & REGULAR SINGULAR RNt of the SL equation.

SL boundary condition s REPLACED o x =a (and/or X:b) With the
condition Lj(m) 1S finire ( ovords S\nﬂu\ar solution ’fhere) ;

Example 5

Consider the smau\ar e\sema\ue Pmb\ em

Leﬂendre (I—x‘)&“- 21&3'-»@ =0 d[if!) \J"I'nife

v{u+)

SLoom d _ 1)43-] + M =0 ) = I-x*
J‘b dx[ T du | 3 f(x) = 0
wlx)= |



C\eorb p(21) =0 > itis snglar at x = |
(Recal - Leaendte's equation has RS.P at x=t))
U.)n"ﬂnﬂ A= U+, L.E has the general solution
J(i) = A (1)+ BOu(X) Legendre functions
ktw fact = In general , Pu0) and QubO are sngulac at x= 1
Excepr  when v=K infegec ... then Pelx) & @ Legendre polynomiak
Eigema\ues A= K (ket)
Engenfunchms Yeln) = Pe()

The aeneralised Fourier Series w +his case 1S the Foyrier Leqendre Sevies
9(1)6 L2(-1,1) con be wyikren ..

- "—l
j(x) = 2—' Ok ﬂ(x)

E=i

i
Qg = ?'“‘j {00 P () dr
|
1 1

<t P’ <P

OYHOSOnG\iU : '
Pgfetnyda:0 ek
=)



Lemma ‘ -
bc qu) 15 o polynomiak of degree K-l or less +hen

|
\X q('ﬂ Pnc (I) d'x =0

The golﬁnom{al q(ﬁ can be wrtten as a linear combination oj‘- the ﬁ.(sk
K-1 LPs

k-1
= 2L 0;P
qeo) JZ; 9; %)
Then ...

! K-l ‘
X \ AP dz = JZ; 4 X_, P; (0 Pe () dx

=0 l'ij Ormginalit\j.

Allows us 1o calculate
O
10 R

\ |
X (P dx = — X et (Pory 0 - P (1)
!

ke J-\

1)

-

;CL‘-H ( {Px (x) Pu-u(X)}:l - \[-" P (x) P (x) 0\13

=0 b3 lemma

o

5 2 as Pel) =\
2k4} Pe ()= (DK



Example 6.
Use the e\genvalue proolem. (o) j-ini’re

inFeger q* \\jm =0
- (%)

to expand f(x)€ L2(ci) 1 a .

Fourier - Bessel Series -

80

j('f.) - Z. QArJm (\JMKI)

K=}

l
Ok =(3'm2.(j ¥ L xjtx) ¥ &’)mk x) dx

Sds-:em s sngular ar X=0 (Q2b,Sheer 3) as P(oho but regulas ak

wite  Y(g)e ylxg)  x)- Y



SubsﬁNﬁrB n (%)

qzi%z + qda_\!c_i + (-m*ﬂfw =0 (;form met 1 lectures )

(Feneral Solution
Yig) = AJn(9)+ B3 (9)
Y0 = V(q0) = ATn (320 + BYm (431)
3(0) Jﬁmﬂre = B:=0 snce Ym(x) 2 -0 as X2 0

\\j(\) =0 ATm(AN) =0 = A2 -'-me « a 2ew of Jmix)
Ae :Jmkz 3:[1) 2 5"‘" 1)

Periodic Stum - Liowville SSSkemS-

A different type of S-L s\xjstem emerdes under Periopic B.C on asxsb
j(m = :jib) : J’(a) = 5%)

Example # (Exercise)
Show that Standord Fourer Series emerge fom the periodic S-L pmblem



"+ A =0 (- « y ()
j J %’(-n)%’(m

Periodic S-L 533\'ems exhibit DEGENERACY , more han one e\genf\mcﬁon

?ef e\sema\ue.

A=K = coskx } 13funcrions.
Sin KX

(I’C\S\J\o.r and smjular Sljs\'ems are non-de&ene.rafe).
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S3. Seperakion of vanables Renisited -

ldea - Use what we have \eamed. obout special funchons &1 and,
S-1 elaenuolue pridems §2 fo sdve PDEs. N new Seomehr\‘es.

E'S' Vu=0 Lop\ace
U = VU Diffusion (heat) ¢g.
U = Vu Wawe -

U
o Q0 ©
Example i.

Find the Sk60d3 temperaiue dshibohion ulrw) W a fectanquios
Sneet cﬂ» metal, When the sides ae held ak femperature

u(o,:j) : u(\\\j)- O

ulo) = QO
ulzh) - f{z X (-20)

h /}\ e

U= “Az z((-x)

Yu-=0 }w—o

u-o

.«

—>

A



Use sepesakien @3/ Voagkhes Mmedued -
TB aay): X(l)\/(g)

VLK Uxx + U:t) 7 d.):j‘z =

Y _(-3,"’— ) X d12 N
: ), g PP TP

Lock dk X e%uohm. . because homogeneoos B.C.s.
2. S-L b‘mdofj condihens.

d*X %o X0)=0 < IQkStae.
dxzw\ x(0=0 < rigu side.

