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Q 1(a) Express r* —8z+ 11 in the form (z+p)* +¢
where p and q are constants

(b) Hence find the exact solutions of the equation
2?2 —8r+11=1

Solution
(a)z* =8z + 11 =z — 8z + 16 — 16 + 11
2 —8r+11 = (2% — 82+ 16) — 16 + 11
22 —8r+1l=(xr—-4)% -5
Comparing it with the equation (z + p)* +q =
p=-—-4qg=-5
(b)z? -8z +11=1
P -8r+1l=(x-4)P*-5=1
(r—4P2-5=1

(x—4)2-54+5=1+5

(r—4)2=6
x—4= :I:\fﬁ
r=4+ 6



Q2 The thirteenth term of an arithmetic pro-
gression is 12 and the sum of the first 30 terms
is —15. Find the sum of the first 50 terms of the
progression.

Solution
p =0+ (n—1)d
Put a, =12,n=13
I2=a+(13—1)d
12 =qa+12d
at+12d=12 ... e e (1)

Formula to find the sum of an arithmetic progression

n
Epy = T

2a + (n — 1)d]

Putting S, = —15,7 = 30

~15 = P[2a + (30 — 1)d]

=15 = 15[2a + 20d|

—1 = |2a + 204

2a4+20d = —l.viiiiiirinins eq(2)

Multiplving eq (1) by 2 and subtraction from equation (2)

2a 4+ 20 — 20 —24dd = -1 — 24

Putting in equation (1)
a+12(-5) =12
a—G0=12

a=72
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A y=3x+1

Figure 1:
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The diagram shows the curve with equation y =
(3z — 2)5 and the line y = %JL + 1. The curve and
the line intersect at points A and B
(a) Find the coordinates of A and B. (b) Hence
find the area of the region enclosed between the

curve and the line.

Solution
3= (3 — ‘.2]%
y=3r+1

(Bz-2)t =lr+1
Squaring
Je—2=1a?+a+1
43z —2) = [j2* +x+ 1] x 4
120 =8 =0+ dr+4

PP 4dr+4=12r-8
P4+dr+4—-122+8=0
2 —-8r+12=0

22 —Br—2x—12=0
z(x—6)—-2(x—6)=0
(x=2)x—06)=0
r—2=0=x=2
r—G=0=rz =10

Now

at x =06
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y=1(6)+1=4

at x =2

y=3(2)+1=2

Hence points A and B are:

A(2,2), B(6,4))

(b) Area of the region enclosed between the curve and the line.
=[J[(3x - 2)} — (2 +1)|d

= [, (3¢ — 2)¥dx - [} %:rd:r I dx

1f2 (3x — 2)3 (3dz) — y Tdx — f,z dz

=(3)(3 me—z}ilg—tfnﬁn.-ﬁfz—[ng

=38 x6-2)% - (3x2-2)3]| - (§)()I(6* - 2%)| - |(6 - 2)|
=(1)(2)/1(16)% — (0)F]| — (3)( '}I 36 — 4)| — |4

=(1B)(VIB)® = VT = ()(E)I(36 - 4) — J4|
=(HR)VIBY = VA = (5)(D)I(32)] - 4]

s £ —2°)-8-4
=2(64-8)-8-4
2
0
1

12
o —12

_4
—a

Qs
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Figure 2
(a) The curve y = sinx is transformed to the curve
y = 4sin(3 — 30°)
Describe fully a sequence of transformations that
have been combined, making clear the order in
which the transformations are applied.
(b) Find the exact solutions of the equation y =
4sin(% — 30°) = 2v2 for 0° < z < 360°

Solution

Note: Figure added in (8 are neither the part of question nor the part of
answer. These fisure are drawn just to ensure visual learning,

Vertical stretches

iy =4dsin®

Horizontal Stretches

I H r
i = 4sin =

14



y=4sinx

W

Figure 3
y=4sin (x/2)
2
Figure 4;
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y=4(sinw/2 -

Figure &
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Horizontal Translation
y = dsin(§ — 307)

(b)

4sin(Z — 30°) = 2v2

sin(% —30°) = 22

sin(Z —30°) = %2
sin(% — 30°) = 2

£ —30° = sin~ (42
L _30° = 45°

£ = 45° +30°

£ =175

&x=T76"x2=150°

Q9 The equation of a circle is 2> +y*+62—2y—26 = 0

(a) Find the coordinates of the centre of the circle

(b) Find the set of values of the constant k for

Solution

X4y 460 —2y—26=0.....cccccooern.eq(l)

(2% + 62) + (y° — 2y) = 2

(22 4+ 6+ )+ (¥ —-2y+1)=26+9+1

and the radius. Hence find the coordinates of the

lowest point on the circle.

which the line with equation y = kxr — 5 intersect

the circle at two distinct points.
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-3 +(y—1)* =36
=
centre(—3,1), radius = 6

Taking derivative with respect to x of equation (1)

diz? 47 b =2y—26) _‘F]_]
2

dda:

2z + 2yl 46 —242 =

il i

Ay—1)% =206

dﬁg —{.rna

Put

aﬂ :E::El
—{:::+3}='[]

z+3=0

r==3

Putting in equation (1)
(=3)% +4° +6(=3) -2y - 26 =0
9+y* —-18-2y—-26=0
Yy —-2y—-35=0

Yy —-Ty+dy—-35=0
#wy—-T)+5(y-T7)=
(y+5)yp—7)=0
y+o=0=—y=-—
y—T7=0=y=7
Hence

coordinates of the lowest point on the circle are: (—3. — 5)
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(3,7)| v

~

=20

)
A

point

minjmum (-3,-5) y=-5

-10

Figure 6:
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(b) Putting y = kx — 5 in equation (1)

x* 4+ (kx — 5) + 6 - 2{kz - 5)— 26 =0

2+ k% — 10kx + 25+ 60— 2k +10-26=10
x4 k*x? — 10kx + 25+ 6o — 2kz + 10-26 =0
(1+k%)a? - 12kz +6z+9=0

(1+k)a? +62(1-2k)+9=0

For real roots:

Diseriminant := 0

6(1 — 2k)2 —36(1 +k2) >0

36(1 — 4k + 4k2) — 36(1 + k%) > 0

36 — 144k + 144k* — 36 — 36k> > 0

108k% — 144k > 0

k(108K — 144) > 0

= EITHER :

k=0 Or 108k — 144 > 0
k>0 Or k>3

OR

k<0 O 108k — 144 < 0
k<0 Or 108k < 144
k<0 Or k<g

Hence

k<0 Or k>4



Putting a = 72, and d = =5, n = 50, in the equation s, = §[2a 4+ (n — 1)d]
s50 = 2[2(72) + (50 — 1)(—5)]
ss0 = 25[144 + 49(—5)]

smp = —2525

Q3 The coefficient of = in the expansion of
(2;1:2+%3}5 is a.The coefficient of z? in the expansion
of (2kz —1)*is b

(a) Find a and b in terms of the constant k.

(b) Given that a+b = 216 , find the possible values
of k.

Solution
{r+1)th term in the expansion of (227 + J"';:Ir'
Trsr =" Cp(222)0- (K
Put n=5
Tr+l b (‘_‘lrl{ﬂ;r.'.!).'r---r'{l:j_'l")l' =0 Crgﬁ-- r".i__]{h--Zr'A_Zr"!: -1
Tisi — (’_1r|2-"}--=';r_.lli—2r-:'L.Er

T‘,-.r " =-'1 Cr_z.'r—.l':," lﬂ—.'ir';',ﬂr'

Now according to the given condition

S
4=10-3r
Ir=10-4=6
r=2

Putting in the equation



Q10 The equation of a curve is such that :j—:-'i =

6:1?2—5‘,-15. The curve has a stationary point at (-1, 5).

(a) Determine the nature of the stationary point

at (—1,3).
(b) Find the equation of the curve.

(c) Show that the curve has no other stationary

points.

(d) A point A is moving along the curve and the
y-coordinate of A is increasing at a rate of 5 units
per second.

Find the rate of increase of the x-coordinate of A
at the point where r =1 .

Solution

(a)

Putting x = —1 in the equation :
&y _po2 1

m‘l':;l = []J = =

:!zr.l 148 A

Y —g4d=10>0.

i

. P a £y
So there is minimum at (=1, 2),



(b)
‘{,—,{E = Gx® — fg;
d[¥] = (62 — dz

Taking integral
J‘d[ﬁiﬂ = [[62* — 42~ 3)dx
z-i": = J Grldr — f 43

1 .
L =6fatde -4 [x 3dx

o,
% =6(%)-4(=5) +C
% =244 272 4 O

W =2+ L +C

Since (-1, %} is a stationary point
— M =0atz=-1
0=2(-1P+Fp+C
0==-2+2+C

C=10

Now

b — oyt 4 2

dy = 22%de + Zdx

dy = 2a%dr + 2x2dr

Taking integral

Jdy = [ 22x3de + [227%dx
y=2[adz +2 [ v %dx
y=3'+Fye '+ D
y=1a'—-22"14D

Putting (—1, %},

=310 =2=-1)"'+D 3g=(-1-2-1)"" + D

(-1 =R B =)

=gl
=l4+2+D
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§-4-2=0
D=2

Hence

y=sat -2 142
)

Since

Y= %m‘* —2p=1 492

Taking derivative with respect to x
dy _ 5,3, 2

% = ' + =T

At stationary points

E=2%+% =0
24+ =0
?L"3=—m-3;

P =—

28 = pllmt2ka) =0 1234

e ot

z = ™) k=0,1,2,34

Roots are:
') gHH) GHE) Qi) pil %)

Only real root:

%) = i = cos 7 +ising = —1

Remaining are imaginary roots.So stationary point is only at (-1, %}.
(d)

y=1at 227142

Taking derivative with respect to t ‘T:{.i = %ﬁ;# - Eﬂ% + ﬂd#

W= L(4a¥) i + 20242

df — 2 ot

dy _ o, 3dz 2 dx
dt = 2r ot + 2z dt
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dy _
dr =