An S-L e&ge_ma\ue proole (see $2., Bl )

TP s Xe(2) = s\ (X
%L N (.IE‘)

Noxt  Solwe 3—ectwhm for A= R

dl)‘K - : j
383 /)\k\jK O



4™ e
1

S - .
Yk(ﬂ) = Cceosh (¥9) - Dsinh (")

YB(O):O % C\c_:o

Can now write down  Genual  Solshma

u(xuj%“ 2 X% ()
. K=y

o

F Z D. sm(@l)smh(k—%ﬂ)

K=)

Nomusemmp b.c (d:h)-
at ) = 2. Deosioh (5%) sin (M%) - %2 x ((-1).
=
i 2 FeXelx) = 4'/@?. {('I) T(I e x)
- Ee - Dz snh (F™/2 ).

Toke wner product with X; (0
> Ee<Xe > = W <L,
29

n

- Al Othee Yens iy Sum =0
- E <7§),?(D,{: 4/82 (F’ x.] /( du.e’ﬂocr\‘lmgamha
> < Xigg Xj > Q#k} e

fi') = %- <€'Xj>t ~ U\M(gu fbnch‘m = | because
<Xy Xj 21 ngf?x"o
Lx--2X
d?.
L= dx

Wzl psl ree,



<XJ Eesm ‘W/Oc{x ——[/2

<Xy - ji - (Jj‘g’ﬁux

- O

_ = L (-— Wi { L . )1
- [ j:fr X MCJB)} + J_“_J (L-ZI)C&S(%)CJX

9]

5 [ﬁ (- Zx)sm } J sin
J"%T’ 0

. —
= 2¢ [-—CDS(—JE})} = &g Tﬁj-bdd )

amn? L o ij — | veq. )
) I - 0 J,l/\
e 2({3 ¢ : . 9 \
JZTT%( [-‘)1_,> q % %?T? ) odcﬂ
K O rJ e
D’ % % . 2 “es ® ﬁ . .
: E;—\\,ﬁ (J][‘:) ¢ € Jf{3 T Sinhd () sm\r{m‘yi
“-3
S
O 2uea

Wate % J‘—“ZN\{'( {y m-=0 1, Z,.-- to e edd) temny .

u(l.}y s Z Do« Kemt (L)yzmﬂ (:))
M=o



T

_ o & [ (2m+)
Z SW\( HTT%)S\Y\h ((MH-[)U%)

=
o (2m+1)? S|
nh (Gme)Th
(2o r%,)

Fnal <ol
luhon jw “uﬂ)//-
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83, Example 2
Find the <ica 1y temperafure dismbution u(rn®) m a crcuiar dick

(Ostrel, -MeO <) when the boondary is held ak temperature
uli,0) =101  (-T<oem)

=
\‘(U(||9)= \e|
@1+ V=0 +0:0

\\
= Qu A o L2 u), 1w
§7+ 32 rar(r ?9—1')1'?1'3—62

(Carqful upp\imﬁm %C Chawn rvle, see handout)

Seek o solvtion  ulr,8) = R T(O)

Sek: TFEdi"( ) R 4T _ .0

T der
Dl\ndinﬂ bfj Frr/r‘
P dRy. LT e
R dr(r dr) T de* A



Look at T-equation : d_(;g1+ 2T=0

T(Q) must be ‘g‘t\;;clfi l;\ © 1e.

T(‘\T) = T("T) T conhinua
d_'_r_(Tn = d_[ ("TT) ‘\«“' [ CONTINUOAS - Py -;u‘\‘h,; [ECENSA ‘.}
de dd | ’

Above are 0.Cs for o periodic 5L s\jsrem.

In jact the proiem n T(O) 15 \dentical o §2 ExF.

General soluhion :

TO) = Acos A + BsindA® A>O

Req'mre Aﬁu K \n\-eser jor periodlcitj

E&en\sa\ues Ak = K2
(k>0)

Egenvecm\'s %O = cos kO To(®) =}
T5%(0) = sinkd

R- equation rdde) 20 -
equo v d':_ K*Re = O

Wwith A= K2
ith2 r’d'R +rdR
d,-z dr

Ty Rel) = 7 (plp-Dep-k2)rf =0 1 p=1K forkzl.



K=0 Q_(rd_@s\ = 0

dr dr /
rd..R-Q- = Bo
dr

dRe . Bo 2 R = B l03r+ Ao

Greneral soiution.

u(r, 0) = Ry(NTolO) + 21 Rl CcT2(6) + De Th (6))

Ke -

= Aot Bologr + 2 (A Bex) (e cosk® + Oxsink©)

H\\\jS\CO-\ consderaions gue b.c u(0,8) finite
> Bc=0 K20

Sek Ax =\ m.\.o.3
Ao=(yZ ‘

Lleaves ulr,@) = Q;_z 4 Z r¥ (Cx cosk® + Dx SW ke)
K=l

Insert b.c ot r=|

Lo+ 57 Cucosk®+Desi kO = 1O (-T<@<m)
Ksi

Srandasd fourier series



m
Ce - -‘ﬁj 16 cos kO db
-

T

= | \ "
De = j |8 snkO db
-7 . [ \L‘.L,“, unen

S
=1

N T
'ﬁ—j 101 do - J 0dd=1
- +0

Ck

T y T T
2 w2 2 X9
3 kQdo = £ snk® | _ 2 sn Q
T"J-—w e B [9 K ]o "L < ©

T i
o B Kcoske] B { Yy k odd
K

1o O K even
K

L0 -t

*. Final solution gen bj

oo

ulr,0) = r_r_ ' rJ* cos (25 +| Write K=2i¢l  7=0, ...
2 g7 )

J =0 1; (ZJ'H) l" s oot odd fens



Exampie 3

Find the. unsteo Ay temperature distbotion ulit) 1 a uniform rod 0< X«|
?j‘- unit Fhermal dw{:uswﬂy subject to the boundary conditions.

u(o,k) =0 t Zew temp)
g_j' Fra lU(ht) i.. Kaduares 1o space ak a yakf (\;;U‘.m:u( T
= (1) i {
I_n N— ‘l r’ -,
Us0a,  Ue=lxx e UxT4U
To find ulut) seek a seperabie solution
ulxk) = X{x) Tk
when the inihal temperatvre 1§ u(xo) =1. )
X g_T- = T ‘ﬁ —'— di— = ..‘_ d-.l—- = ..A
g  de X dx* T dt Seperation cons
X ecluah'on
d"X +A%=0 X(0)= O =0
ax?
dXx _
odtor K dx(lhx(\) =0

Exoctly the same S-L prodlem as 82 Ex 3.



. ) 2
L‘-U;\‘:\Ll'\\x. > ,AK = qK

)
J

E\n\u“f\\-c’t oS Xu(l) < S\h (q}:l)

Where the 1qx§ were the rooks of tang+ug =0l (0 many)
T' Eq'UQh'on dT; - q’ Tk
with ﬁ:clxt
Tel®) = A" E
Construct Sevxuak solution

oy = E XeCUTet8) = ) Ax sin(ge0e Tt

k=1

Use inikak condirion (t=0)
w0 = 2, Aesin(qex) =
K|
to j:ind 7AcS take inner product wikn Xj

k=1
Unless ‘ K

ﬁ}j = <LXD o 4(\-cos.gj).
<XJ',XJ> 29]- S\n24] ( from 82, Ex3)

seluhon 1§ ¢

_ 5 ali-cesq)) -9kt
utilt)— Kzzi 2%'5‘“2‘1_) Sln(qu)e




At large times ¢ ML, the K=1 term i the sum dominates
U ~ Acsing e bt
(all other terms qu,f_‘uj MO ﬁu\\ 1S ; i foe k21 ).
Examp\e l+
Find the =teady temperature distibution inside o < (0<r<l, 0s B,

O$@¢2T ) when on axisymmeme temperare d\shnbohon
ull, 3,0)=f(0) i applied to its surface .

T

»
Uniform conducting / L WLB8)= £(6)
‘ ‘z f
i‘\ | ax1symmehic
Vv O " 4 (indzpendent of &)

Expect solution 1o be @ independent . Seek a solution of Laplace’s equakion
of the fom U= ulr,8). in sphercal polars

Vi = ) ,
r' r'sme 3{252

T'r:j u(r,0) = R T(O)

et T d(_.dR R 8 T\ _

(408

l!

Dwide by KT ot L
T e ag(smﬁ )ﬁ,



Consider T- equa\'ion

d (cngdl
T (sn® a—-é) + ATsmG=0

Make a fransfomation of vanables %= c0s© and were T(8)- w(2(8)

de de 5 dz dz
=sn@d [_¢(- d.“l)
% ( < (l,.. ?1) dz
t=tos*e
Ecluaﬁm s NOW

i d ( (\-E")q_\g) . Awsi9=0
dz dz

Wrte A= p(v+)

(-2 w" - 22w+ U(v+)w =0 \.&:(Je\ﬁc‘lm"S equakion
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S\.- form

g—t(g-z—")%-‘%) + vw+dw =0

pl2). |- 27 px)=C

The pomts Z=t1 comesponds to the poles of our sphere , ©:0,TF resp.
T(O) must bejini’fe ot the poles 8= 0,1
= W(B must be finite at 2= £\
The condition w(1) finite ques Vs @ Sincuiar SL ssiem
Seen olready : S Ex

Soluhone oj L.E are “wrauiar ok 2= 11 unless U=K (\ni'eser) when we
obtawn ¢ gen \re polynom als

> Etsenvalues A= Klk+1)

E\gehvecm\'s Wi(?) = P(d

Te(0) = Px (cs9) ( Legendre polynomial evalvated
ot €0s0).
R- equation
& (%) - Wkrre =0
)
r? cﬂ+ 2r %% - K(k+DRe=©

cr



Ty Rel)=r’
(P(P-\HZF-K(Kﬂ)) rf=0

plp+) - K(k+) = O
p=K, =(k+)

So R = At + Br

rK'H

General Solvtion

Ur®) = 2 Tu(®)Re(O)
K=o

- \
= KZ (Axr<s BLkn ) Plcos®)
u(o,0) jinﬁe = R(0) finite > Bk=0 jor all K.
Lej\- with  ulr,®)= i’,oAzr"Pu (x0)
u(1,0) = g Ax f (cos 8) = £(6)
or = i Ax P (2) = F(2) where Flcos®) = £(0)

or F(2)= § (cos™(®)
Now use Orthogona\itlj 3

KZ“; Ax S BFp> = SF 0L
O T'\

)4—}\'



/3 . (F,%-) i} j_, F(2)P(2) d&
< P> JL peraz

l
2 .
2 L F(2)f;(2)de2

( Fovrier-LeSendre Series §2) , compieres Soluton .