%=+ 2%
Putting r = 1, %E— =5
5=[20)P+ &%
5=[2+2]%

=27 dx
[20% + 227452
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Tpyy = €, 25T p10-3rp2r
—

Toyq =5 Ca25—2p10-3(2)}2(2)

Ty = 10(8)z K

Ty = 8027 k3

coefficient of 2% = 80k*

Hence

a=80k"

(r+1)th term in the expansion of (2kx — 1)*
T =" Cp(2kx)* =" (=1)"

Tryy =" Cr2t-r kA= gd=r(=1)"

According to the given condition

= = 2
—
4—pr=2
r="=2

Putting » = 2 in the equation
Tpyy =" Co20-ThA=Tgd=r(_1)"
—4 0‘324 --.qu--zmq—:z{_”z
T; = 6(4)k*z® = 2482

Hence coefficient of 22 = 24k = b
(b)

a+b =216

Putting the values of a and b
80k* + 24k* = 216

10k + 3k* = 27

10k + 8k —27=0



10k + 18k — 15K2 —27 =10
2k%(5k* + 9) — 3(5k% + 9)
(22 =3)(5k2+9) =0

%2~ 3 =0
=3

k=3

k= i\/g = 40
Similarly

K +9=0
5k% = —9

k2= -2
P

Q4 (a) Prove the identity

sin® sin® # 2 :
sinfd—1  1+snfl — tan 8(1 + sl ﬁ)

(b)Hence solve the equation

sin 0 sin’ 0 — tan®6(1 +sin®) for 0 < 0 < 2x

sinf—1  1+smf —
Solution

N sin® @ ain® @
LHS= sinff—1 1= i

LHS= sin” (208 — mj

LHS= Hi'lzﬂ[siﬁgfi ~ an ::r+l]

i e 2 g sin @(sin @4 1) —(sin =1}y
LHS= sin” 6] :.:Tna—l}fai::‘{-lﬂy |




LHS= sin? g[ &= fxind)—sin0 )
LHS= sin® [ Si3 0L

LHS= —sin® § {2041

LHS= — sin? g[ &2 241

LHS= — 2870 (gin? § 4 1)

LHS= —tan®*#(sin’# + 1) = RHS
LHS+RHS

(b)

Let

—tan?@(1 +sinf) =0 for 0 < # < 2=
—2in20(1 4 ging) =0 for 0 < 6 < 2
—sin®@(1 +sinf) =0 for 0 < 6§ < 27
sin#(1 +sin#) =0 for 0 < # < 2%
=

sinfl =0

sinfl =0

¢=10

Since 0 < # < 27

sin ! = 0 has no solution in the given domain
L +sinfl =0

sinfl = =1

# = arcsin—1=3%



B

Q5 The diagram shows a sector ABC of a circle
with centre A and radius r. The line BD is per-
pendicular to AC. Angle CAB is f radians.

(a) Given that § = 17 , find the exact area of BCD
in terms of r.

(b) Given instead that the length of BD is ‘“‘% ;

find the exact perimeter of BCD in terms of r

=1



Perpendicular

P

hypotenuse

Reference to the right angled triangle ADB

=i
H_li
in & = BD
sin & = &
i
BD=rsinf =%
Similarly
T AD
OB =Ty

Now area of the right angled triangle ADB
- 2

= 3(AD)(BD) = 3(44n)(5) = 3~

Area of the seetor ACB= ,—ire% = ”I—‘f;

Area of BCD=Area of sector ACB-Area of the right angled triangle ADB



Area of I’ﬁ:'lﬁ':%J = Ji;’;L‘
Area of BCD=(F — Jij]“.z
(b} If

BD=%r

=+ AD=3%

Now

DO=AC-AD=r - § = &

Arc EC=%T‘F—; =15
Perimeter of BCD
=BD+DC+arc
=g+
Perimeter of BCD
=BD+DC+arc BC

k] 1 7
=(L+i+8)r

Q6 The function f is defined as follows: f(z) =

|

w10 for T > 2.

(a) Find an expression for f!(z)

(b) Show that 1 — =*~ can be expressed as ‘LJ;i

and hence state the range of f

(¢)Explain why the composite function ff cannot be formed.
Solution

o
- —id

y=flz) =54
wat+4)=2"—4
.:,.':r2 —xt= -4y —4

1



2y —1)= -4y + 1)

Tt = 4§f—i

z? = 44

r = 4-1—t§m=2 :—’_Lg
y=flz)=z=f""y)
_—

) =2y

Since v is a dummy variable .Replacing v by x

[ z) =2,/
(b)

Since fiz)=1- ;:%_—4
As e — +m0

A’

4 +0

So f(r)=1-0=1asx — oo
Similarly

Az=0,f(0)=1-zt =1-5&
So range of f(x)= [-1,1]

(c)

Since

Range of f = [-1,1]

Domain of f = [2,5¢)

Since

fl=1,1] # (2,00)

ff cannot be formed.
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