Exercise  Show that g jle) = {‘ 00",
0 172‘95. .

then the soloton |s

- (=)™ (2m)!
w8 = Yo Yo T3 Yama T (i P B (cos ).
M=o

Hwt use : ,
§2 Q2 jx Palt)dt = y2n+\ (Pn-t (I)-Pn-n(‘x))

§2 Q2 Pan(0) = (0" (2'0!/4“ (n!)? Pt (0)=0



()
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Example 5

Waves on a crcslar membrane

: /,,,_-:—'-*"”""_‘”“‘“\._\
~
J U /4 72 \E U(he,t):O
/ { | =\

Membrane  Osre<i
0<Os2W

find the time dependent displacement jeld ulr i) \‘f the membrane witially
hClS i U(rle 0) -j’(!') {ninatNeYncal aispiaime
uln®,0)= gl ninal Vetical velociy

Reaall n polar coordnates

Vu= 18 (. uy, )t -
\'ar(r r) r2 et

Seperate variaves  u(rit) = R T(k)

Insert th wiave equahion :



R-equation : gl_ { dr) ArR = O

- [ / =1\ .‘ 2
il o O UKe Desse

Outer b.c R(N=0
R(0)= finite

An S-L system (reguiar at r=1, singular at r=0)
Exacty 82, Ex6, m=0

We jr)und that :

EBenvo\ues-. A= JOuz

Eigenfunchions : Ritr) = Jao J'a.‘ r)

T-equakion : d’T L AT=0
substihte A=Ak dt*
d?Te =
i
has solution

Telb) - Ax cos (\joul:) + Be sin (Jox t)

(eneral solution 1s therefore :

1S equan®y
¢

| .H\,'\.LL X ﬁt_lb

ulrit) = Z Rielr) Tielt) = Z Jo (Jor.r) (AtCQS(JM:‘:)'P B S$in (:J'O"t))-
kel

K=}



Nohce that the ansu\ar jrequendes of the T-equation are gren b\tj
(»,(,-_J,K Kz1

(Differs from String when Wi A KWy  frequencien nfegec mulhipes of Aundimental

Next vse witial data to get A8, SR«?

Uuir,0) = i Ak Jo So:r) = JC(T)
t’l N - -
f’:p.{‘-)

B o
- Z Ax <Rk, RJ')N = <f; Ridw ——— 'L\\ .

= L - 2
K= /‘_1 I'\J, Ky 2w

AJ = <i'gl)w -

KRiRDw T (Ju'\’jf’
S3.Q2) €

r §0T6 (joj ) dr

(

u{:(r'O) = Z Jon BI: -So gou r) =3[\')

K=j
leads to formula for SE,)'% (exercise) .
Completes solvtion v/

Exerase  Let JC(rbO, 3(r)= {O S€rs
| 0srs8

(me (%i (I]’.(ax)) = ®XXJo (ﬁX.))



Show that uflrit) = Z 28Jo(Jox8) - (jokr)sfn goul'.')
K=y jlk:'jl (Jok)z



§h-. |n’r%3ral Transjorms
fourier hanjoms

ke’.ﬁ idea : Exfend the \dea ?f founer Senes defined jor j(x)e ‘l___'__[-L,L] o
the entire real line R

Nas {— ]—’w'( nons rl_ﬂfila d
J_ -
n -Lex4l ;-d Ul

\ ) dx exists
J=L.

Sketch derivation

Recall the Fourier Series j'or F00 defined on - LsxsL

Jc(x'): q;*' i QKCOS(K]{Z)'fbKSI;I(K-EEI—)

=]
wi\'h %QK‘(}_—. L]L Jt(.x) JCOS(W)S dx
bk L Jo sin (K1%,)
Complex jcrm + An equivalent formula is

; = ket i} -
j(l)- _li_z‘ Ctet“ L Cx = OK-L\?k
K =00 Cx = Ox +ibx

«L .
Ci = _‘_j fne TR,
L sei N——. =" .
os(57)-ism (7))

' 00
Ond x) = a : l ! . IﬂTI d - KX +\e tem
e J00% G+ 3 (ocn)(ees T ety

+ (Ok-tibu)(Cos kﬂ% - iSin K-r% ) Ve rerms



Complex: jorm allows us to write defining Qe KT

FH=—o i - (j‘_:j(x)e“%x dx) e gex

Ke -po

The sek of real numbers 19«5 are equally spaced along the real line, with

m’mgm& interval 8CL=1T/L

Use 8= VL to wnie
e{q'l:x.

. = L - &
w0e g £ ([} gmernsae)

k=20

Now consider the limit L= o, &l -0 (simultaneous as &:1 =T/)
(1) Limits on nner ln’rearal -3 0o
(2) The set cfy nombers $qx§ become dense on the real Line (in ‘l)

) HF we consider the expression for £(x) 11 the form

= 5 qgasg

k=-20

then taking the limit &l" 0 and vsing the (non -nigorous) Riemann \ntegrak

i 51990089 - S 4040 dg

Appiying 1), (2),(3) -

- " o —- —-: - “ .7 - j FLEHE\' Inteqral
E[n i %ﬁ'i (S-“ j’(i)e.qudi) e“lx dcl \ jumu,w;?

/



Can split formula to dtol -

Forward fransform
j @=L X j(x)e““"dx
Inverse fransform
s l \
j(i) -j_z—?- j j:(‘p e L G\CL

Non unique. Check jor S\sns, 5000(3 oj .

Example 1.

o) = {l % x} <a ,ﬁ[f
AN
1

lxi>a P

Fourier transform s

Jt(k) = —'—F j j(x)e'“"' dx.

Vv
COS KA+ LSINKX

a0
= L X f(x)cos kx dx (f even)
NI J e

00 P
= E So j(x)cmkxdx = FJO (1-%h) coskx dx

=1



- \0 " a [} | .
E([U_%)s&’%}:{o +J° aismlcxdx\

= [z Coskx]q _ 2 ( |—coska)
jﬁ_'[ ak* 1, \[; ak?*

= E._ ( S\.n (at/Z))z

NI\ (9%)
# 0 ,~
x[ i
=4 j[ .y \/X\
k. W,
¢ A

Scale of transform . ( scale of function)”

Applications : - Solutions of integerod equations
(e.q. find J(a) i [Z FlOMY-Ddx = glg) for gwen
h)
- evallation of some "difficott” \ntegrals.

eq. (* coskxsinak g
J J-m K

- Solving PDEs especially on \nfinite or semi-infinite domains.

U0 as x‘+3‘-aao uf(x) Yu:=0.
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Fourier 'I?ansjoms

A(k\: b ” (x)@ =K% Fonuard trans
I & L, Je dx

Joo- —J":-;S }(k)e"'"‘dx

j(k) 1S the founer transic qf the,junchm 5(‘1\

Notabion : We will also write

Flgal for 0

x1.  fo- - 1xlsa

0 {xi»a

e sin("%) )2

2.
Az’ ( (952)



£l = e~
Fw- _l__r o-Huite
A | o

1

gl C=CL+Catlr+Cr
==,

|

(o]
”m j = J e-x%" dx [::.x/a
R0 i -
= 0 ” -tz
e~ dt = alm
-0
- X ,{ - gt Use pasametnsakion
= - e—a" % fasomeing
2% e, ,"‘ 0 : 2(0) = x+ %%

-0 X<,



1a!. (=] "-.
= -e"('ﬁ-'\{ e-’% iKx dx

- ek Fuo

Need to Show thak Umj j i
G JCr

R &

(Exemmise ) Use pasamehisation ﬂ3)=IR+iﬂ, Osys K

lim § - Umj umJ b j '
sl i * -0 g : + l::'.no -,
) S . o G ¢ Cr

1

= a- ﬁemzf*}(m

j(n) - T ¥ | af o-vu

f e

o t'/,_

fa= e h e e

f G/J—Z
\\ i ] L fw

/1 ot e ’*
as . l}ﬁ




1949)

- alx!

e Cos Kx dx

"

e-— (Q-H.k’x
[ a+(k

]
Bl

Q+ik
%kt

]

=S

)

Lmeari'ﬂ . MU, +U2) = VW, +V%, =0

02

. F a?
T ouk?.

U- UH’ U2



Existence

A <ufficent. conddion on 00 for its transform (9 to exsk & nat
fe L(R)

Here L'(IR) & the funchion space of functions for which j |§ 0ol dx

enisys-
l f(l‘)\ = = -1k x
,rlﬁ:\ e f(l)e dI
< ,:F_' |J((x)| as le-*¥z]
-
< © Since je L'(IR)

Lemma (Riemann - lébLebessue)

§ foe 'R then :]E(Id—ao as \kl -0

-F.Ts deo%tjas K- too. (see ?ﬁn’t&‘l notes) -
Fourier Transform Foperhies.

):[j'tx)] = Mo r j'(x)e"'"" dx

o [ o 2 e

&uxda\g ferms vansh a5 £(0 -0 g5 X-> 0 3 a necessany condthion

J‘orfe L'



pene FLf- i

Higher derivakives : F [ f RPN }
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Fourier Traniforms.

(v}

j(K) = 4_'__21-_[__‘] j(.x)e-ik‘x dx

=00

j(‘x) = %‘]’ }(n e-ikldk

wite FLfeo] for £
(1) Transform (if a dedvative
F Lol = if o0
FLi™eol « (@0 F)  transfm of n derivative.

Example
= e XA 3(:0-- e

F[j'(xﬂ - Fl-xe™] - L\cjt‘(k)= ke~ %

or Flxe 2] .. ke



(2) _Der'Nahve“Qj‘- transform

= _| - -tk
'\ETT\'-IX-& (-.xj(x))e dx

. T L-igo] - - Flgw)
or ¥ [xfoo] - W/
Use $(0)= 8‘172

Flxe ] - (Y4 e

ike'wz (as bejore,)

3. Shift jonnul.ae

(i) Let Slx)= j’(lfd where JE‘ (K) 1s known (¢ const.)



= eikt(_l__ ” -ikt ike
L7 soetta) - efu

Example

- e~ % - e~

F[e..(x«:)%] i e{kce-lc}’,_

(i) Consider the transform ‘shifted’

j(k+d= 3 ‘
Jﬁ‘ \f(x)e-l(hc)x dx
I N ;
= |7 e e ax
- F[Jitx)e"“]
Exampie

Flee]. e %% (- o)

() Corwolotion Theorem

for jng e L'(R) dgj-ine thewr convolution Yo be the jun(h'o
n

900 [ sy



'(nj*sev
roc.

IWe eed 10 show that r x| e exS:

r’ H: _f(x-g)a(g)dg\ dx

-0

< r J: | $o-g)gtyldy dz

- -

20
g j r |09l 191 dydx
Wnfe u=Xx-y  du=dx

i rﬂ rw | $iigiy) dudy

o o0

Uw lf(u)ldg)u_m 13(5)1{3) - ¢ sneefgel

(i) j* 3 = 3 : j ( convolurion opedoe Commotes)

NS e I L iltxa‘jﬂ

- r j(t) 3()(-\:) (-dt)



. J‘” JB1glx-6) dt

- 3 * j- (&, j dumm\j \Janables oj— m’reamtiaﬂ)

(i) Corwolution Theorem

j—_; X j(*x "4 oty) dy) =KX gy

> j | prpgme dx

Chanog Noeagkles
el }-""’JE

frced)—> Wnte k=X- 4 -

I i -k (t+
Py i F S Sj(t)s“\-})e Ik("J) dtdj

N

Convoluhon Theoem .



(5) Parseval's Theorem.
Convolution +heorem - j% & ﬁ J? j .

Take inverse

~ transform jxg J_QTT1 J j‘(k)g(k)e“‘" dK
j_:j(’“s)g(j) dy = J: Jt'(t)j(n) e ix dk

Two fondtions of X, equal everywnere, musk be equal to X=O
j: f('ﬂ)ﬂ(ﬂ) dy = j‘: j[k)ﬁ(k) dk (1—)

Infroduce a new juncﬁon

h(\j) = Jt(':j)* & complex coqjugate.

Fnd its F.T
A )._- ‘ o0 _i
hlk TTT—T J-m j(-}j)* o= dy

Use C.0.V N

|
x=‘3 »\'2“

. (. - -ikx *.- A )*
»\IH J-m j(I)e = j(k

Also J‘(K) - h ¥

]” flae e (-dx)



Subshtvte nto (1)

J: h(j)*j(g) dj “ r Q(K)*S(k) dk &)

=00

Fee 1o choose any j"j’r hence any h(ﬁ)

Choose h(tp: 3(5\

T ore o rara]
l | gtplidy = Lo | 00 de}

)

Applications
(1) Solution oji \nf%rd Eq\nﬁon-
Example : Find (x)

e Y [T, e e dy

) n %4
for goo= €% nt) -fe-

Take F.T _—
3= Ao

ga- Fle ] e



From Ex3. §Fle-™]: L Ve
Flihe™]- Y e
e*r = Yar-3am Y :}‘(K)
f(k)= (14k)e” "2
Reaall “transform of devivative " formula
Flg®00]- (g
F [q" (0] - -k’c‘i chacse §(K)< e-x7
F [V 2] - -x2e™%
Using this on }(k): (1+Kk*) e~ %
= 400+ (1-Ytxr ) %
s 7% (2-x?)

2 Soluhon oj- ' difficolt’ integrals vsing Passeval .

Consider r l B
.o (x%a3)?

Choose Stjh e~y j‘(k)-— J% Varer R



Parseval ghues
o© 0
-alyl _ 2 J | dk
J'“’ &e_ : )d‘j L WP Y0
[C)(‘Wl jc‘jmr

00
2 - 204 _ 20
L.e o I e

Loyl 1| 2
2[206 ] “a "l

0

Henee & 1 = Va3






Parsevol’s Theorem

j- I 3(3)l‘ dy - j \3ml’d|<

More 3enem\lﬂ .

X hy)" gty) ay X AK*§(x) dk  ($)

jof 5.\'\ elal?
App\icaﬁon
I = ” ! d‘x = JI i
-00 (I"-I-Oz)z 203

Can also use (F): Cnoose hl5)= e-oly! 9(:5): g-blyl

hky= [2 0 A. [2 © :
h(K) - EG‘H‘ gK- E‘g{w (0.6 >0 real)

Insert 1w (&)

2 {7 ob 2 -l
. dk - e- Q+b 3
v X-w (0% K*)o%k?) X-w dﬂ

) X“’ e-(a«tb)j dj . __2__

- a+b



Allows us to evaluate

(4]
e " dx
-0 (X0 (b

2b. 2
Eid 37 2w
J= T/ablash)

Generaused |nversion Formula

The 'sketeh' dervahion oj the fourier \n'regml fomula seen wn \ectures & vald
onB for j(‘ﬂ e U'nC®

(j Contnuoos ond Stoco U" dx EXIS\'S)
(Cn - Sek 05' 5('1) LUI.‘H\ jljil .j‘(") COY\HDUO\)S) .

The 9Gﬂfc!&hscd nvesion Jomuia s vald also ok pownts of discontinuity Jee
discontingous 5—(1) 1S

oo
A

é(f(x*hj[x')) = -L-ﬁ 3 _ j—(k)ei“dk
Ak poinis yohere j(x) IS confinuous f(x*h J‘(X') - $00)

At ponts X =4 (say) where £00) 1§ discontinoous



(1% lim F0 )= i
Jc xm § f(I)-x\Lr;tdf(I)
27Ld Ty

(3) Application : Find the value °J' a ‘diffioit’ m\-esmk using the. (reneralised

INUTSION ju muia

Choose  flx)= { \ lxl<a

0 Ixlzq
AR P
j'( ﬁX-o e 4x
=_L§q COSde | [S\}\qu
X = —
A )-q A2 K :l-a
= _2__ S\i\KQ
m K

Use Gen. inversion J‘omnula

| ( \ s TG
- (f{x* (x-)) =z — X F sinkn g ikx
¥ j’ )4} 2 oo AT =



N i_r snka coskx 4 | | 1xl<q
L P K 0 \Xi>a
I/,?. X=*Q
f(ﬂ:\ o
=0
Xz
or
[»a]
Sinka cos KX 3 m I lxl<a
dk"‘ 2
p K 0 |xlya
'/1 AL=%0

() Application Laplace’ equation 1 the half plane.

uly ol

Vu-0

400

Find the ercm tempevature dishrbution u(xitj) w a semi-nfinite plate
(-20<x<0, 0< <00) when fs lower bmndaﬂ s held at femperature

ulx0)= £(x)
Take F.T n X
U(kl j(K)

(JL)G L' 3 boundany distnibuhion \S suff.aenﬂﬂ “localsed”).

f’:bk ﬂdCu\ﬁ conduhion

F Y_VQU] = F [erj % F [U:U] f\’.-\.-x‘w( h‘;;n'_,ﬁwm 1< lwneas



F[Uw] = 1 j E%e-ikx dx
T

- 32 | " -1k 310
% (-—— S ue xdi) = -55-2 (K'j)

Fluad = F[®Y5e] =(wrPilkg) - - K3 ty)

Tu:=0 S\UES Qfl_: _ kl'a =0
33‘






Laplace’s Equation 1@ the /2 plane -

]
~
Y

o

-

A+

1
1
!

uixo) - §(x

)

hind the steady temp. ulxﬂ)
Tre Toke the x-transforms:

Viu:0 = Q;tl,k"ti:() (1) Q:G(h\tj)
32

utx.0) = f0 = G(k.o\=§m
U0 033—300 = G[Klﬂ)—éo as t‘qoo (2)
Integrate ()

u (K, \‘j) E A(\g\_e"‘h BlK)ekd

cquialintty = c(K)e ™9 4 plye'™H
Clxy= Alk) k%0 R - B(K) k2O
B{K) k<O ALK) K<O

Now b.c (3) mplies DIK):=0

Now Q(K.S) - Cle MY



Use (2)
&(K[O) = C[K) =\f('0
&(K.S\ : J?(K)e: Ny

= o £(a (ki) For Q)= €<
ey Jug=—t—

Hence, Using the Convolution theorem :

0(1.5) = J“ j(‘x-l:)g(hﬂ) d§

L uset (noty!) toavoid confusion

Next Jind 3(1.5)
gluy) = 4—_\-:_ r Stk.j)e‘“ dk
= —-——X e-IKly ik g
Jar
i S e~ cosikx dk poic s i

2 #Re{jo p-ky+ikx dﬂl



Ex J‘(ﬁ = { ‘ |xl <@

0 [xi»a
F0) { | lx-tisa —
o) b &l 1hd¢!

X+q
So ux.y) = _‘QX d dt
T

X -a \'-1*3"

!
) : \

4 [yl

4 {n (32) - o ()

\

A+4Q

(‘JmS\stenc:xj check - Dees utx.o)-jm T (asit hastobe')

Make the subshitotion = sy

F (x-sy) (3 ds)

ulx ) -
] - 3‘(S‘+|)

£l
“  f

L® fOesy) ds
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App\icah‘on 5 : Heat equation on the reol line

Find the time - dependent temperature distibotion u(X.t) wh an wis insulated
merol md  (-a0<X<oe) (when its nthial temperature 1s ulx,0)= flx)

t \
/y ;: f -{(‘4“ 5
~, \‘J 4

Ulkit) safisfres = Uy = Uxx  (hear equation) 1h -eo<x<e®
UKeo)= ) (inifal condition) 20
A !“ Y hng g m
Take FT wx @ U ==K Uik : Alkle
FLua] Faluate at £=0
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Recall (Ex2) that
F [e-xz/az] _ Q/JE e_a’kz/q
Choose q :m
Fle ] ywexe
Divide by gt
F \1 -L-- e_xl/qb] = aliit)
Ayt 3

or 8(Xlt)-‘ .___\__. e"xz/q't Heak Yemel
Jlt-ﬂ'l:

P*Bs\cal property - Spatial length scale increases wn proportion to dt
All solotions of heat equation eventually Spread with

\QT\O\'\'\ AL,
(Fenerol Solution
A4tk J-oo

Exercise

Find the particular salution (on Moodie) jor j(xh{' |xl<a
' D ixha



fourier Sine and Cosine Trangtonns.

There are dgﬁned jbr\funcﬁonsjm de\]‘\‘ned on the haU -line  (0gx¢)

Fouries fronsforms ?f odd and euen functions.

Let £(X) be even :
J

j(K) = l S j;(x)eﬂkx dx

= —‘—-J FH  eoskx - isinkx) dx
NI Jew
E EJO F0) coskx dx Real.
LE\'jUQbe odd :

vy &
j(K): j—;“' j j(x)(co_stx-\'smtx) dx
= ‘iﬁj Fidsinkx dx e
0

&e>
Let $*(x) and f7(x) be the 0dd and even extensions of f(x) respectively

DeJ-n‘ne the CosINE and SINE bransforms oj j(’ﬂ as J‘o\\oms:
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i1 of even extension

.F/f_r‘_[j FXeoskxdx = j*(k\‘/

Fs [51 () = J—/?T j J‘()O.Sln kx dx Ej- (i) < F T of odd extension.

Consider nverse jormulae jor odd and even exrensions

+(X)= __!__ Jm A*(K) e\kx dk
R

R even n K

o A
“ % dk
‘TT L j (K) coskx

]
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for X270
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Cosine ’rranggown 13 emc,Hﬂ ssmmem“c..
j (K _l__. X 3.\'(K)eik1 dk
ﬂ

. (FT-: L \SC\'(K)sw'\Kx dK

For x20

j()k)t if:&;j” (\-{‘fs[ﬂ(\l\) sivkx dk



( Assume Ff 20 a0 $(0)< jim $x)
FO) lim 10 exss.

Transjmw\s cj— derivatives

Yo [j‘] = J—gﬁjj JU(X) coskx dx
§ F [f(x)coSKx]:o+EE Kj(X)S\ﬁkK dx

- 'ﬁ Flon) + kﬁ[f}

] ! [®
):S[j]" J%—J f(x)stﬁkxd)‘
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=

. TR} pu =
TR ] pwene] ] - F—; S $00 K cas n dx
= - K Yc U]

Second denvathives

Yelf'= - J’%“Jﬁ'(ofmfs [ - - J—% lon-x*Felf]

Fslfl = -k R[§1 = - R+ kL f(ov
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Sup. Laplace l:ransjonns
ngindjorjuncﬁomj(t) dgj‘-ined onthe r e (Q¢k<oo)

Alkhou&h we extend j(h\ sothat {(8:=0, £<O.

The Laplace tmnsjmn 15 defined to be

flo-Jo- [ joesa

Examples
(1) a{_[e&] " K“’ e(ﬁ‘s)t b= [- e(f;—s)l: ]ao _ _l___
o S-f5 o S-f5
jor Re(s)>B  roquacd for corverqurce ac ([‘,,m‘).

Laplace transforms exist (ot \east somwnere 13 the compiex. s-plane ) for a
much wnder class of functions than F.Ts
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Application : Solution of ODE.

forced oillator
J_izg qu)

equcihc-rw Lj
SHM

jM={

Use L.T.

j(}ﬂ:l-’f‘la
t  O<k«T

T tzm

Recall ' transform g derivatives

LIk

S*X - s+)
Ecluah'on \S

(52-1'\)? - (S'H) =}

LIfl - Ete-*dt o

el

~hES
S

X(0) =\
x(0) = |

S*X-5x(04)- X(Os) .

jr;,m b.c at t-0

e~ dt
g_’.Sk dt # Sw T"C-SE dt
= T
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0
— —ﬂg_:_sf + | - g_-_s_‘. o + -'T_T e-S’t
S S? S T

-stt -
= -me, (1e®) | most o -esT
S s? > s*

X(s*%1)-(s¢)) = | —e~3"
Sz

X= S%s%1 et L.
SEsHl)  SHsH)

—

Now vse Bromwich contour merhed 1o ootaw X ().

xle)= L () oSt
il L X(s)est ds

SP\i‘\' x(6) = Xl «X2(0) Xils) = 8%
S2(s*)
-iz(S) = e-stt
S¥H(s%1)
X|(k)= ..L 53+Sz+‘ Sl:d
ZH‘XK sz(sz+‘)é -b

Can dose to the \ejt when t 70

~

Need ¢>0



S(s41)

3,2
X;Uc) ® Z:R&S {S+S+I65\' i S:S]}
J

§3=5—L.0.L§

5=0 Pole of order 2
Sti smpie pole (order 1)

i NPD . YOO
H

for sz0, , fz ,
Use Lavrgnk (s+i- Y2 )X(1-S%s%-s8... ) (14st ¢ 54 ... )
expansion

= Yoz e Yo (1)
> Res §5-03: ¢
For s2{, use simple pole formuia .
Res ) f(2), 2:2 5 = [(2-8)f2)]e. 2

Res ) s=£(3 = [(S?i)es*(sﬂs%l)]
L s¥s%) js.--:[

” st (Sg+52+\)—%
S(st() |s=+

(g .
ot (g 4) et
(-1Y(£2i) 2
Hence Res (s=0)+ Res(s=) = gz*'_*,,e__;: st

and Xile)s 2_ Res(s=8)) < {thost k20
0 (24



(e-m)
¥ S(S%1)

Can close 1o khequt when - >0
\'lah\' when t-TT<O.

= Xa(t) does nor "“swirch on * until t=1T

Xa(k) = Z RCS{ gtin) : S:SJ'} tom

J (8%1)s?
O <
Kes s : U:m)
= (1-s%s¥-.. ) (1 ¢ (e4n)s + =)
Use Laurent 51( ¥ 21
> Res §s:08 = £-T0
Res S =\
(Use sumpte pote Res 9= i3 = (Sﬂ)es(t-n)]
fomana ) 2 (s%1) et

1o
o
o~

5 [estk-ﬂ‘)] _ (Cti’)Léi;'i) _etit
SHs) |s= ¢ (~1)(22i) '

Hence Kes (s=0)+ Res (S:-i)= e‘:él"e-wm'-'-Sm{'

Xalt)= Res §5:5;3 ={Slhl- fbel Eom
O t<m

Y= xil®)-Xa(t) = (E+cost Ot
1 Mecost -snkt 2.



